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1 Introduction

Let {Y,,, n > 1} be a sequence of independent and identically distributed (i.i.d.) random
variables with common distribution function F(x), let M, = max{Y1,- - -, Y,} denote the
partial maximum. If there exist normalizing constants a,, > 0, b, € R and non-degenerate
distribution G(z) such that

lim P(M, < ap,x+b,) = lim F"(a,x + b,) = G(x) (1.1)
n—oo n—0o0
for all continuity points of GG, then G must belong to one of the following three classes:
0, x <0,
Hi, ofz) = _
exp{—z"%}, x>0,

exp{—(—z)"}, z <0,
1 x>0,

Y

Hy o(z) = {
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for some o > 0 and
Hj o(x) = exp{—e"}, z € R.

If (1.1) holds, we say that F' belongs to one of the max domain of attraction of G, denoted
by F' € Dpax(G). Criteria for F' € Dy, (G) and the choice of normalizing constants, a,, and
b,, can be found in de Haan (1970), Galambos (1987), Leadbetter et al. (1983)and Resnick
(1987).

Similarly, let W,, = min{Y3,- - -, Y,} denote the partial minimum, there must exist nor-
malizing constants ¢, > 0, d, € R and non-degenerate distribution L(z) such that

lim P(W,, <c,x+d,) = lim {1l —[1 — F(e,x +dy,)]"} = L(z) (1.2)

n—oo n—oo

for all continuity points of L(z), then L must belong to one of the following three classes:

Ly(z) = {1 —exp{—(—x)"*}, =<0,

1, x> 0.

Lo(x) 0, x <0,
€Tr) =
2 1 —exp{—2z®}, x>0,

for some a > 0 and
Ls(z) =1 —exp{—€”}, x € R.

If (1.2) holds, we say that F' belongs to one of the min domain of attraction of L, denoted
by F' € Dyn(L). Criteria for F' € Dy, (L) and the choice of normalizing constants, ¢, and
d,, can be found in Galambos (1987).

Finite mixtures of distributions have provided a mathematical-based approach to the
statistical modeling of a wide variety of random phenomena (Yang and Ahujan (1998),
Roederk (1994), and Lindsay (1995)). Meanwhile, some interesting problems, such as the
choice of the distributions of mixed components and the number of components, estimation of
the related parameters and hypotheses related to mixture distributions, are still incomplete
(Figueiredo (2002), Nobile (1994), and Venturini et al. (2008)).

Finite mixture distribution is defined as follows. Let X, X5, ..., X3 be independent ran-
dom variables and each with the distribution function X; ~ Fj(z), i = 1,2,..., k. Define a
new random variable Z by

Xy, with probability py,
X5, with probability ps,

aeey ey

Xk, with probability pg,

where p; > 0 for 1 < i < k and Zlepi = 1. It is easy to check that the distribution
function of Z is given by

F(z) = piFi(z) 4+ poFo(z) + - - - + prFi(x). (1.3)
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In particular, when k& = 2,
F(z) = pFi(z) + q¢Fy(z), (1.4)
where p+q = 1.

It is interesting to consider the limiting distributions of maxima of i.i.d. random variables
with common mixture distributions defined by (1.3) or (1.4). Mladenovié gave the results for
some mixed distributions of two components. The results of Mladenovié¢ (1999) show that the
limiting distributions of maxima of i.i.d. random variables from finite mixture distributions
may be one of the extreme value distributions. In this note, we study some asymmetric
distributions to derive extreme value distributions of i.i.d. random variables with mixed
distributions of two and finite components.

This paper is organized as follows: the definition of asymmetric distributions and some
lemmas are given in Section 2. Main results are given in Section 3. Their proofs are deferred
to Section 4.

2 Preliminaries

In order to derive the extreme value distribution of mixed asymmetric distributions, we
firstly give the following definitions.

Definition 2.1. Let X be a random variable having the generalized logistic distribution,
written X ~ F(x). The pdf and the cdf of X ~ F(x) are given by

B bexp(—z /o)
0= i+ exp(—afo)

and
F(z) = {1 +exp(~a/o)} ™",
where b/o > 0.

Definition 2.2. Let X be a random variable having the asymmetric Laplace distribution,
written X ~ F(x). The characteristic function of X ~ F(x) is given by

o(t) !

:m,0_>0, _OO<,LL<OO7

the characteristic function of difference of two independent exponential random wvariables,

where i = \/—1. So, the pdf and the cdf of X ~ F(x) are:

_ K eXp(_%)7 x> Oa
fl@) = o(1+ r2) {exp(ai), z < 0.

K

and

_ 1 _ KT >
pioy- { SR <20
WGXP(R), x <0,

where k = (20)/(u+ (402 + p*)Y/2) and /o > 0 (see Kozubowski and Podgorski (1999)).
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Definition 2.3. Let X be a random variable having the asymmetric normal distribution,
written X ~ F(x). The pdf of X is given by

2—0)2
2 {eXp{_( 20.?2) }7 x S 97

(2m)Y2(0; + 0,) eXp{—(g—a@Q}, x>0,

fx) =

where o, > 0,0, >0 and 0 € R.

In order to prove our main results, we need the following lemmas which follow from
Theorem 2.1.3 and Theorem 2.1.6 in Galambos (1987).

Lemma 2.1. Let {X,, n > 1} be an i.i.d. random variable sequence with common dis-
tribution function F(x), denote o = sup{y : F(y) < 1} and z; = inf{y : F(y) > 0} the
Zo

right and left end point of F(x). Assume that, for some finite a, [(1— F(y))dy < +oco. For

o

z < t < xo, define g(t) = (1= F(t)™" [(1 = F(y))dy. Assume that, for all real x,

t

ttzo 1-— F(t)

Then there exist a,, > 0 and b,, such that,

lim P(M, < a,z+b,) =exp(—e ™),

n—0o0

where the normalizing constants a, and b, can be chosen as a, = inf{x : 1 — F(z) < n~'}
and b, = g(ay).

Lemma 2.2. Assume that, for some finite a, [ F(y)dy < oo. For t > x;, define g(t) =

Ty

t
F~1(t) [ F(y)dy. Assume that, for all real x,
Zy

F(agt)
tlax; F(t) ’

Then there are sequences ¢, > 0 and d,, such that,

lim P(W,, < cpx+d,) =1—exp(—e®),

n—oo

where the normalizing constants ¢, and d,, can be chosen as ¢, = sup{z : F(x) < 1/n} and

d, = g(cn).

The following lemma gives Mills-type ratios for the asymmetric normal distribution.



Lemma 2.3. Let X be a continuous random variable with the asymmetric normal distribu-
tion whose culumative distribution function is F(z) and probability density function is f(x)
(see Definition 2.3.). For any oy >0, o, >0 and 6 € R, we have:

F(z) o}
f@) "
as r — —oo and
1—F(z) o2
f@y T

as r — +00.

Proof. The proofs of the two statements are similar. We only prove the first. For any
07 >0, 0, >0, v <40, the cdf of asymmetric normal distribution is

20'[

“+00 t2
F(x) = ——)dt
() (2m)'/2(0; + o) /(0—:7:)/01 exp! 2 )

Since

T t2
e 142727 2m) Ve 2 <1 — / (2m)~1/2 eXp(—E) dt < 271 (27) " V2e %"/

—00

for all x > 0, we have

g o 27 -1 19—%2 o t2 g 19—:13'2
1 - Sy - .
e e T R L e T
Therefore ) o) )
o; Ol \oy_1 T o
Q—x{1+<9—x)} <f(x)<0—x
We obtain F(z)/f(z) ~ —o}/z as © — —oc. O

3 Main results

In this section, we will obtain our main results. First of all, we give the results for some
mixed distributions of two components, then extend the results to the case of general finite
mixed distributions.

Theorem 3.1. Let {Z,, n > 1} be a sequence of i.i.d. random variables with common
mized generalized logistic distribution F(x) determined by (1.4). Let M,, = max{Zy,--, Z,}
denote the partial mazimum. If o1 > 09, by, by € R, then for every real number x the equality

lim P(M, < a,z+b,) =exp{—exp(—x)} (3.1)

n—o0

holds with
an =01, b, = o1(logn + log(pby)).



Remark 3.1. Ask=1,0 =1, Z; follows F(x) = {1 +exp(—2)}~ and p=1, (3.1) holds
with a, =1 and b, = logn + logb

Remark 3.2. Ask =1, Z; follows F(z) = {1 +exp(—x/0)}~°, and p =1, (3.1) holds with
a, = o and b, = o(logn + logb).

Theorem 3.2. Let {Z,, n > 1} be a sequence of i.i.d. random wvariables with common
mized asymmetric Laplace distribution F(x) determined by (1.4). Let M,, = max{Zy,--+, Z,}
denote the partial mazimum. If k1/01 < Ko/, then for x > 0, the equality

lim P(M, < an,x+b,) = exp{—exp(—x)} (3.2)
n—o0
holds with - o o »
1 1 1
=y =T L .
“ K1 K1 ogn+m Ogl—l—f@%
Let Wy, = min{Zy,- - -, Z,} denote the partial minimum. If k101 > K09, then for x < 0, the
equality
lim P(W, < c,x+d,) =1—exp{—e"} (3.3)
n—oo
holds with )
Cn = K101, d, = —ki01logn — k01 log ﬂ.
1+ k2

Theorem 3.3. Let {Z,, n > 1} be a sequence of i.i.d. random wvariables with common
mized asymmetric normal distribution F(z) determined by (1.4). Let M, = max{Z, -+, Z,}
denote the partial mazimum. If 6y > 0y, 0,1 > 0,9, then for x > 0y, the equality (3.2) holds
with

Or1

(2logmn)1/2’

2])0}1
(2m)2 (001 + on1) "

. 1
on —log(2logn)—log

bn = 914—0}1(2 lOg n)l/Q—W(2

ay =
Let W,, = min{Z,,- - -, Z,} denote the partial minimum. If 0, < 6y, opn > o, then for
x < 0y, the equality (3.3) holds with

on
(21logn)t/2’

on
(21logn)1/?

2poy

n = 21)Y2(0p + o)

1
dp = 01— (2log n) Y2+ (5 log(2logn)—log (

Next, we will give the results for some mixed distributions of finite components.

Corollary 3.1. Let {Y,, n > 1} be a sequence of i.i.d. random variables with common
mized generalized logistic distribution F(z) determined by (1.3). Let M, = max{Y7, -, Y,}
denote the partial maximum. Then for all v € R, the equality (3.2) holds, the normalized
constants a, and b, are given by

an = Og¢, bn = 0¢ logn + o log(pcbc)u

where o, denotes the mazimum {oy,- -+, 0x}, be s a corresponding constant such that o. =
max{oy,- - -, 0k}, and p. is the corresponding weight.



Corollary 3.2. Let {Y,, n > 1} be a sequence of i.i.d. random variables with common
mized asymmetric Laplace distribution F(x) determined by (1.3). Let M, = max{Y3,---, Y, }
denote the partial maximum. Then for x > 0, the equality (3.2) holds with

O-C O-C O-C pC
a, =—, b,=—logn+ —1lo ,
"k R & Ke gl—l—lig
where 0;/k; # 0;/kj, for i # j, 0./k. denotes the minimum of {o1/k1, - - -, ok/kk}, and p. is

the corresponding weight.

Let W,, = min{Yi,- - -, Y, } denote the partial minimum. For x < 0, the equality (5.3)

holds with )

. . Pokg
Cn = OpgKo, dn = —(0'0/{/0) logn — (0'050) lOg m,
where o;k; # 0k, for i # j, ooko denotes the mazimum of {o1k1,- - -, oxky}, and po is the

corresponding weight.

Corollary 3.3. Let {Y,, n > 1} be a sequence of i.i.d. random variables with common
mized asymmetric normal distribution F(x) determined by (1.3). Let M,, = max{Yy,---, Y, }
denote the partial mazimum. If x > 6, then the equality (3.2) holds with

o o 1 2p.0,.0
n=-——"-—- b, =0+0,(21 V2 7T (Zlog(21 —1 e .
¢ (2logn)t/?’ T or(2logn) (2log n)1/2(2 og(2logn) —log (2m)V2(0y + 0y)
Where o, = max{o,1, -, 0.}, and § = max{6, : 0., = 0., 1 < n < m}, m is an integer

such that o,, = o,,

1 <n<m,o =max{oy, : om = 0, 1 < n < m}, and p. is the
corresponding weight, 6 =

Zij pij/pc and ¢; € {n C O = 0y and 8, = 9}
Let W,, = min{Y;, - - -, Y,,} denote the partial minimum. If x < 0y, then the equality (3.3)
holds with

10 1/2 10 1 2poi0do
=T — fo—op(2] 90 (Zog(2log n)—1 .
@ = Glogn) 2 =008 ) T (o i g OB 08 ) 7o (o g g T
Where 019 = max{op,- - -, o}, and 0y = max{0, : o, = 019, 1 < n < m}, m is an integer

such that o, = o, 1 < n < m, 0,0 = max{o,, : 01, = o, 1 < n < m}, and py is the
corresponding weight, and dy = Zij pi;/po and i; € {n : oy, = 00 and 0, = Op}.

4 Proof

Proof of Theorem 3.1. By (1.4), we have

1= F(0) = p{1 = {1+ exp(= )} "} + afl = {1+ exp(~ )} ™}

(b (b + 1)) 2t 2t

= p{b exp(—gil) - 5 exp(—g—l) +0(exp(—g_1))}
Falteso(— )~ P o2 o)



t by + 1 t b 11
= pbrexp(——){1 - % exp(——) + L2
1

01 pby 01 09
B A ) - _ = 1
s (= ) +o(1)
t
= pby exp(—a—)(l +o0(1)), t = oo, (4.1)
1

where 01 Z 02, bl,bg € R.
By (4.1), we have

1= () = cyen(- [ (1 F(u)) du)

for t € (0,z0) and
lim ¢(t) = pby > 0

t—xo

where f(u) = 01 >0, 0 < u < x, and f is absolutely continuous on (0, xy) with density
f'(u) and limyq,, f'(u) = 0.
Hence by Proposition 1.4 in Resnick (1987), we conclude that F(z) € D(A).

The constants a,, and b,, can be determined as follows: let us first determine the constant
Up, such that 1 — F(u,) ~n~'e™, as n — oo i.e.

1
1 — pFi(uy) — qFo(uy) ~ Ee_x, as n — oo,

by (4.1), we obtain

Up, 1
pbyexp(——) ~ —e " * as n — oo.
o1 n
Therefore
Unp
npb; exp(——)e* — 1,as n — oo.
01
1
logn + log(pby) — —u, + 2 — 0,as n — 0.
01
Thus,
u, = o1z + o1(logn + log(pby)) + o(1).
Now letting a,, = 01, and b, = o1(logn + log(pb,)), we obtain the desired result. O

Proof of Theorem 3.2. For t > 0, by (1.4), we obtain

1 Iﬂ)lt 1 '%Qt
1-Ft)=1—p{l— ERALL NGNS et
(t) { HK%eXp( 01)} a{ g, %exp( poy )}
I K1t q Kol
-1 %exp( a)+1+ %exp( 02)
Kyt q(1+ K3) K1 Ko
= exp(— )41 + M2y
)



D K1t
=1 i exp(—a—l)(l +0(1)), ast— oo, (4.2)

where k1/01 < Ka/03.

By (4.2), we have
1= F() = et xpi= [ (1/F() du)

for t € (0, z) and

. p
1 t) = >0
dm et) = 773

where f(u) = o01/k1 >0, 0 < u < xg, and f is absolutely continuous on (0, () with density
f'(u) and limyq,, f'(u) = 0.
Hence by Proposition 1.4 in Resnick (1987), we conclude that F(z) € D(A).

The constants a,, and b,, can be determined as follows: let us first determine the constant
Up, such that 1 — F(u,) ~n~'e™, asn — oo i.e.

1
1 —pFi(uy) — qFo(uy,) ~ 56_5‘, n — oo,

by (4.2), we obtain

Therefore

R1lUp

n e
1+/€% 01

Je* = 1,as n — oo,

K1
1+K2——un+m—>0,as n — 00.
1 01

logn + log

Hence
01 01 01
u, = —x + —logn + — log
R1 R1 R1

p
1+ K2

Now letting a, = o1/k1, and b, = (01/k1)logn + (o1/k1)log(p/(1 + k2)). We obtain the
result.

For t < 0, by (1.4), we obtain

2 2
DK t qK t
5 exp(——) + — 5 exp(——)

Flr) =
() 1+ k2 X O1K1 1+ K2 eXp O9ko
2 2 2
K3 t qr3(1+ K7) 1 1
1+/€% Xp(Ulﬁl){ +pl€%(1+/€%) exp((O'gliQ 0'1/<J1) )}

. PK1 (

1+ o(1 t— — 4.3
T2 P s (L+o()), as 00, (4.3)

where k101 > Kg09.



For g(t) = o1k1, we get

Pt +g(t) ok exp(GA-(t +2g(1) (1 + (1)

Fty 2o exp(=1-t)(1 + o(1))

1-‘1—&% o1K1

— exp(x), as t — —oc.

Hence by Lemma 2.2, we conclude that F(z) € D(Ls).

The constants ¢,, and d,, can be determined as follows: let us first determine the constant
Up, such that F(v,) ~ n~'e® as n — oo i.e.

1
pFi(vn) + qF(vn) ~ —€* as n — oo,
n

by (4.3), we obtain

2
K v 1
p12exp( ")~ —€%as n — 0o.
1+ K1 01k n
Therefore )
K v
n p12exp( “Je " — 1,as n — oo,
1+ kY O1K1
2
K
logn + log P 12 + —v, —x —0,as n — 0.
1+H1 O1R1
Hence

2

Up = 01K1T — 01K logn — o1k log 1]:/_1;2 + o(1).
1

Now letting ¢, = o1k1, and d, = —o1k; logn — o1k1 log(pk? /(1 + k?)). We obtain the result.

This completes the proof. O

Proof of Theorem 3.3. For t > 6y, by (1.4), we obtain 1 — F(t) = p(1 — Fi(t)) + q(1 —
F5(t)).

By Lemma 2.3, we have

1— Fi(t 2.
T;)N%,izl, 2, as t — oo. (4.4)
So,
po 07y
= F(t) ~ 2y 1) + 972 1y
. 2p0’31 1 (t — 61)2 2q0'32 1 (t — 02)2
2m)Y2 (o + o) t expt 202, b (2m)12(01p + 0,2) t expt 202, }
2po? 1 (t—01)2
- ; Zexp{—Y T v 401
2m)Y2 (o +041) ¢ exp{ 202, H1+0(1)),

(4.5)
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as t — oo, where 01 > 6y, 0,1 > 09.

By (4.5), we obtain

1 — F(t +zg(t)) (t =6 +ag(t)? — (t—0)" ¢

1-F@t) exp{— 202, b ey (1+o(1))
For g(t) = o7,/(t — 01), we get
1—F(t+ag@t) . %0 ¢
[y e ey e y e AURACO)
—e " ast— oo.

Hence by Lemma 2.1, we conclude that F'(z) € D(A).

The constants a,, and b,, can be determined as follows: let us first determine the constant
Up, such that 1 — F(u,) ~n~te™, as n — oo i.e.

1
1 — pFi(uy) — qFo(uy,) ~ Ee’x,as n — oo,

By (4.4), we obtain

2 2
po; q0; 1
1_pF1(un)_qF2(un>N o lfl(un>+ u 2f2(un)NE€ ;as n — 0.

Let us denote: v, = (u, —61) /0,1, and w, = (u, —02)/0.2. For large values of n the equality
v, < w, holds true, and
2 2
PO 40 .9
Or1Un + 91 fl (un) + OroWp, -+ 92
_ 2por, 1 e~UR/2 4 2907, 1 o Wh/2
(27'(')1/2(0'” + 0-1"1) 0r1Un + 61 (27T)1/2(0l2 + 0-7“2) OroWnp + 02
2 2
_ : fpo-rl 1 6_1)72’/2(1 + qag2(all + O-Tl)e—(w,%—v%)ﬂ). (46)
(2m)12(on + 071) 010 + 64 po (o1 + 0r2)

fa(un)

Let s, = w? —v? = (u, — 05)*/02 — (u, — 61)*/0?,. If 0,14 > 0p9 > 0, then s, = (1/02, —
1/0%)u? + Au, + B — 00, as n — oo, where A = 20, /02 — 20,/02,, B = 03/02, — 0%/02,.

If 0,1 = 0,9 = 0 and 0; > 60y, then s, = [2u,(0; — 03) + 032 — 6?]/0* — 00, as n — co. In
both cases we have the following asymptotic equality

2pc 1
(27’(’)1/2(0'[1 + Url) 01Uy + 91

2 2
pa—rlfl(un) 1 &fz(un) _

—v2 /2 1 1
Or1Un + 91 OroWp, + 02 e ( + 0( ))7

as n — 0.
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Hence, the constant u,, should be determined from the u,, = o,1v,, + 6; and

o 1
Lfl(un) ~ Ee_’”, as n — oo.

Or1Un + 81
1\u
npafle”“"M — 1, asn — oo
0r1Un + 91
2 v?

-5 1 r1Un + 01) — 0. — 4.7
<27T)1/2(0'l1+0',«1) 2 Og(a 1Un + 1) asn 00 ( )

By (4.7), we have v2/(2logn) — 1, as n — oco. Hence

logn + log(po?,) + = + log

1
log v, = 5 log(2logn) + o(1). (4.8)

The relation (4.7) can also be rewritten in the form

Yy logn 41 207, 10g(0210n + 61) + 0(1)
— =x+logn+lo — log(o,1 vy, 0
2 ST om0yt 0,y) DO
2 2
=z + logn + log P —log v, —logao,; + o(1) (4.9)

(277)1/2(011 + 07»1)

Now we substitute the value of log v,, from (4.8) into (4.9). We obtain

02 1 2pon
= =z +logn — - log(21 1 ’“ :
5 =% +logn 2 og(2logn) + log (2m)12 (o + 041) +oll)
o —1 log(2logn) + log TR — 1
v2 = 2logn{l + - ] e + 0(1 }
ogn ogn

Since (14 )2 =1+ (1/2)z + o(x), as * — 0, we get

2po—rl

z — +log(2logn) + log o)

= (2logn)Y2{1 2 (onton) 1/2
v, = (2logn){1 + o +olm))
T —s 10g(210g n) + log 1/22”# 1
= (21 1/2 1 (2m)t/2(o11+0r1)
(2logn)/*{1 + STogn +0(1Ogn)}
T 1 1 2p0 1

= (2logn)'/? +

~log(21 ~1
)1/2(2 og(2logn) %8

(2logn)/2  (2logn 2112 (o1 + 041) +ol (logn)l/z)'

Since u,, = 01 + 0,1v,,, we have

Un = Gragat + 601+ o,1(2logn)'/? — W( log(2logn) — log Mﬁ) +
o((logn)~1/2).

Now letting a,, = 0,1/(2logn)'/?, and b, = 0,+0,1(2logn)*?—(a,1/(2logn)"/?)(1/2log(2log n)
—log(2po,1/((2m)%(a,1 + 011)))), we obtain the desired results.

The proof of t < 6, is similar to the proof of ¢ > #; by Lemma 2.2 and Lemma 2.3. The
proof is completed. O
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Proof of Corollary 3.1. By (1.3), we have

1— F<t) =1 _plFI(t> - _pc—ch—1<t) _chc(t) _pc+1Fc+1(t) - _kak(t)
t t
=p{l—{1+ exp(—g—l)}_bl} + ot pe {1l —{1+ exp(—a—l)}_bc*}
t t
bl {14 () 4 pe{t — (14 exp(—— )}
c c+
t
+pp{l — {1+ exp(—g—k)}_bk}
t bi(by +1 2t 2t
— iy exp(—4) - LD o 2 ep(— 2y
o 2 (o] 01
t (be—t (bey + 1)) ot 2t
+ Pe—1{be-1 exp( UH) 5 exp( UH) + o(exp( UH))}
t b.(b. +1 2t 2t
tpeltrexp(—1) — LD gy 2o~ 2y
t bos1(bers + 1 2 ot
b peifbesexp(-——) - Lertlenn UL o0 20y o= 2y
Oct1 2 Oct1 Oct1
t br(b +1 2t 2t
+pefbeexp(——) = PO (0 2 L oexp(—2L))
t p1b1 1 1 plbl(bl + 1) 1 2
= pebeexp(—— — - ) BT ep((— - St
Pebe exp( ac>{pcbc exp((ac 01) ) oo ¢ p( p 01) )
1 2 pcflbcfl 1 1
— 2y o - _ t
Folep((- = 29+ P (- -
o 1be1(boy +1 12 1 2
- bbb #1222y plexp(( - 2oy +
2pcbc Oc¢ Oc—1 Oc Oc—1
be +1 t t er10c 1 1
1= S exp(——) +ofexp(——)) 4 -+ + P exp((— — — )
Oc Oc¢ pcbc Oc Oct1
pc+1bc+1(bc+1 + 1) 1 2 1 2
- — t — - t
B exp((- = )0 +olesp(- — )0) +
pkbk 1 1 pkbk(bk + 1) 1 2 1 2
P2 (- = ye) — P (- — 2 0) + ofesnl(- — 2 )0)
t
= pebeexp(——)(1 + o(1)), as t — oo, (4.10)
where 0. = max{oy,- -+, 0}, b. is a corresponding constant such that o. = max{oy,- - -, 0%},

and p,. is the corresponding weight.
By (4.10), we have
t
1= F() = el [ (1/F()du)
0
for t € (0,z0) and
lim &(t) = pebe > 0

t—xo
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where f(u) = 0. >0, 0 < u < zg, and f is absolutely continuous on (0, xy) with density

f'(u) and limyq,, f'(u) = 0.
Hence by Proposition 1.4 in Resnick (1987), we conclude that F'(z) € D(A).

The rest of proof is similar to the proof of Theorem 3.1, we can get
Up = 0.2 + o.logn + o.log(pebe) + o(1).
The result follows. We complete the proof.

Proof of Corollary 3.2. For t > 0, by (1.3), we have

1=F@)=1—=pF(t) = = pe1Feo1(t) = peFe(t) — pesiFepr(t) — - — peli(t)
~1-nll- e exp(—,;—llt)} (- 1 - exp(_/zcc__llt)}
el = e S0}~ pell - e )
“nll = o)
1 kit De—1 Ke—1l De Kt
T p(—a—l) LR pr exp(— p— )t o xp(— p )
. il ¢
e ) g e
e S D B
1 DO 2 = ety g B 2 - S
- f}g exp(—’f;f)u +o(1)), as t — oo. (4.11)

where 0;/k; # 0;/kj, for i # j, 0./k. denotes the minimum of {0y /K1, - -, 0% /K1 }, and p, is

the corresponding weight.

By (4.11), we have
1~ F(t) = &(t) exp{— / (1) f(u)) du}

for t € (0,z0) and
. Pe

where f(u) = 0./k. >0, 0 < u < xg, and f is absolutely continuous on (0, zy) with density
f'(u) and limyq,, f'(u) = 0.
Hence by Proposition 1.4 in Resnick (1987), we conclude that F(z) € D(A).
The proof of t < 0 is similar to the proof of t > 0 by Lemma 2.2. The proof is completed.
[
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Proof of Corollary 3.3. For t > 0, by (1.3), we have
1= F(t) =1-piFi(t) = poFo(t) — - - — pieFi(t)
=pi(1 = F1(t)) + p2(1 = Fa(t)) - - - +pe(1 — Fi(t))
o2 o2 o2
~ ]%fl(t)ﬁ—l%fz(t) 1. ~+]¥fk(t)

:Zfl< 2 Dbio zz Xp{_(t_ei)Q}

2m)1/2 (le + am)t 202,
2 peo? pic% (o) + o, t—0,) (t—20)?
_ 7 - }Z 2 ) exp{—( 2) +( 2)
(2m)1/2 (o + O'T)t 20 i=1 p.o2(oy + 0ri) 207, 20?2
2 P02 — 0)? pios (o + ;) t—6;)?
— . exp{—( 2) H Z 5 a1 exp{—#
(2m)Y2 (o, 4 o,)t 2072 o PO (01 + i) 207,
t—0)? pioZ (o) + o, t—0,)?
* | 202) b Z 02(57 o )) exp{—( 202) . 202) I
r 1:00F0r OF Opi=0r, 0;70 P07 Ol i e
(4.12)
where 0, = max{o,1,- -, 0.}, and § = max{0, : 0., = 0, 1 < n < m}, m is an integer
such that 0., = 0., 1 < n < m, o0 = max{oy, : 0,y = 0, 1 < n < m}, and p. is the

corresponding weight.

Notice for o,; # o, or 0, = 0, and 6; # 6, one can check

_ 2032, + 207 :0_2(6 —9)t+2(0_2_0_—3i)—>—00, as t — oo.
Hence, by (4.12), we have
2p.c2d 1 (t — )2
L= F)~ . n T 5 t—
(t) 2m) (o, + 0,) t exp{ 207 }, as 0,

where § = Zij pi;/pe and i; € {n : 0y = 0, and 0,, = 0}.
For g(t) = 02/(t — ), we have

1—F(t+axg(t) (t—0+zg(t)*— (t —0)* t
—rp ot 202 Nt W)
= exp( - exp( -0 14 o)
= el i e — g )

—e " ast— 0.

Hence by Lemma 2.1 we conclude that F'(x) € D(A). The proof of the rest is similar to the
proof of Theorem 3.3, we have

Ve r 2 c T(S
7 z+0+0,(2logn)'/? 7 beo

Up =

1
o T (Zlog(2logn) 1
(2logn)t/? (2logn)t/? (2 og(2logn)—log

15

G ot ) ogn) 2

).



The result follows.

The proof of t < 6 is similar to the proof of ¢ > 6 by Lemma 2.2 and Lemma 2.3. The

proof is completed. O
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