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PREFACE

In this book authors introduce the notion of finite complex
modulo integer intervals. Finite complex modulo integers was
introduced by the authors in 2011. Now using this finite
complex modulo integer intervals several algebraic structures

are built.

Further the concept of finite complex modulo integers itself
happens to be new and innovative for in case of finite complex
modulo integers the square value of the finite complex number

varies with varying n of Z,..

In case of finite complex modulo integer intervals also we
can have only pseudo ring as the distributive law is not true, in
general in C([0, n)). Finally the concepts of pseudo vector

spaces and pseudo linear algebras are introduced. At every stage



the neutrosophic analogue is also defined, developed and

described.

Several interesting properties about these new structures
built using C([0, n)) and C({J0, n) w 1)) are described. There are

several open problems suggested.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this chapter we just introduce the notion of finite
complex modulo integer interval

C([0, n)) = {a + bir | a, b € [0, n), iZ =n-1}.

We know the finite modulo integer
C(Z)) ={a+bic|a, b e Z), if: = n-1}, ir is the finite complex
modulo integer which depends of the interger n. For more

about finite complex modulo intergers refer [53].

The diagrammatic representation of Z,, is as follows:
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The diagrammatic representation of C(Z,) is given in the
following :

The diagrammatic representation of the modulo interval
[0, n) is as follows:
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The diagrammatic representation of C([0, n))

(n-12)ig+(n-2

([0, 3)) = {a + bir |a, b € [0, 3), i% = 2}.

C(]0,19)) = {a + bir | a, b € [0, 3), iﬁ =18}
and so on.

Now B = C([0, n)) can be made into a pseudo ring for + and
x are non distributive that isa x (b + c) #axb +b xcin
general for a, b, ¢c € B.

However B is an abelian group under addition modulo n. B
is an abelian semigroup under product modulo n.

Further B under min operation is a semigroup known as the
finite complex modulo integer interval semigroup. Similarly
{C([0, n)), max} also is a semigroup of the finite complex
modulo integer interval.

However they exibit distinct properties under max and min
operations. We see {C([0, n), min, max} is a semiring called
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the finite complex modulo integer interval semiring. In the ring
no ideal can be a filter and vice versa. Both filters and ideals
are of infinite cardinality. But {C([0, n)), min, x} happens to
be a pseudo semiring ring as

a x min {c, d} # min {a x ¢, a x d} in general for a, ¢, d €
C(J0, n)). In this pseudo semiring we have filters to be ideals.

Further we see D = C ({[0, n) u I})) = {a + bir + cl + dlif &,
b, ¢, d € [0, n), i2=n-1 (li)*> = (n-1)1 and I> = 1} is the
neutrosophic finite complex modulo integer interval.

Now on this D also analogous study as in case of C([0, n))
has been made. This is a richer structure and of course B < D
as proper subsets. Certainly all these study can lead to several
applications. For properties about the neutrosophic concepts
please refer [53].

Finally we build vector spaces using C([0, n)) and C ({[0, n)
U I)). We see they are vector spaces if n is a prime over Z,.

If n is not a prime they can be vector spaces over S-rings Z,
or C(Z,) or {Z,u I)or C ({Z, v I)). However they fail to be
linear algebras over Z, or over S-rings mentioned above. They
are only pseudo linear algebras for distributivity is not in
general true for every triple.

But only when vector spaces or linear algebras are defined
over C([0, n)) (or C ({[0, n) w D)) it can help us define inner
product and linear functionals.

Hence this sort of study is carried out in the last chapter of
this book. Several open problems are suggest as the field is
very new hence can lead to several nice applications is various
fields of research.



Chapter Two

FINITE COMPLEX MODULO
INTEGER INTERVALS

In this chapter we for the first time define the notion the
complex modulo integers on the intervals. Finite complex
modulo integers have been defined in [53].

C(Z,) = {a + bir | a, b € Z, and i? = n-1}. Study on this
collection was also made in [53].

However |C(Z,)| < «. But these interval finite complex
numbers are defined as follows.

DEFINITION 2.1: Let
C([0, n)) = {a + bir | a, b € [0, n); iZ =n-1}; n> 1. C([O, n))
is defined as the finite complex number modulo integer interval.

Clearly C([0, n)) = «. Further C(Z,) c C([0, n)).
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Note: We see n = 1 has no relevance to the situation as i? =

land 1 ¢ [0, 1). Hence complex finite modulo integer interval
can be defined only when n > 1 (n = 1 it is not defined).

We will illustrate this situation by some simple examples.

Example 2.1: Let C([0, 5)) = {a + bir | a, b € [0, 5), i} =4} be
the finite complex modulo integer interval, clearly
0(C([0, 5)) = .

Example 2.2: Let C([0, 10)) = {a + bir | a, b € [0, 10), i2 =9}
be the finite complex modulo integer interval.

Clearly o(C([0, 10)) = c.

Example 2.3: Let C([0, 45)) = {a + bir | a, b € [0, 45), i? =44}
be the finite complex modulo integer interval.

Example 2.4: Let C([0, 125)) = {a + bi¢ | a, b € [0, 125), iZ =
1243} be the finite complex modulo integer interval.

Now having seen a few examples of them we now proceed
onto define some operations on them.

We first define the plus operation modulo n on C([0, n)).

Example 2.5: Let us take
C([0, 6)) = {a + bir |a, b € [0, 6), iZ =5, +}.
Define + modulo 6 on CJ[0, 6).

Letx = 0.37 + 4.27 irand y =5.63 + 1.2 ir € C([0, 6)).

x+y =(0.37 +4.27if) + (5.63 + 1.2if)
= (0.37 + 5.63) + (4.27 + 1.20)ic
= 6 + 5.47i¢
= 0 + 5.47i €C([0, 6)).
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This is the way the + modulo 6 operation is performed on
C([0, 6)).

0 + Oir = 0 acts as the additive identity of C([0, 6)).

We see C([0, 6)) is closed under + and infact C([0, 6)) is a
group.

For every x e C([0, 6)) we have a unique y such that
x+y=0.

Suppose x = 3.2119 + 2.6075 i € C([0, 6)) is such that

Xx+y =3.2119 + 2.6075i¢ + 2.7881 + 3.3925i¢
=(3.2119 + 2.7881) + (2.6075 + 3.3925)ir
=6 + 6ir = 0 + Oir = 0 is the additive identity of
C(]0, 6)).

Thus C([0, 6)) is a finite complex modulo integer interval
group of infinite order which is commutative. C([0, 6)) also has
subgroups of finite order also.

Example 2.6: Let C[0, 8)) = {a + biz|a, b € [[0, 8), i’ =7, +}
be the additive abelian group of infinite order.

Let Zg={0, 1, 2, ..., 7} < C([0, 8)) be a subgroup of finite
order.

C(Zs) ={a+hic|a beZs i =7+ = C([0, 8) isa
subgroup of finite order.

L = {0, 4, 4ig, 4 + 4ig} < C(]0, 8)) is a subgroup of order
four.

M = {0, 4 + 4ig, +} is again a subgroup of finite order and
o(M) =2.
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N = {0, 2if, 4if, 6if, +} < C([0, 8)) is a subgroup of order
four under +.

Example 2.7: Let
C([0, 19)) = {a + bir | &, b € [0, 19), i? =18, +} be the finite
complex modulo integer group under + of infinite order.

C([0, 19)) has subgroups of both infinite and finite order.
Zyg is a finite subgroup under +.

C(Zy9) is again a finite subgroup under + and so on;
{[0, 19), +} < C([0, 19)) is a subgroup of infinite order.
S = {air | a € [0, 19), +} is a subgroup of C([0, 19)) under
addition.

Thus C([0, 19) has subgroups of both finite and infinite
order.

Example 2.8: Let
S = C([0, 24))) = {a + bir | a, b € [0, 24), i} = 23, +} be the
finite complex modulo integer group under +. S is an infinite

group under +. S is of infinite order. S has subgroups both of
finite and infinite order.

Infact this S has more number of finite subgroups as 24 is a
composite number.

Inview of all these we have the following theorem.

THEOREM 2.1: Let
S ={C([0, n))} = {a + bir | a, b € [0, n), i =n-1, +} be the
finite complex modulo integer interval group of infinite order.

Q) S has both finite and infinite order subgroups.

(i) If n is a composite number S has more number of
finite subgroups.
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(iii)  Z,is a subgroup of order n.

(iv) C(Z,) is a finite complex modulo integer finite
subgroup of S.

(v) T = {air | @ € [0, n), +} is an infinite complex
number subgroup.

(vi) M ={a|a [0, n), +}is an infinite real subgroup.
The proof is direct hence left as an exercise to the reader.

Example 2.9: Let
M = {C ([0, 28))} = {a + bir | a, b € [0, 28); iZ = 27} be the
complex finite modulo integer group of infinite order.

W = {a+bir | a b e Zy, i =27} c M is a subgroup of

finite order which is a complex finite modulo integer group of
finite order.

L={a|a e Zy, +} < Mis afinite subgroup of order 28.
T = {air | a € Zys, +} = M is a subgroup of finite order.

V ={a|a e [0, 28), +} < M is an infinite subgroup of real
numbers in the semi open interval.

B = {air | a € [0, 28), +} = M is also an infinite subgroup of
finite complex modulo integers.

Example 2.10: Let
M = {C ([0, 27)} = {a + bir | &, b € [0, 27), i2= 26, +} be a
group of infinite order.

Now using C([0, n)) we can build groups under +. This is
illustrated by the following examples.
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Example 2.11: Let
S={(a, a, ..., ag) | & € ([0, 9); 1 <i <8, +} be a group of
infinite order; (0, O, ..., 0) acts as the additive identity.

Let A={(a, 0,0, ...,0)|a;, =a+bir € C([0, 9)), +} = S is
a subgroup of infinite order. S has several subgroups of both
finite and infinite order.

Example 2.12: Let
M = {(as, a, az) where a; € C([0, 28)); 1 <i <3, +} be a group.

Let x = (0.71 + 4.3lir, 8.4 + 152, 11.5 + 3.21i¢) and
y = (27.29 + 23.69ir, 19.6 + 12.8ir, 16.5 + 24.79i¢) € M.

We see x +y = (0.71 + 4.31ig, 8.4 + 15.2i¢, 11.5 + 3.2if) +
(27.29 + 23.69iF, 19.6 + 12.8ir, 16.5 + 24.79i¢)

= (0.71 + 4.31i¢ + 27.29 + 23.69if, 8.4 + 15.2i + 19.6 +
12.8ig, 11.5 + 3.21i + 16.5 + 24.79if)

= (0.71 + 27.29 + 4.31i¢ + 23.69iF, 8.4 + 19.6 + (15.2 +
17.8)ig, 11.5 + 16.5 + 3.21i¢ + 24.79iF)

=(0,0,0).
Thus x is the inverse of y and y is the inverse of x under +.

Example 2.13: Let

iy

N

w

ai=a+bl e C([0,24), 1<i<6,+}

O o o ©

S
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be the column matrix finite complex modulo integer interval
group under +.

P has subgroups of finite order and infinite order.

Example 2.14: Let

al a'2 a3

a, a4 dg .
V=<7 7 TllaeC(0,48),1<i<24, +}

a22 a23 a24

be the group of infinite order.
V has several finite subgroups and infinite subgroups.

Example 2.15: Let
a1 a2 a3
W=<la, a; ag|laeC(012)1<i<9, +}

d; 8y dy

be the finite complex modulo integer interval group under + .

Example 2.16: Let

a
w=d P T Bl e C([0,28)), 1<i<40, +}
a37 a38 a39 a'40
be the group of finite complex modulo integer interval [0, 28).

This S also has several subgroups of both finite and infinite
order.
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Example 2.17:

Let

T={(a|azas|as a5 | @) | & € C ([0, 27)), 1 <i<6, +}

be the super matrix finite complex modulo integer interval

group.
Example 2.18: Let
[a, |a, a, a,|a;, ag]
a7 a12
a'13 a18
a a
M=4] ¥ # 11 ai e C ([0, 43)),
a'25 a30
a31 a36
a37 a42
_a43 a49_

1<i<49, +}

be a super matrix group of finite complex modulo integer
interval [0, 43). This M is of infinite order and has several
subgroups of finite and infinite order.

Example 2.19:
al
S — all
a21
a

31

Let

QD

12

a22

<5

32

alO
aZO
a30
a40

a e C ([0, 248)), 1 <i <40, i2 =247, +}

be the super row matrix group of finite complex modulo integer
intervals of infinite order. S has subgroups of finite as well as

infinite order.
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Infact S has atleast 40 subgroups which is isomorphic to the
group G = {a + bic | a, b € [0, 248), i? =247, +} = {C ([0, 248),
+}

S has atleast 80 subgroups of order 248. S has atleast 80
subgroups of order (248)°.

S has atleast 80 subgroups of infinite order equal to order of
G and so on.

Example 2.20: Let

a

iy

|m m|n> m|
(8] E w N

DD
N o

a e C([0,11)), 1<i<30, i2 =10, +}

|mm
©

iy
o

QJ|9J QD QD
iy
=

be the super column matrix of finite complex modulo integer
interval group of infinite order.

S has 13 subgroups isomorphic to {C([0, 11)), +}

S has at least 3 (13C; + 13C, + ... + 13Cy2) number of finite
subgroups.
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S has at least 3 (;3C; + 13C, + ... + 13C12) number of infinite
subgroups.

Example 2.21: Let

a, a,|a a,
a5 a6 a'7 a8 H +2
S= a e C([0,19)), 1<i<16, i2 =18}
a9 alO a11 a12
a, a, |35 a

13

be the super square matrix of finite complex modulo integer
interval group.

S has 16 subgroups isomorphic with G = {C([0, 19)), +}.

S has at least 3 (46C; + 1sC> + ... + 15Cy5) number of
subgroups of finite order.

S has at least 3 (46C1 + 15C; + ... + 14Ci5) number of
subgroups of infinite order.

Inview of all these we have the following theorem.

THEOREM 2.2: Let
S = {m x n matrices with entries from C([0, s)), i’ =s -1, +}
be the group of finite complex modulo integer interval.

(i) S has at least m x n number of subgroups
isomorphic to the group G = {C(]0, s)), +}.

(i) S has at least 3 (mnC1 + maC2 + .. + manCrn-1)
number of subgroups of finite order if s is a prime.

(iii) If s is not a prime say s has t number of subgroups
of finite order then S has at Ileast
(3 + 3t) (nnC + maCo + ... + 1Cisn-t) NUMber of
subgroups of finite order.

(iv) S has at least 3 (1:Cy1 + ... + mxCan-1) SUbgroups
of infinite order.
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The proof is direct and left as an exercise to the reader.

Now we proceed onto study finite neutrosophic complex
modulo numbers interval.

LetC(a+bl|a b e[0,n)) ={a; +ayl + azir + aiel | ar, a,
as, a4 € [0, n) with I =1 and i = n-1 and (lig)* = (n-1)I}
denote the finite neutrosophic complex modulo integer interval
of infinite order. Clearly n > 1 we see on C(a + bl | a, b € [0,

n)) we can define the addition operation +. These are illustrated
by some examples.

Example 2.22: Let S = {a; + air + a3l + alic | & < [0, 5),
1<i<4;i2 =4, (lip)’ = 41, 1 = 1} be the finite neutrosophic
complex modulo integer interval.

Example 2.23: Let S = {a; + azir + agl + aylir | a; € [0, 12), 1 <
i <4, i2 =11, (lig)® = 111, I = 1} be the finite neutrosophic
complex modulo integer interval.

Example 2.24: Let S = {a; + ayir + azl + aylic | 4 € [0, 29), 1 <
i <4, i2 =28, (lip)® = 281, I = 1} be the finite neutrosophic
complex modulo integer interval.

We can have infinite collection of such finite complex
neutrosophic modulo integer intervals.

We will illustrate how they can be made into groups under
‘“+” of infinite order.

Example 2.25: Let S = {a; + azir + agl + aylir | a; € [0, 43), 1 <
i <4, 02 =42, (li))* = 421, 1> = 1, +} be the finite complex
neutrosophic modulo integer interval group under “+” of infinite
order. 0 + Oir + Ol + Olir = O serves as the additive identity of S.

Letx =0.3+9.2ir + 201 + 4.3icl and y = 8.5 + 24.81 + 27.il
e S. We find x +y as follows:



22 | Algebraic Structures on Finite Complex Modulo ...

X+y=(0.3+9.2ic + 201 + 4.3i¢l) + (8.5 + 24.81 + 2.7i¢l)

= (0.3 +85) + (9.2 + 0)ir + (20 + 24.8)| + (4.3 + 24.8)| +
(4.3 + 2.7)iel [addition (mod 43)]

=8.8+9.2iF+ 1.8l + 7igl € S.

This is the way addition + is performed on S.

0 is the additive identity in S.

To every X e S there exists a unique y in S with x +y = 0.

For if x = 9.31 + 17.2i + 40.11 + 38igl € S we have a
unique y in S such that x + y = 0; we see
y =33.69 + 25.8i¢ + 2.91 + 5igl is such that x + y = 0.

Thus y is the additive inverse of x and vice versa.

Thus S is an infinite commutative interval group under +.

S has both subgroups of finite and infinite order.

P, ={a|a e [0, 43)} c S is a subgroup of infinite order.

P,={a+bl|a b e |0, 43)} < Sis a subgroup of infinite
order.

P;={a+ bl +cic|a b, c [0, 43)} — S is a subgroup of
infinite order.

P,={a+ bir|a, b € [0, 43)} < S is a subgroup of infinite
order.

Ps = {air | a € [0, 43)} < S is a subgroup of infinite order.

Ps = {al | a € [0, 43)} < S is a subgroup of infinite order
under + modulo 43.
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P; = {alic | a € [0, 43)} < S is a subgroup of infinite order

under +.

Pg = {al + biel | 8, b € [0, 43)} = S is also a subgroup of

infinite order.

Py = {air + bigl | 8, b € [0, 43)} < S is also a subgroup of

infinite order. Thus we have several subgroups of infinite order.

43.

Consider Ry = {a | a € Z43, +} < S is a subgroup of order

R, ={air | a € Z43, +} < S is a subgroup of order 43.

Rz ={al |a € Z43, +} < S is a subgroup of order 43.

R, ={ai¢l | a € Zy43, +} < S is a subgroup of order 43.
Rs={a+bl|a, b e Z, +} = Sis asubgroup of order 432,
Re={a+big|a, b € Zy3, +} = S is a subgroup of order 432,

Ri={a+bir+cl +dlir|a b,c,de Zp +} = Sisa

subgroup of order 43*,

Thus S has both subgroups of finite order as well as infinite

order.

Example 2.26: Let S = {a; + air + a3l + a4lir | & € [0, 4) with

2 _
I

I, i2 =3, (igl)? = 31, +} be the neutrosophic finite complex

modulo integer group of infinite order.

S has both finite subgroups and subgroups of infinite order.
Ti={a;|a; € {0, 2}, +} < Sis a subgroup of order two.
T,={al |a € {0, 2}, +} < S is a subgroup of order two.

Ts={a+bl|a be {0, 2}, +} = Sisasubgroup of order 4.
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T,={air | a € {0, 2}, +} is a subgroup of S of order two.
Ts={air + bl |a, b € {0, 2}, +} is a subgroup of order four.

Te={as + air + bl | a5, b, ae {0, 2}, +} = S is a subgroup of
order 8.

T7:{a1+a2| +a3i[:+a4|i|:|ai€ {0, 2}, +,1S|S4}QS|S
a subgroup of order 16.

Teg={ay + ayl | a3, a» € Z4, +} = S is a subgroup of order 16.
But T; = Ts.

To={a; + al + azig | aj € Z4, 1 <i <3, +} be a subgroup of
order 64.

TlO:{a1+a2|+a3i|:+a4|i|:|ai EZ4;1SiS4’ +}|Sa
subgroup of order 4,

T ={ay + al + asir + a4lir | a3, @, € Zg and ag, a4 € {0, 2},
+} < Siis a subgroup of order 16 x 4 = 64.

But Ty is not isomorphic with Tg as subgroups we have also
subgroups of S of infinite order.

P, ={a|a e [0, 4), +} < S is a subgroup of infinite order.

P, = {air | a € [0, 4), +} < S is again a subgroup of infinite
order.

P;={al |a € [0, 4), +} < S is a subgroup of infinite order.

P,={a+Dbl|a b e [0 4), +} is a subgroup of infinite
order.

Ps={a+bl+ cir|a,be[0,4),ceZy+}cSisalsoa
subgroup of infinite order.
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Thus S has several subgroups both a finite and infinite
order.

Example 2.27: Let M = {a; + a,l + asir + aylic | a; € [0, 23),1 <
i <4, 02 =22, 1 =1, (li)* = 22I, +} be a neutrosophic finite
complex modulo number interval group under addition.

M has several subgroups both of finite and infinite order.

Now using these neutrosophic finite complex modulo
integer group we can build groups of matrices. All these we
will only illustrate by examples.

Example 2.28: Let M = {a; + ayir + a3l + azlic | a; €[0, 24), 1 <
i <4, i2 =23, 1=, (igl)* = 231, +} be the group under +. M is
an infinite group which is commutative.

M has subgroups of finite and infinite order.

Example 2.29: Let M = {(ay, a,, a3, a4, @) | & € a + big + ¢l +
dlig; a, b, ¢, d €[0, 14), 1 <i <5, iZ =13, 1=, (li))* = 131, +}
be a group of infinite order.

This has both finite and infinite subgroups.

Wi = {(ay, a,, a3, a4, &) | @ = a + big + cigl + dl with a, b, c,
d e Zy4, 1<i<4,+} < Misasubgroup of M of finite order. M
has several subgroups of finite order. M has also subgroups of
infinite order.

P.={(a;,0,0,0,0) | a, =a+ big + cl +dlirwitha, b, c,d e
[0, 14), +} < M is a subgroup of infinite order.

P,={(0,a,0,0,0)|a,=a+big +cl +dlirwitha, b, c,d e
[0, 14), +} < M is a subgroup of infinite order.

P;={(0, 0, a;, 0, 0) | a; = a + bir + cl + dli- witha, b, ¢, d e
[0, 14), +} < M is a subgroup of infinite order.
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We can have several subgroups of finite and infinite order.

R;={(a, 0,0,0,0)|a e [0,14), +} is a subgroup of infinite

order.

R,={( 0,0,0,0)|a € [0, 7), +} is a subgroup of infinite

order two.

R;={(@ 0,0,0,0)|a=a+blwitha,b e[0,7),+}isa
subgroup of finite order and so on.

Example 2.30: Let

a; =a+ big +cl + digl with a, b, ¢, d € [0, 6)),

+,1<i<8}

be the finite neutrosophic complex modulo integer group of
infinite order. S has subgroups of order 2, 3, 4, 6 and so on.

Example 2.31: Let

1

S

S

a
a
a
a

10

a; =a+big+cl+digl witha, b, c,d e

[0, 42), +, 1<i<8}
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be the finite neutrosophic complex modulo integer interval
group of infinite order.

a, 0 0
0 0O . o
P, = 0 0 0 a; € [0, 42), +} is a subgroup of infinite
0 0O
order.
a, 0 0
0 0O ) -
R, = a; € Zy, +} < Sis a subgroup of finite
0 0O
0 00O
order.
a 00o0
0 00O
Ty = 00 0 ae C(Zyp), +} S
0 00O

is a subgroup of finite order.

T,= a,b e C(Zy), +} =S

o O o o
o O O T
o O o o

is a subgroup of finite order.

Tl C T2.
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Likewise we can construct several subgroups of finite and
infinite order.

Example 2.32: Let

al a2 a3
a, a. a . .

S=1{| 4 " "Plla =a+bir+cl+dil witha b, c,d e
a28 a29 a30

[0, 15), +, 1 <i <30}
be the neutrosophic complex finite modulo integer interval
group of infinite order.

T has many subgroups of finite order and several subgroups
of infinite order.

Now we give examples of super matrix finite neutrosophic
complex modulo integer interval group of infinite order.

Example 2.33: Let S ={(a;, a, az| a4 | as a) | & € {a + bie + cl
+dlie|a, b, c,d e [0, 18), 1 < i <6, +} be the super row matrix
finite neutrosophic complex modulo integer interval group of
infinite order.

S has subgroups of finite and infinite order.

V1=(000]|a|00)]|ae Zg, +}is afinite subgroup of S.

V,=(000]|0]a0)]|ae C(Zw), +} is again a finite
subgroup of S.

But [Va| > [V4].
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V;={@00]0]|00)]|ae C((Zig v I), +} be a finite
subgroup of S.

Vs = (a1 dy d3 | da | ds ae) | adj € C(Zlg), 1<i<6, +} is a finite
subgroup of S of finite order.

W;=@00]|0|00)]|a e [0, 18), +} be a subgroup of
infinite order.

W,=(ab0|0]00)]|a b e {a + air where a;, a; € [0,
18), +} is a subgroup of infinite order.

W3=(000|a|00)|a€{a1+a2i|:+agl+a4i;:| |ai € [0,
18)}, 1 <i <4, +} c Sis asubgroup of infinite order.

The subgroups W, and W5 are of different infinities.

Example 2.34: Let

S'Dlm Q
N =)

QD
& W

a; e a+bir+cl+digl|a b, c,de][0,28)},

wm
11
m|mm \’9-’ mﬂJlmﬁJ

©

1°=1,i% =27, (li)> =271, +,1<i< 9}

be the super column matrix finite neutrosophic complex modulo
integer interval group of infinite order.
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Ml = ae Zzg, +}

OlO O Olo O olo o

is a subgroup of finite order;

o(My) = 28.

a e C(Zx), +}

<
N
I
©olo O olo © ol ©

is a subgroup of finite order.
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ae <Zzg U |>, +}

<
w
I
Do O olo © olo ©

is a subgroup of finite order.

aE{a1+a2i[:+a3|+a4”F|aiEZg,lSiS4},+}

<
S
n
clo o ol © olo ©

is a subgroup of finite order.
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aeC(Zg)anda; € (Zgu )}

<
[$)]
I
Plo o olo o oo o©

is a subgroup of finite order.
S has several subgroups of finite order and also subgroups

of infinite order.

Example 2.35: Let

S=4la; |a, a; a, |ay, || wherea € {a+bl+cCic+

diel |a, b, ¢, d € [0,40)}, =1, i2 =39, (li)* =391, +,

1<i<15,+}

be a super row matrix finite neutrosophic complex modulo
integer interval group of infinite order.
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Example 2.36: Let

[a, a, a, a, a; a; |
a7 a’lZ
gz )|Be e e B[ (a+bl+
a19 az4
a25 a30
8y o e e A

cie+ diel [a,b,c,d € [0,6)}, I°=1, i2 =5, (lig)* =5I, +,
1<i<36,+}

be a super square matrix finite neutrosophic complex modulo
integer interval group of infinite order. S has finite order
subgroups and infinite order subgroups.

Now having seen groups built using the neutrosophic finite
complex modulo integer intervals we now proceed onto define

semigroups on C([0, n)) = {a + bir | a, b € [0, n)} under the
three operations min, max and product.

min {a, b} =aorb,a b € [0, n).
max {a, b} =aorb,a b e[0,n).

min {aig, bic} = min {a, b} ir thatisminaorb
so is max defined.

min {a + big, ¢ + dic} = min {a, ¢} + min {big, dic}.

For every x in C([0, n)) is only of the form a + bir where
a,be[0,n).

We give examples of them in the following.
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Let {0.3 + 5ig, 8 + 3.1ic} € {C([0, 14))}.

We see min {0.3 + 5ig, 8 + 3.1ic}

=min {0.3, 8} + min {5i, 3.1i}
=0.3+3.1i.

max {0.3 + 5i, 8 + 3.1ic}

=max {0.3, 8} + max {5ir, 3.1ir}
=8+ 5ir € C([0, 14)).

This is the way max or min operation is performed on
C([0, n)).

Consider the following examples.

Example 2.37: Let S = {C([0, 7), min} be the semigroup.

Letx=0.7 + 2.5irandy = 0.5 € S min {0.7 + 2.5ir, 0.5}
=min {0.7, 0.5} + min {2.5i, 0}
=05+0.ir=05¢€S.

Letx =3.7 + 2if, 3.16ir =y € S;
min {x, y} = min {3.7 + 2if, 3.16ic}

=min {3.7, 0} + min {2i, 3.16i¢}
:0+2iF=2iF€S.

S is a semigroup of infinite order. Every singleton set is a
subsemigroup of S.

Let T = {0.7ir, 0.8} € S;

T is clearly not closed under min operation as
min {0.7ig, 0.8}

=min {0, 0.8} + min {0.7ig, 0}
=0+0ir=0and 0 ¢ T so T can be completed as

T. = {0, 0.7i, 0.8} = S which is a subsemigroup of S under
min operation.
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Let P = {0.3 + 5.2i¢, 5.1 + 2ic} € S; P is only a subset and
not a subsemigroup under min operation.

For min {0.3 + 5.2, 5.1 + 2ir}
=min {0.3, 5.1} + min {5.2if, 2ic}
=0.3+2ir ¢ P.

Thus P, = {0.3 + 5.2if, 5.1 + 2ir, 0.3 + 2i} < S is the
completion of the subset P as a subsemigroup of S. o(P;) = 3.

Let M = {0.7i¢, 4.1if, 2.3, 4.2} < S be a subset of S to
complete M into a subsemigroup under the min operation

min {07||:, 41||:} = O7||:,
min {0.7ig, 2.3} =0,

min {0.7i¢, 4.2} =0,

min {4.1ig, 2.3} = 0 and
min {2.3,4.2} = 0.

M. = {0, 0.7i, 4.1if, 2.3, 4.2} is a subsemigroup of order 5.

Let A ={0.3 + 5i¢, 4 + 0.4if, 0.7 + 0.2ic} < S be the subset
of S.

We complete A into a subsemigroup as follows.

min {0.3 + 5ig, 4 + 0.4i¢}
= 0.3 +0.4ir ¢ A.

min {03 + 5if, 0.7 + 02||:}
=min {0.3, 0.7} + min {5if, 0.2i¢}
=0.3+0.2ir ¢ A.

min {4 + 0.4ir, 0.7 + 0.2i¢}
=min {4, 0.7} + min {0.4ig, 0.2i¢}
=0.7+0.2ir € A.
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Thus
Ac = {0.7 + 0.2i, 0.3 + 0.2if, 0.3 + 0.4if, 0.3 + 5i¢, 4 + 0.4ic}
S is a subsemigroup of S of order 5.

We see min {x, x} = x and min {x, 0} = 0 so 0 is the least
element.

Example 2.38: Let S = {C([0, 12), min} be a finite complex
modulo integer interval semigroup of infinite order.

Example 2.39: Let S = {C([0, 10), min} be the finite complex
modulo integer semigroup of infinite order.

P = {x, 0} is a subsemigroup for every x € S. So S has
subsemigroups of order 2.

Clearly every singleton subset of S is a subsemigroup of S.

Consider M = {6.3 + 0.5i, 0.7 + 0.8ir, 9 + 0.4ic} = S a
subset of S. We complete M into a subsemigroup.

min {63 + 0.5i, 0.7 + 08||:}
=0.7+05ir ¢ M

min {6.3 + 0.5i¢, 9 + 0.4i¢}
=6.3+0.4ir ¢ M.

min {0.7 + 0.8ir, 9 + 0.4i¢}
={0.7 + 0.4ic} ¢ M.

M, = {6.3 + 0.5ir, 0.7 + 0.8i¢, 9 + 0.4i¢, 0.7 + 0.5i¢, 6.3 +
0.4ir, 0.7 + 0.4ig} < S is the completed subsemigroup of S.

Consider W = {0.4, 0.9i¢, 0.9 + 0.2if, 7i + 3.2, 0.5i¢ + 2.1}
< S; a subset of S.

We complete W as follows:
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min {0.4, 0.9ic} =0 ¢ W.

min {0.4, 0.9 + 2i} = 0.4 € W.

min {0.4, 7ir + 3.2} =04 ¢ W.

min {0.4, 0.5ir + 2.1} =04 € W.
min {0.9ig, 0.9 + 0.2i} = 0.2ir ¢ W.

min {09||:, 7|F + 32} = 09|F e W.
min {09||:, 05||: + 21} = 05||: g W.

min {0.9 + 0.2ir, 7ir + 3.2} = 0.9 + 0.2ir € W.
min {0.9 + 0.2, 0.5i¢ + 2.1} = 0.9 + 0.2z € W.

min {7|F +3.2, 05|F + 21} = 05||: +2.1e W.

Thus W, = {0.4, 0.9i¢, 0, 0.9 + 0.2iF, 7if, 3.2, 0.5i + 2.1, 0.2iF,
0.5i} < S is a subsemigroup of order 8.

Example 2.40: Let T = {C([0, 43), min} be the finite complex
modulo integer semigroup under min.

W = {[0, 14), min} is a subsemigroup as well as ideal of T.
M = {[7, 43), min} is a subsemigroup and not an ideal of T.
P = {[6, 20), min} is a subsemigroup and not an ideal of T.

None of the finite subsemigroups of T are ideals.

Since iZ = 42 we cannot get sub interval which has finite

complex modulo integers, this problem does not arise as the
operation on C([0, 43)) is under min and not under product.

Thus we take A = {a + bir | a, b € [0,12)} < T under min
operation is an ideal.

However B = {a + bic | a, b € [6, 15)} < T is not an ideal.
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C={a+bir|a b e [20, 43)} < T is not an ideal only a
subsemigroup.

Example 2.41: Let S = {C([0, 12), min} be the finite complex
modulo integer semigroup of infinite order.

T = {C(Z12), min} < S is a finite subsemigroup of S and is
not an ideal of S.

W = {[0, 12), min} is a subsemigroup as well as an ideal of
S.

M = {air | a € [0, 12), min} < S is a subsemigroup as well
as an ideal of S.

Inview of all these we have the following theorem.

THEOREM 2.3: Let S {C([0, n)), min, iZ = n-1} be the finite
complex modulo integer semigroup of infinite order.

1. S has infinite number of finite subsemigroups and none
of them are ideals.

2. T={[0,t),t<n-1 min} S is a subsemigroup of
infinite order, is also an ideal of S for t < n-1.

3. W={[a, n)|a=>0 min} < S is a subsemigroup of
infinite order which is not an ideal for all a > 0 and
a<n-1.

4. N={[a, b)|a>0andb <n-1, min} =S isonlya
subsemigroup for all a > 0 and b < n-1 and are not
ideals of S.

5 LetV={air |a [0, t); t <n-1 min} S be a
subsemigroup which is an ideal of infinite order.
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6. Let L ={air | a €[b, n),b>0 mn} cS bea
subsemigroup of infinite order which is not an ideal of
S.

7. R={air|a e[m, t), m>0,t<n-1} cSis again a
subsemigroup of infinite order which is not an ideal of
S.

The proof is left as an exercise to the reader.

Now we build using the finite complex modulo integer
interval semigroup under min operation; matrix finite complex
modulo integer matrix semigroups under min operation which is
also illustrated by examples.

Example 2.42: Let

S={(a1, a» a3, &) | & € ([0, 12), 1 <i < 4, min} be the row
matrix finite complex modulo integer interval semigroup of
infinite order.

S has subsemigroups of order one. For take A; = {(0.3iF, 2,
4 + 2ig, 0.7 + 0.5i) < S is a subsemigroup of order one.

S has finite subsemigroups of order two. This collection is
also infinite in number.

B; = {(0, 0.7i¢, 8 + 0.4ir, 4 + 6i¢), (0,0,0,0} = Sisa
subsemigroup of order two.

Thus B; = {X, (0, 0, 0, 0) | x € S} is a subsemigroup of
order two.

Now we can order any two elements in S under min
operation as follows. This is not the usual order as S or for that
matter C([0, n)) are not orderable but we can define a
comparison relation.

Letx=8.2+0.3irandy = 2.7 + 0.03ir € C([0, 10))
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Y <min X as min {X, y} = min {8.2 + 0.3ig, 2.7 + 0.03i¢}
=min {8.2, 2.7} + min {0.3ir, 0.03i:}
=2.7+0z.03ir=y.

So we say y < min Xx.

Likewise max {x, y} = max {8.2 + 0.3i¢, 2.7 + 0.03i¢}
= max {8.2, 2.7} + max {0.3ir, 0.03ic}
=8.2+0.3ir=x.

So max {x, y} = x and it is denoted by X > V.

Now we call this ordering as quasi special ordering as
ordering is not possible in case of Z, or C(Z,) or [0, n) or

C([0, n)).

So if in example 2.42 we have x = (6.3 + 7if, 4.2 + 0.9i,
10 + 2.9iF, 11 + 11|F) and y = (25 + 3iF, O.GiF, 7,10 + 2|F) €S
we see min {x, y} = max {(6.3 + 7ig, 4.2 + 9ig, 10 + 2.9i¢, 11 +
11ir), (2.5 + 3ig, 0.6if, 7, 10 + 2i)} = (2.5 + 3ig, 0.6if, 7,
10+2||:) =Y.

Thus 'y <min X, “<min” is defined as a special quasi ordering.

We see for any x, y € S we cannot say y <min X; We may or
may not be in a position to put a special quasi ordering on them.

Example 2.43: Let

T=4la, || a €C([0,24)},1<i<7, min}
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be a semigroup of infinite order.

T can have zero divisors.

a, 0
a, 0
0 0
Bi=<| 0 |;andA;=3| 0|} €T;
0 0
0 a,
0] |22 ]

0
0
0
we see min {A;, B} = ¢| 0
0
0
0

Under min operation T has several zero divisors.
Infact T has infinite number of zero divisors.

However T has ideals and subsemigroups which are not
ideals.
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[0.87 +9i, |
0
9+2i,

X= 0

23+ 22i.
9+8.7i,

| 8+18i. |

is a subsemigroup of T but is not as ideal.

Further no finite subsemigroup of T can be an ideal of T.
We see T has infinite number of subsemigroups of order one

and none of them are ideals of T.

Let A=

[ 9.2+11i,
13 +5i,
17 +10i,
7+13i. |,
14 +12i,
15+9i;

3+2i;
0.5+0.3i;
7+2.1;
0+5i,
2+3.71i;
1+0.752i,

|10.7+20.3i, | [ 9.33+0.79i, |

be a subsemigroup of T under min operation.

A is not an ideal of T.

Clearly T has infinite number of subsemigroups of order

two.

Likewise T has order three subsemigroups which are not

ideals.
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Let

QD
fis

a; e C([0, 24)}, min}

=
1
o O o o

be the subsemigroup of S. Clearly W is also an ideal of T of
infinite order.

Let

L o
N 53

di, dy € C(Zg4), mln} c T

o O O O o

be a subsemigroup of T.

Clearly V is not an ideal and V is of finite order.
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LetM =

D QD
w N Lt

o O O o

be a subsemigroup of T.

aj, ay, az € C[0, 24), min}

M is also an ideal of T. o(M) = oo.

Thus T has several subsemigroups which are not ideals.

Let

QD
iy

[«5)
[N

oy}
1
- O O O

0

a;, @ € C([0, 12)}, min}

be a subsemigroup B is an ideal for if

0
S= 0
0

[a+hi, |
c+di;

e T;ab,c de C(0,24))
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then for any x € B and we see min {x, s} € B.

Let

[a+bi, |
c+di,
e+0i.
D= 0 a,b,c,defgel0 14), mn}cT

be the subsemigroup.
Clearly D is an ideal of T of infinite order.

Let

[a+bi, |
c+di.
0
E= 0 a,bcdxyel720),mn}cT
0

| X+ i |

be the subsemigroup of infinite order. E is not an ideal of T.

T has infinite number of infinite order subsemigroups which
are not ideals of T. T has infinite number of zero divisors and
every element of T is an idempotent and a subsemigroup of
order one.
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Example 2.44: Let

a, a, a,
a a a

M=<t 7 P& e C([0,23)), 1<i< 15 min}
a'13 a14 a'15

be the finite complex modulo integer interval semigroup of
infinite order.

Every element is an idempotent.  Every singleton is a
subsemigroup and is not an ideal.

Likewise we can have

o
Il
~
X
O o o o o
O o o o o
O o o o o
[
N
<

to be a subsemigroup which is not an ideal of M.
Thus P is a subsemigroup for every x € M.

Hence we have an infinite number of subsemigroups of
order two which are not ideals of M.

However M has infinite number of zero divisors. Every
element in M is an idempotent.

M has ideals of infinite order and no ideal in M can be of
finite order.
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Let
_al a'2 a3_
0 0 0
T={0 0 0l/a [0,10),1<i<3 min}cM
0 0 0
0 0 0]

be the subsemigroup of M.
Clearly T is an ideal of infinite order.

Let

iy

N

a; =¢; +dilr where ¢;, d; € [0, 12),

~

wn
1
O O o o
w
o o o o o
O o o o o

a

1<i<5 min}cM

be a subsemigroup of infinite order. S is an ideal.

Let
fa, 0 O]
0 a, 0
W=40 0 a,||la €C(Zxy),1<i<5 min}cM
a, 0 O
10 a; 0]

W is only subsemigroup of finite order and is not an ideal of M.
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Let
[a, 0 O]
0 a, O
V=40 0 O0|la =c¢i+dirc,die[7,23),1<i<3,
0 0 O
10 0 a;

min} c M
be a subsemigroup of infinite order.

Clearly V is only a subsemigroup and not an ideal of M.

Let

QD
£
o o 2
o o p

ai € ¢+ diig, ¢j, di [20, 23),

[v9)
11
o O O
3
QD
(o]

QD
~
D QD
o
QD
o

1<i<8, min}

be the subsemigroup of infinite order. B is not an ideal of M.

Thus M has subsemigroups of infinite order which are not
ideals.
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Example 2.45: Let

a, a, a, a,

a5 a6 a7 a8 - .
S= a; € C([0, 20)), 1 <i<16, min}

ag alO a'11 alZ

a13 a'14 a15 alG

be the finite complex modulo integer semigroup of infinite
order.

This S has subsemigroups of both finite and infinite order.
S has ideals of infinite order.

S has infinite number of zero divisors and idempotents.

Example 2.46: Let

Dl | D
|w Nll—‘

N

a, e C([0, 13)), 1<i <9, min}

=
1
$D|QJ
o

QD
~ o

mlwm

be the finite complex modulo integer interval column super
matrix semigroup of infinite order.
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W has the least element viz (0) =

Ol O O Ol Oolo olo

and W has infinite number of idempotents and zero divisors.

Example 2.47: Let

V= a; € C([0,5)),1<i<24, min}

be a super matrix finite complex modulo integer interval
semigroup of infinite order.

V has subsemigroups of all finite orders which are infinite
in number. None of them are ideals.

V also has infinite number of subsemigroups which are not
ideals. V has ideals which are of infinite order.
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Example 2.48: Let

S=3lag | .. . ] ay|la €C(0,7)),
Qs | o e | | Ay

1<i<21, min}

be the super row matrix of finite complex modulo integer
interval semigroup of infinite order.

Every element is a subsemigroup of S. Every element of S
is an idempotent. ldeals of S are of infinite order.

Example 2.49: Let

fa, a, a, a,|
a;, a, a, a,
a9 a'12
A W
al7 a20
| P & < C(0, 40))
VO
Qg o e By
Qyy o e g
a37 a40
41 a44
L 45 a48_

1<i<48,i? =39, min}
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be the neutrosophic finite complex modulo integer interval
semigroup. B is of infinite order. B has both finite and infinite
subsemigroups which are not ideals. B also has infinite
subsemigroups which are ideals.

B has infinite number of zero divisors. Every element in B
is a subsemigroup. Every element in B is an idempotent.

Example 2.50: Let

ai € C([0, 4)),

1<i<9, min}
be the finite complex modulo integer interval semigroup of
infinit ordr. V has zero divisors.

a; € C(Zy), min}

is again a subsemigroup.

Both P, and P, are not ideals of V.
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is an infinite subsemigroup and is not an ideal of V.
V has infinite number of zero divisors.

For take

where &;, bj € C([0,4)) 1<i<4and1<j<5are such that
0|0 O
min{x,y}=|0|0 0| isazerodivisorinV.
0]0 O

V has infinite number of zero divisors.

We now proceed on to illustrate complex finite modulo
integer interval semigroups with max operation by a few
examples.

Example 2.51: Let V = {C([0, 3), max} be the semigroup V is
of infinite order.
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Letx=0.21+04irandy=0.7+0.2ir € V.

We see max {x, y} = max {0.21 + 0.4ig, 0.7 + 0.2i} =
max {0.21, 0.7} + max {0.4ig, 0.2ic} = 0.7 + 0.4ir. This is the
way max operation is performed on V.

Let x = 2.1 + 0.751 € V we see max {x, x} = x and
max {x, 0} = x.

Example 2.52: Let S = {C([0, 20)), max} be a semigroup of
finite complex modulo integer interval. S is a commutative
semigroup of infinite order.

Every element in S is a subsemigroup as well as an
idempotent.

S has no zero divisors.

This is the marked difference between semigroups under
min operation. S under min operation has infinite number of
zero divisors.

Example 2.53: Let S = {C([0, 43)), max} be a semigroup of
finite complex modulo integer interval. S has subsemigroups of
order one, two, three and so on.

Suppose x =8.31+9.7landy =129+ 3.1l € S.
P ={x, y} is only a subset of S and is not a subsemigroup.

For max {x, y} = max {8.31 + 9.71, 12.9 + 3.11}
=max {8.31, 12.9} + max {9.71, 3.11}
=129+9.71 ¢ P.

ButP.={x,y}u {129 +9.71}
={Xx, y, 129 + 9.71} < S is a subsemigroup of S
called the completed subsemigroup of S.
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Thus given any subset of S we can always completes to
form a subsemigroup. However this completed subsemigroup
in general is not an ideal of S.

Example 2.54: Let S = {C([0, 24)); max} be a finite complex
modulo integer interval semigroup.

Let P = {[0, 12), max} c S.

Clearly P is a subsemigroup of infinite order. However P is
not an ideal for 14 + 3ir € S and for any p € P; we see
max {p, 14 + 3ic} = 14 + 3ir ¢ P hence the claim.

Consider W = {[6, 24), max} < S, is a subsemigroup of S.
W is not an ideal of S; for take 10ir € S, max {10ig, x} for any
X € W gives x + 10ir ¢ W; hence the claim.

Let M ={a +bir|a b e [8 24), max} < S; M is a
subsemigroup as well as an ideal of M forany s e Sandm e M
we see max {s, m} € M.

Let T={a+bir|a b e Zy max} < S, Tisonly a
subsemigroup of finite order and it is not an ideal of S under
max operation.

Forany x = 18.7 + 18.7ir € Sand y = 23 + 10ir € T we see
max {X, y} =23 + 18.7ir ¢ T. Hence the claim.

We see S has both finite and infinite subsemigroups which
are not ideals. However every ideal of S is of infinite order.

Example 2.55: Let S = {C(]0, 23); max} be a semigroup of the
finite complex modulo integer integer interval. S has no zero
divisors every element is an idempotent and every singleton is a
subsemigroup of S.

S has subsemigroups of orders 1, 2, 3 and so on. None of
the finite subsemigroups of S are ideals of S.
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Now using this semigroup we can build matrix semigroups
of finite complex modulo integer intervals.

Example 2.56: Let

M = {(a1, a, a3, a4, as) | & € C([0, 42)); 1 <i <5, max} be a
finite complex modulo integer interval row matrix semigroup.
M is commutative and is of infinite order.

T, ={(@, 0,0,0,0) | a; € C([0, 42)) max} < M is a
subsemigroup of infinite order and T is not an ideal of M.

T, = {0, a, 0, 0, 0) | a2 € C([0, 42)) max} = M is a
subsemigroup and not an ideal.

For take x = (0.8, 9 + 3ir, 2 + 7.1if, 0.9iF, 2.1 +ig) in M and
y =(9.42 +19.3i0,0,0,0) € T;.

max {x, y} = (9.42 + 19.3ir, 9 + 3ir, 2 + 7.1ir, 0.9i, 2.1 +
i;:) & Tl.

Thus T is not an ideal of M.

Hence we have subsemigrosup of M which are nit ideals of
M.

Let Wy ={(ay, a2, a3, as, as) | & € C([0, 42), 1 <i<5), max}
< M; Wy is a subsemigroup of M also an ideal of M.

W, = {(ay, a,, a3, a4, @) | & € C([a, 42),0<a<4l,1<i<
5), max} < M; to be a subsemigroup of M which is also an
ideal of M. Thus we have an infinite collection of
subsemigroups of infinite order which are also ideals of M.

Consider V; = {a + big| a, b € [0, 1), i = 41; max} < M;
V is a subsemigroup of M but is not an ideal of M. However
V/; is of infinite order.
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Vez={a+bir|a b e [0, 67), i =41, max} c M is a
subsemigroup of M but is not an ideal of M. 0(Vg7) = .

In this way we have Vg = {a + big | a, b € [0, B), B <
41.999, iZ = 41; max} c M to be a subsemigroup of M but is
not an ideal of M.

Hence we have infinte number of subsemigroups of infinite
order none of which are ideals of M.

Further M has also infinite collection of subsemigroups of
order one, two, three and so on.

Example 2.57: Let

a 4, a;
a a a

s=4 " 7 Clla ec(0,8), i =7,1<i<30,min}
a28 a29 a30

be the finite complex modulo integer interval semigroup of
infinite order.

Every x € S is an idempotent. Every singleton set is a
subsemigroup and is not an ideal of S. S has ideals to be of
infinite order only S has no ideals of finite order S has no zero
divisors.
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Example 2.58: Let

iy

N

o

a, e C([0, 15)), 1 <i <8, min}

L D D D
w

3]

be the finite complex modulo integer interval semigroup of
infinite order.

T has infinite number of finite ordered subsemigroups
which are not ideals. T has infinite number of infinite ordered
subsemigroups which are ideals.

Every element in T is an idempotent and a subsemigroup of
order one. T has no units or zero divisors.

Example 2.59: Let

a

» @ s»|n>|
[4;] £y w N -

W = a, e C([0, 24)), 1 <i < 10, max}

m|m|m
~ o

QD
© <

[«5)

10
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be the finite complex modulo integer interval super column
matrix semigroup.

V has idempotents and are infinite in number. This
semigroup has infinite number of subsemigroups which are
ideals and also infinite number of subsemigroups which are not
ideals.

Example 2.60: Let

a1 a2 a3
a, a; ag
a7 a8 a9

s A, ag (|a € C([0,29),1<i<27, max}

be the finite complex modulo integer interval super column
matrix semigroup of infinite order.

This S has subsemigroups of finite order as well as infinite
order. Every element x e S is an idempotent under max
operation.
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Example 2.61: Let

fa, a,|a, a, a;|ag|
a? a'12
Qg e | e e e | Ay
M=4la, . |.. .. ..|a,|l&a C([0,14)),
a25 a30
a3l a36
K= s |

1<i<42, max}

be the finite complex modulo integer interval semigroup of
super matrices. M has subsemigroups of order one, two, three
and so on. However all ideals of M are of infinite order.

Now we proceed on to define semigroups on C([0, n ))
using the product operation. Let x, y €C([0, n)) then x x y
(mod n) € C ([0, n)).

First we will describe this situation by some examples.

Example 2.62: Let S = {C([0, 6)), x, iZ= 5} be the finite
complex modulo integer interval semigroup under the usual
product.

Let4,5 e C([0,6)); 4x5=20=2(mod 6)

Letx=2+5irandy =3 +4ir € S.

X xy = (2 + 5ig) (3 x 4ip)
=6 + 15i + 8ir + 20i2
=0+23i+20x5
=bir+4 e S.
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This is the way product operation is performed on S.
0(S) = o: S is a commutative semigroup. S contains zero
divisors and idempotents which are finite in number.

Letx=3+2irandy=4+3ir e S
X xy=(3+2ig) x (4 + 3if)
=12 + 8ig + i + 617
=0 +2i+3ir+0
:SiFES.

It is easily verified a x (b x ¢) = (@ x b) x ¢ for all
a, b ceS.

Example 2.63: Let S = {C([0, 23)), iZ = 22, x} be the finite
complex modulo integer interval semigroup of infinite order.

Letx =0.8 + 0.4irandy = 0.3+ 0.2ir € S

X x y = (0.8 + 0.4ig) x (0.3 + 0.2i)

= 0.24 + 0.12i + 0.16ir + 0.08 x 22 0.24 + 0.38ir + 1.76
=2+0.38ic € S.

Example 2.64: Let S = {C([0, 5)), x, i2 = 4} be the semigroup
of infinite order. P; = {Zs, x} is a subsemigroup of order 5.
P, ={C(Zs), x, i? =4} asubsemigroup of S finite order.

P; = {[0, 5), x} is subsemigroup of infinite order.

However P, = {[0, 2.3), x} is only a subset and is not a
subsemigroup.

Fortakex=2andy =21inPs Xxy=2x21=42 ¢ P,.
Hence the claim.

Clearly none of the subsemigroup Py, P, and P are ideals of
S.
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Example 2.65: Let S = {C([0, 12)), x, i} = 11} be the finite
complex modulo integer interval semigroup of infinite order. S
has zero divisors and finite number of units. S is of infinite
order. All ideals in S are of infinite order.

Letx=3irandy=8¢€ S
xxy=0.x=3ig+6andy =4+ 8ir € S we see
X xy = (3ig + 6) x (4 + 8if)

=12i + 24 + 24 x 11 + 48i:

=0 e Sisazero divisor in S.

X=6ir+6andy=4 e Sissuchthatx xy =6ir+6x4=0
is a zero divisors.

Likewise X = ir and y = 11ir € S is such that
X xy = 11i x 11i? =11 x 11 = 1 is a unit in C([0, 12)).

Also 11 x 11 =1 for 11 e C([0, 12)).

Thus S has units also S has subsemigroups of both finite
and infinite order.

Finding ideals is a problem.

Now using this we build matrix semigroups, which is
described by some examples.

Example 2.66: Let

S={(ay, az a3, a4) | & € C([0, 42)), 1 <i <4, x} be the complex
modulo finite integer interval semigroup. S has zero divisors,
ideals of infinite order. S also has subsemigroups of finite
order.

Pr = {@, 0,0, 0) | aa e C([0, 42)), x} = S'is a
subsemigroup as well as an ideal of S.

P, = {(0, a;, 0, 0) | &4 € C([0, 42)), x} < S is a
subsemigroup as well as an ideal of S.
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P; = {(0, 0, a;, 0) | a € C([0, 42)), x} < S is a
subsemigroup as well as an ideal of S.

P, = {(0, 0, 0, &) | & e C([0, 42)), x} < S is a
subsemigroup as well as an ideal of S.

LetR=S={(a;, az a3,a4) |2 € [0,42),1<i<4,x}cS,is
a subsemigroup and not an ideal of S.

Ry ={(a, 0,0, 0) | a; € [0, 42), x} < S is a subsemigroup
and not an ideal.

R, ={(0, a;, 0, 0) | a; € [0, 42), x} < S is a subsemigroup
and not an ideal.

Rs = {(0, 0, a5, 0) | a; € [0, 42), x} < S is a subsemigroup
and not an ideal.

Rs={(0, 0,0, a;) | &1 € [0, 42), x} is only a subsemigroup.
All the Ry’s are of infinite order.

However we have finite order subsemigroups also.
x=(0, a;, 0,a,) andy = (as, 0, a», 0) € S are such that
xxy=(0,a0,a) x (a1, 0, ap, 0)
=(0, 0, 0, 0) is a zero divisor.
Infact we have infinite number of such zero divisors.
(1,1, 1, 1) =1 acts as the multiplicative identity x = (41, 41, 41,
41) e Sis such that x* = (1, 1, 1, 1).

Alsoy = (1, 41, 1, 41) e S is such that y* = (1, 1, 1, 1).
Thus S has only finite number of units.

If P Sisanideal certainly (1,1, 1, 1) ¢ P.
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Example 2.67: Let

s=1{a, ||a eC(0,4),1<i<7, x}

be the finite complex modulo integer interval semigroup of
infinite order under the natural product.

a, 0

0 0

0 a,
Letx=|0|andy=|a,| €S

0 0

0 0

_0_ _O_
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0
0
0
weseeXxp,y=10
0
0
_0_
is a zero divisor.
2]
0
0
Pi=3]0||las € Z4y %} S
0
0
L 0 _

be a subsemigroup of order 4.

L o
N 53

di, dr € C(Z4), Xn} (e S

O O O O o

be a subsemigroup of finite order.

Both P; and P, are only subsemigroups and not ideals.
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Consider

QD
iy

2 € C([0,4)) xn} =S

o O O O O o

is a subsemigroup of infinite order which is also an ideal of S.

D D o
[ N [is

ai e C([0, 4)), 1<i<3, x}cS

o O o o

is only a subsemigroup of infinite order and is not an ideal of S.

Thus S has subsemigroups of both finite and infinite order
which are not ideals.

Further S has infinite number of zero divisors only a finite
number of units and idempotents.
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Example 2.68: Let

a T |

w={| ® |la e C([0, 25)), 1 <i<16, x,}
P - P
a13 alG

be a finite complex modulo integer interval matrix semigroup of
infinite order under the natural product x.

0 0 0 O
a, a, a, a
letx=| * 2> ° "*|and
0 0 0 O
a5 aG a7 a8
a, a, a, a,
0 0 0 O
y: EW.
0O 0 0 O
0O 0 0 O
0 00O
0 000
Wesee X x, ¥ =
0 000
0 00O
1111
1111}, .
Clearly is the unit element of W.
1111
1111
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Infact W has infinite number of zero divisors but only finite
number of units. W has subsemigroups of both finite and
infinite order W also has ideals but all ideals of W are of infinite
order. W is a commutative semigroup.

Example 2.69: Let

a, a, a, a, as
aG a7 a8 a9 a10
S=4la, a, a; a, a;|la €C(0,6)),1<i<25 %}
alG a17 a18 alQ aZO
_a21 a'22 a23 a'24 a25_

be the finite complex modulo integer interval semigroup under
usual product of matrices. S is a non commutative semigroup of
infinite order.

100 0 0]
01000
lss=[{0 0 1 0 0
00010
0000 1]

acts as the multiplicative identity. S has units. S has ideals.
S has finite subsemigroups and infinite subsemigroups. This

study and this example. Here we illustrate the situation by a
collection of 2 x 2 matrices with entries from C([O0, 6)).

031 24 04 0.8
Let A= and B =
16 05 09 4.2

031 2.4 04 0.8
AxB= X
16 05 09 42
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_10.31x0.4+24x0.9 0.31x0.8+2.4x4.2
| 1.6x0.4+05x09 1.6x0.8+0.5x4.2

_[0.124+2.16 0.248+10.08
"1 0.64+045 0.128+2.10

2.284 4.328
1.09 2228

. 04 0.8 031 24
Consider B x A = X
09 4.2 16 05

B [0.4%x0.31+0.8x1.6 0.4x2.4+0.8x05
| 0.9x0.3+4.2x1.6 09x24+4.2x0.5

_[0.124+1.28 0.96+0.40
- 10.279+6.70 2.16+2.10

[1.404 1.36
10979 4.26

Clearly I and Il distinct so A x B = B x A.

031 2.4 04 0.8
Now A x, B = Xn
1.6 05 09 42

0124 1.92
1081 17.64

[0.124 1.92
= =B Xn A.
| 0.81 5.64
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It is easily verified A x, B=B x, Aand A xB #B x A
further A x B # A x,, B.

Example 2.70: LetS={(a;aa3|asasas|as | ag ag | aio a1 asz |
a;z) | a € C([0, 20)), 1 <i < 14, x} be the complex modulo
finite integer interval semigroup of super row matrices.

S is of infinite order. S is commutative.

S has infinite number of zero divisors.

I={(111|111|1|111]|12)}isthe unit(multiplicative
identity of S). Thus S is a commutative monoid.

S has both finite order subsemigroups as well as infinite
order subsemigroups which are not ideals.

P={(@a00|000|0|00|000]|0)|ae C([0, 20)), x}isa
subsemigroup of infinite order which is also an ideal of P.

If in P C(]0, 20)) is replaced by [0, 20); then that P is not an
ideal only a subsemigroup.

This is so for if
Xx=(300|000|0|00|000]|0)isinPand

y=@+iraa|asasas|as|asag|agapan|ap) €S,
a; € C([0, 20)); 1 <i<12

Xxy=(6+3ir00|/000|0|00|000|0) ¢ P, hence the
claim.

Thus S has infinite subsemigroups which are not ideals of S.
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Example 2.71: Let

S=1 "°|la e C([0,19),1<i<12, %}

be the finite complex modulo integer interval semigroup super
column matrix.

S is an infinite semigroup which is commutative.

S is infinite number of zero divisors and has ideals and
subsemigroups which are not ideals.

Example 2.72: Let

a, |a, a;|a, a a;|a, ag
S=3lag [ o | o | . A ||a € C([0, 40)),
Ay | e e | e e | e Ay,

1<i<23, xn}

be the finite complex modulo integer interval semigroup super
row matrices. S has infinite number of zero divisors.
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We can have examples of other types of super matrix
semigroups.

Now we proceed onto describe neutrosophic finite integer
complex number interval semigroup using the operation min or
max or product.

We shall denoted it C({[0, n) U I)) = {a + big + cl + digl | a,
b, ¢, d € [0, n), iZ =n-1, (i)®> = (n-1)I and I*> = | is the
indeterminate or the neutrosophic number I}.

Example 2.73: Let S = C(([0, 9) U 1Y), i2 = 8, min} be the

neutrosophic finite complex modulo integer interval semigroup
of infinite order.

Letx=0.8 +3.9ic + 2.61 + 7.1icl and y = 8.2 + 4.3ir + 1.1l
+0.92i¢l € S.

We find min {X, y} = min {0.8 + 3.9i¢ + 2.61 + 7.14li, 8.2
+4.3ig + 1.11 + 0.92i1}

= min {0.8, 8.2} + min {3.9i¢, 4.3ic} + min {2.61, 1.11} +
min {7.14igl, 0.92igl} = 0.8 + 3.9i+ 1.11 + 0.92i¢l € S.

This is the way min operation is performed on S. Clearly
min {x, x} =x. min{x,0}=0forall x € S.

S is an infinite semigroup in which every x € S is a
subsemigroup as min {x, x} = x.

Letx=2ir+13iflandy=7.2+6l € S.
We find min {X, y} = min {2ir + 1.3i¢l, 7.2 + 61}
= min {0.7.2} + min {0, 61} + min {1.3i¢l, 0} +
min {2ig, 0} =0+ 0l + Oiel +0ir=0

Thus min {X, y} = 0. Hence S has infinite number of zero
divisors. Every element x in S is an idempotent.
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Let X = {3ir + 2I, 2ir + 3.71} = S; X is only a subset of S as
min {3ir + 21, 2ir + 3.71}

min {3ig, 2i} + min {21, 3.71}
= 2||: +21 ¢ X.

However

X = {3||: + 21, 2||: + 3.71, 21 + 2|F} =XuU {2' + 2||:} is a
subsemigroup of S. We call X, the completed subsemigroup of
the set X. Thus it is always possible to complete a set into a
subsemigroup. If X is a finite set the completed subsemigroup
X, of X will be finite. If on the other hand X is an infinite
subset of S; X. will be an infinite subsemigroup of S.

Example 2.74: Let S = {C(([0, 7) U I)) = a + bir + cl + digl
where a, b, ¢, d e [0, 7) with i =6, 1> =1, (icl)* = 61, min} be a
subsemigroup of infinite order.

Let X ={x=1.7+25i+3l + 179, y=6+14ir+1+
2.3igl, 2 =6l + 2igl} < S.

Clearly X is not a subsemigroup only a subset.

min {X, y} = min {1.7 + 2.5ic + 31 + 1.79i¢l, 6 + L4ir + | +
2.3iel}

min {1.7, 6} + min {2.5ig, 1.4ic} + min {31, 1}
+ min {179||:|, 23|F|}

= 1.7+ 14+ 1+ 179l ¢ X.
min {x, z} = min {1.7 + 2.5i + 31 + 1.79il, 61 + 2i¢}

= min {1.7, 0} + min {2.5i, 2ic} + min {31, 61} +
min {1.79igl, 0}

=0+2i+31+0¢ X
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min {y, z} = min {6 + 1.4ic + | + 2.3i¢l, 61 + 2i¢l}

min {6, 0} + min {1.4ig, 0} + min {l, 61} +
min {23||:|, 2|FI}

0+0+1+2igl

I+ 2il ¢ X.

Xe={X, V,2, | +2ig, 2i + 31, 1.7 + LA4ig + | + L79icl} = S
is the completed subsemigroup of the subset X. Order of the
subsemigroup X is six.

Thus given any subset in X we can complete X to form a
subsemigroup of S.

Example 2.75: Let M = {C({[0, 3) w 1)), min} be the finite
complex neutrosophic modulo integer interval semigroup under
min operation.

Let X = {0.2ig, 21, 0.7iel, 2.4, 2 + 0.4icl} = M.
Clearly X is not a subsemigroup of M only a subset of M.

Now we complete X into a subsemigroup.

min {0.2i¢, 21} = 0.

min {02||:, O7||:|} =0.

min {0.2ig, 2.4} = 0.

min {0.2ig, 2 + 0.4lic} = 0.

min {21, 0.7igl} = 0.

min {21, 2.4} = 0.

min {21, 2 + 0.4lic} = 0.

min {0.7igl, 2.4} = 0.

min {07||:|, 2+ 04||:|}
=min {0.2} + min {0.7igl, 0.4i¢l}
=0+ 0.4igl.

min {2.4 + 2 + 0.4i¢l}
=min {2.4, 2} + min {0, 0.4iel}
=2¢ X
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Thus X = {0.2if, 21, 0.7iel, 2.4, 2 + 0.4igl, 0, 0.4ir, 23 = M
is a subsemigroup of order 8.

However o (X) = 5.

LetY ={x=2+13ig+2.11 +0.7icl,y = 0.2 + 2ir, z= 0.4l
+ 1.2iel} = M. Y isonly a subset of M.

min {x, y} ={2 + 1.3ir + 2.11 + 0.7i¢l, 0.2 + 2i¢}

= min {2, 0.2} + min {1.3if, 2ic} + min {2.1I, 0} +
min {0.7igl, 0}

=02+13irg Y.

min {x, z} = min {2 + 1.3ir + 2.11 + 0.7igl, 0.41 + 1.2i¢1}
= min {2, 0} + min {1.3i;, 0} + min {2.11, 0.41} +
=0+0+041+0.7icl ¢ V.

min {y, z} = {0.2 + 2ig, 0.41 + 1.2i¢1}

= min {0.2, 0} + min {2i;, 0} + min {0.4l, 0} +
min {0, 1.2ig1}

=0+0ir+0l+0icl=0¢ Y.

Thus Y. = {0, 0.41 + 0.7i¢l, 0.2 + 1.3i, X, ¥, Z} = M is a
subsemigroup of order 6.

We see P; = {[0, 3), min} < M is subsemigroup of infinite
order which is an ideal of M.

P, = {C([0, 3), min} < M is an ideal of infinite order.

P; = {{1, 3}, min} < M is a subsemigroup which is not an
ideal of M.

P, = {C(Z5), min} < M is a subsemigroup and not an ideal
of M.

Ps = {{Zz U I), min} is only a subsemigroup of M and is not
an ideal of M.
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Ps={a+bl|a b e [0, 25), min} is a subsemigroup of M
which is also an ideal of M.

Thus we see using C({[0, n) w I)) we can build semigroups
under min operation.

This will be illustrated by examples.

Example 2.76: Let S = {(a, a, a3, a4, as) | & € C((]0, 18) U I});
1 <i <5, min} be the neutrosophic finite complex modulo
integer interval semigroup. S is commutative and is of infinite
order. S has several subsemigroups of all finite order.

Infact S has infinite number of subsemigroups of order one
and of order two and so on. S also has infinite number of zero
divisors. Every element in S is an idempotent.

P, ={(a, 0,0,0,0) | a; € C{([0, 18) U I)), min} = Sis a
subsemigroup and also an ideal of S.

P, = {(a, 0, 0,0, 0) | a e C([O, 18), min} < Sis a
subsemigroup and also an ideal of S.

P; = {(@ 0, 0,0, 0 | a e [0 18), min} c S is a
subsemigroup and ideal of S.

P,={(&0,0,0,0)|a=b+clwhereb, c € [0, 18)), min} c
S is a subsemigroup as well as ideal of S.

Ps={(a, 0,0,0,0)|ae Zy min} < S is a subsemigroup
and not an ideal of S.

Ps = {(a, 0, 0, 0, 0) | a € C(Zy), min} < S is a
subsemigroup and not an ideal of S.

P,={@ 0,0,0 0)|ae(Ziguly mn}cSisa
subsemigroup and not an ideal of S.
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Ps={(a, 0,0,0,0)|a e [0, 9), min} c S is a subsemigroup
and not an ideal of S.

Po = {(@d 0, 0,0, 0) ] a e [0 16), min} < S is a
subsemigroup and not an ideal of S.

Po={@ 0,0,0,0)|a e [3, 18), min} is a subsemigroup
and not an ideal of S.

Pyu={@ b, c, 0,0 |a b ¢ e [10, 12), min} is a
subsemigroup of S and is not an ideal of S.

Thus we have seen examples of ideals and subsemigroup. S
has infinite number of idempotents and every singleton element
in S is a subsemigroup of order one.

Example 2.77: Let

S=<la,||la € C([0,12) U I)),1<i<7, min}

be a subsemigroup of infinite order.

Every element is an idempotent as well as subsemigroup of
order two.

We can study subsemigroups of finite order and infinite
order.
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Example 2.78: Let

S= d € C(([O, 14) \ |),

1<i<30, min}

be a semigroup of infinite order. S has subsemigroups of
infinite and finite order.

S has infinite number of idempotents and no units but
infinite number of zero divisors.

Example 2.79: Let

a1 a2 a'3 a4 a'5
a6 a7 a‘8 a9 a'10
a11 a12 a13 a'14 a15
a16 a'17 a18 a19 a20
S=4lay, a, |8, a, ax|la €C{([0,23)ul);

1<i<45, min}

be the neutrosophic finite complex modulo integer interval
super matrix semigroup. P has infinite number of zero divisors
and idempotents.
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Every singleton element of P is a subsemigroup of P. P has
ideals and all ideals are of infinite order. P also has
subsemigroups of order one, two, three and so on. none of
which are ideals.

Next we study semigroups under max operation.

Example 2.80: Let S = {C{([0, 20) U 1)), max} be a finite
complex modulo integer neutrosophic semigroup of infinite
order under max operation. Let x = 9.2 + 17.51 + 3.7i¢ + 11igl
andy = 3.5 + 10l + 8.6i + 14i¢l € S.

max {X, y} = max {9.2 + 17.51 + 3.7i + 11igl, 3.5 + 101 +
8.6ir + 14igl}

= max {9.2, 3.5} + max {17.5l, 101} + max {3.7ir, 8.6i¢} +
max {11igl, 14i:1}

=9.2 +17.51 + 8.6i¢ + 14igl.
This is the way max operation is performed on S.
Letx=84+32irandy=9.41+37lir e S
max {x, y} = {8.4 + 3.2ir, 9.41 + 3.7li¢}
= max {8.4, 0} + max {3.2ir, 0} + max {0, 9.4I} +
max {0, 3.7li}

=84+32ir+941+37lire S
This is the way max operation is performed on S.

We see max {x, x} =x and max {x, 0} = x forall x € S.

Example 2.81: Let S = C{([0, 20) v I)), max} be the finite
neutrosophic complex modulo integer interval semigroup under
max.

Letx=3ir+12landy =231 € S;
we see max {X, y}=2.31+3ir+ 12l € S.
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Letx=0.4irandy=0 e S.
max {x, y} = 0.4ir.

Letx=53landy=0¢€¢S
max {x, 0} =5.31 =x.

Thus we see S under max operation has no zero divisors.
Infact S has every element to be an idempotent. Thus
max {X, x} = x. Hence every singleton element in S is a

subsemigroup of order one.

S has subsemigroups of order two for max {0, x} = x for all
x € S. S has subsemigroups of order three and so on.

Let x = 0.31 + 4.3irand y = 8.1 + 9.11 + 3icl € S.
max {x, y} = max {0.131 + 4.3i¢, 8.1 + 9.11 + 3icl}

= max {0, 8.1} + max {0.3l, 9.11} + max {4.3i, 0} +
max {0, 3iel}

=8.1+9.11 +4.3ir + 3iel € S.

So P ={x,y, 81 + 91l + 43ir + 3iel} < S is a
subsemigroup of order there; infact P is the completion of the

set {x, y}.

Thus we can always complete a finite or infinite set to form
a subsemigroup but in general these subsemigroups need not be
ideals. Infact none of the finite subsemigroups of S are ideals of
S.

Inview of all these we have the following theorem.

THEOREM 2.4: Let S = {C([0, n) v I), min} be the
neutrosophic fuzzy complex modulo integer interval semigroup.



Finite Complex Modulo Integer Intervals | 81

(i) o(S) = .

(i) S has infinite number of zero divisors.

(iif) S has every element to be an idempotent.

(iv) S has subsemigroups of order one, two, three and

SO on.

(V) S has no finite ideals (Every ideal in S is of infinite
order)

(vi) S has infinite number of subsemigroups of infinite
order.

(vii) S has no units.
(viii)  Every finite or infinite subset of S can be completed
to get a subsemigroup.

The proof is direct and hence left as an exercise to the
reader.

THEOREM 25: Let M = {C([0, n) v I), max} be the
neutrosophic finite complex modulo integer interval semigroup.

(i) o(S) = .

(i) S has no zero divisors.

(iii)) S has subsemigroups of order one, two, ... and so
on.

(iv) S has no ideals of finite order.

(v) S has subsemigroups of infinite order.

(vi) Every x e S is an idempotent.

(vii)  Every finite or infinite subset can be completed to
form a subsemigroup.

Proof is direct and hence left as an exercise to the reader.

Example 2.82: Let

S={(as, @, ..., as) | & € C{([0, 12) L 1)) , max, 1 <i <5} be the
neutrosophic finite complex modulo integer interval row matrix
semigroup.

X = (3.4 + 21,0 4.3i¢ + 8li, 0, 1, 3i} and
y=(2,9.21, 4+ 3, 2ic + 8, 4i + 7) € S.
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We see max {X, y} = (3.4 + 21, 9.21 + 4.3i¢ + 8lig, 4 + 3ig, |
+ 8+ 2if, 7 +4ig) € S.

This is the way operations are performed on S.

S has no zero divisor. S has finite subsemigroups of order
one, two and so on. Every x € S is such that {x} is a
subsemigroup of order one.

P={x=@ir+2l +07lir +4,0 00 0}cSisa
subsemigroup of order one.

M ={y=(0, 3i;, 2 +8I,0,0), x} < Sisonly subset of S
for
max {X, y} = {3ir + 21 + 0.7lir + 4, 3ir, 2 + 81,0, 0) ¢ M or

A={Xy, Bir+21 +0.7li + 4, 3i;, 2+ 81,0,0)} cSisa
subsemigroup of order three and A is not an ideal of S.

P1={(a;, 0,0, 0,0) | a, € Z1,} is a finite subsemigroup of
order 12 and is not an ideal of S.

P, = {(0, a0, ..., 0) | a € (Z; U I} is only a finite
subsemigroup.

P; = {(a, 0, 0, 0, a) | a € C(Zp)} is only a finite
subsemigroup.

P,={(@@ b, 0,0,0)|a be C{Zy v I)} is again a finite
subsemigroup and not an ideal of S.

Ps= {(a b, c,d, 0)]ab,c de CHDO,12) U l)), max} = S
is only an infinite subsemigroup and not an ideal of S.

Ps ={(as, a, ..., as) |a € [0, 12), 1 <i<5, max}isonlya
subsemigroup of infinite order and not an ideal of S.
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Example 2.83: Let

a

T af a e C(([0,3) U l); 1<i<10, max}

a10

be a neutrosophic finite complex modulo integer semigroup of
infinite order.

T has subsemigroups of finite and infinite order also T has
ideals of infinite order.

Example 2.84: Let
a'1
a
T=4| 7 ||la e C([0,3) U ); 1<i<10, max}

a10

be a neutrosophic finite complex modulo integer semigroup of
infinite order.

T has subsemigroups of finite and infinite order also T has
ideals of infinite order.

Example 2.85: Let
a a, a,
a, a, a, .
S=4] . : . |la € ([0, 18) L 1); 1 <i <18, max}

a'16 a17 a'18

be a neutrosophic finite complex modulo integer semigroup of
infinite order.
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S has subsemigroups of order one, two etc and also
subsemigroups of infinite order as well as ideals which are only
a infinite order. S has no zero divisors.

Example 2.86: Let

a, a, a; a,
a a a a

L=4] ° ° 7 “Flla ec((o,10) U I);
a9 a10 a11 a12
a'13 a14 alS alG

1<i<16, max}

neutrosophic complex finite modulo integer interval semigroup
several ideals infinite number of subsemigroups of finite order
and no zero divisors.

Example 2.87: LetM ={(a; | a,| as a4 a5 as | a7 |ag @9 @10 | @11 a12
| az)l @ € C(([0, 7) u I); 1 <i <13, max} be the neutrosophic
finite complex modulo integer super row matrix semigroup of
infinite order. M has subsemigroup, and ideals. M has no units
or zero divisors.

Example 2.88: Let
8,
a2

D
w

& 2|
(&) =

S= a; e C(([0, 15) U 1)), 1 <i < 10, max}

D »®» D @
© © N o

[
S
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be the neutrosophic finite complex modulo integer interval
semigroup. S has ideals of infinite order. Every elementin S is
an idempotent as well as the subsemigroup of S.

Example 2.89: Let

_al a2 a3 a4_
a5 aG a7 8
a9 a'12
a13 alG
al? a20
M= | da e Bl e C({[0, 16) U 1Y),
Aos e . Oy
a29 a32
dsg P Agg
a37 a40
a41 a44
_a45 a48_

1<i<48, max}

be the finite complex modulo integer interval neutrosophic
semigroup of infinite order.

M has ideals. Every singleton element is a subsemigroup.
Every subsemigroup need not be an ideal of M.

Now we proceed onto give examples semigroups.

Example 2.90: Let C({[0, 3) u I)), x} be the semigroup on the
neutrosophic finite complex modulo integers interval.

Let x =0.2 + 1.5ic + 2.11 + 0.4li¢
andy=0.7+0.8ir+ 21 +1.6irl € S
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X x y = (0.2 + 1.5i + 2.11 + 0.4lig) x (0.7 + 0.8ir + 21 +
1.61il)

= 0.14 + 1.05i + 1.471 + 0.28 lir + 0.16i + 1.6 x 2 +
1.68lig + 0.32 x 31 + 0.41 + 4.21 + 0.8lir + 0.32lir + 2.4 x 2] +
3.36lig + 0.64 x 21

=(0.14 +0.2) + (1.05) + 0.16) ir + (1.47+ 096 + 0.4 + 1.2
+1.8+1.28)I + (0.28 + 1.68 + 0.8 + 0.32 + 0.44li.

This is the way product is performed. Further we use the
fact i2= 2 and (lig)? = 21 while finding the product.

S has several zero divisors finite number of units and
idempotents.

S has subsemigroups of both finite and infinite order. o(S)
=0 and S is a commutative subsemigroup.

Example 2.91: Let

S = {((0, 4) U ), xi2 =3 1P =1(i))> =31} is a
neutrosophic complex finite modulo integer semigroup of
infinite order which is commutative.

P, = {[0, 4), x} is a subsemigroup of infinite order but P, is
not an ideal of S.

P, = {C(]0, 4)), x} is a subsemigroup of infinite order but P,
is not an ideal of S.

P;={a+bl|a b e[0,4), x}is again only a subsemigroup
and not an ideal.

P, = {C(Z,), x} is a subsemigroup of finite order.

Ps = {{Z, U I), x} is a subsemigroup of finite order.
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S has zero divisors for take x =2 and y = 2i¢l we see xy =0
andy = 2izl we see xy =0and y = 2l then also x x y = 0.

Letx=2irandy =3irthen x xy=2x3x3=2. Soa
complex number is transformed into a modulo integer.

Example 2.92: Let
M = {(C([0, 23) U Iy), iZ =22, > = I, (li))* = 221, x} be a
neutrosophic complex modulo integer interval semigroup of

infinite order x = 11.5irand y = 2 is such that x x y = 0. M has
zero divisors.

M has finite subsemigroups like P; = {Zx, x{ < M,
P, = {C(Zz), x} = M, P3 = {{Zs U I), x} ¢ M and
P, = {C({(Zx3 w I}), x} = M are subsemigroups of finite order.

T, = {0, 1, 22, x} < M is also a subsemigroup of finite
order. L ={0, 1, 22, i, 22i¢} is also subgroup of order 5. L has
zero divisors, finite number of units and 12 = | is an idempotent.
Example 2.93: Let

a'1

w=1| % [la e c(0,24) U I); %, 1<i <10}

a10

be a semigroup of the complex neutrosophic modulo integer
interval.

W has infinite number of zero divisors.
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1
1
1
1
1. .
1 is the unit element of W.
1
1
1
_1_
o7
0
0
0
0] . . . . .
0 is the zero in W. W is a commutative monoid.
0
0
0
_O_
al
P, = O a; € C{([0,24) U I); x } =W
0

is a subsemigroup as well as an ideal of W.
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P, = a? a, € C(([0, 24) U 1); x,} = W

is also an ideal of W and so on.

PlO = . dig € C<([0, 24) ) |), Xn} C W

a10

is again an ideal of W.

We see W has at least 10C; + 10Cy + ... + 10Cq number of
ideals.

Further W has at least 20(30Cy + 10C, + ... + 10Cg) number of
finite subsemigroups.

Example 2.94: Let

al a'2 a3
a a a

M= 2 T e e C(([0, 10) L 1); 1< <30, xq}
a28 a29 a30

be the finite complex modulo integer interval column matrix
semigroup of infinite order.

M has subsemigroups of finite and infinite order. All ideals
of M are of infinite order.
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Example 2.95: Let

a, a, a, a,

a a a a .
M=dl° ¢ 7T B la e C(([0,40) U l); 1<i<16, x}

a9 alO all alz

a13 a14 a‘15 a16

be the non commutative complex finite modulo integer interval.
V is of infinite order. V has several finite subsemigroups as
well as infinite subsemigroups. V has also ideals. V has zero
divisors units and idempotents.

is the identity element of V.

o O O B+
o O —» O
o »r O O
, O O O

Example 2.96: Let

S={(a, a, ...,a9) |a € C{[0,9YuU); 1<i<9, x}
be the neutrosophic finite modulo integer interval semigroup of
infinite order. S has infinite number of zero divisors.

(111111111)istheunitinsS.

Example 2.97: Let

a &, |83 8, &
dg 8; | dg 89 8y
Ay Ap |8 8y A
M=qla, a; |ag ay ay|la e C(([0,12)ul),
Ay Ay |8y 8y A8y
Ay 8y |8y 8y 8y
|83 Ap |85 Ay Ag |
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1<i<35 x}

be the neutrosophic finite complex modulo integer interval
super matrix semigroup.

M has infinite number of zero divisors, finite number of
units and idempotents of units and idempotents.

M has both finite and infinite subsemigroups. Has ideals
which are always of infinite order.

Inview of all these we have the following theorem.

THEOREM 2.6: Let S = C(([0, n) U 1), x, iZ=n-1, I =1,

(lie)* = (n-1)I, x} be the neutrosophic finite complex modulo
integer interval semigroup.

(i) 0(S) = w.

(i) S has finite number of zero divisors.

(iii) S has finite number of units.

(iv) S has only finite number of idempotents.

(v) P, = {C([0, n)), x} < S is a subsemigroup and not
an ideal of infinite order.

(vi) P, = {[0, n), x} < S is a subsemigroup and not an
ideal of infinite order.

(vii) P ={a+bl|ab ][0, n, x} cSis a
subsemigroup and not an ideal of infinite order.

(viii) P4 = {Z,, x} is a finite subsemigroup and not an
ideal.

(ix) Ps = {C(Z,), x} is a finite subsemigroup and not an
ideal.

(x) Pe = {(Z, 1), x} is a finite subsemigroup and not
an ideal.

(xi) P, ={C¢Z, v1), x} is a finite subsemigroup and not
an ideal of S.

The proof is direct and hence left as an exercise to the
reader.
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THEOREM 2.7: Let S = {m x n matrices with entries from
{Cq[0, n) U 1), P =1, i2= n-1, (lig)* = (n-1)I, x,} be the
neutrosophic finite complex modulo interval matrix semigroup.

(i) o(S) = .

(i) S has infinite number of zero divisors.

(iii) S has only finite number of units.

(iv) S has only finite number of idempotents.

(V) P; = {m x n matrices with entries from Z,, x.} is a
finite subsemigroup of S and is not an ideal of S.

(vi) P, = {m x n matrices with entries from (Z, v 1), x;}
is a finite subsemigroup of S and is not an ideal of
S.

(vii)  P3={m xn matrices with entries from C(Z,), x.} is
a subsemigroup of finite order and not an ideal of
S.

(viii) P4 ={m xn matrices with entries from [0, n), x,} is
an infinite subsemigroup and is not an ideal of S.

(ix) Ps = {m xn matrices with entries from C([0, n), x.}
is an infinite subsemigroup of S and is not an ideal
of S.

(x) Ps = {m x n matrices with elements of the form a +
bl where a, b € [0, n), x} is a subsemigroup of S of
infinite order and is not an ideal of S.

(xi) Shas at least N = 4 (1:aC1 + manC2 + ... + manCrsne
1) humber of finite subsemigroups if n is a prime.

(xii)  Shasatleast T = 1.Ci + manC2 + ... + mxn Cinxna
number of ideals.

Proof is direct and hence let as an exercise to the reader.

We give some more examples before we proceed onto
suggest problems.
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Example 2.98: Let

S=4la, a; a;||la € C([0,7)ul),1<i<9, x,}
a7 a8 a9

be the neutrosophic finite complex modulo integer interval
semigroup of infinite order. o(S) = o« and S is a commutative
semigroup.

QD
fis

00
P, = 0 0fla €Zs %o}
00

o O

is a subsemigroup of finite order and is not an ideal. We have 9
such subsemigroups.

a, 0 0
P,=4/0 0 0fla € C(Z), x}
0 00

is a subsemigroup of finite order and is not an ideal of S. We
have 9 such subsemigroup.

Further if we all in more than one non zero entry in P; (or
P,) we have N=¢C; +¢C;, + ... + sCg number of subsemigroup.

QD
iy
o O O

0
0 d; € <Z7 ) |>, Xn}
0

o O

is a finite subsemigroup and we have N+1 such subsemigroups.
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P4:

o O o
o O O

0
0lla e (ZyU ), xu}
0

is a finite subsemigroups and we have N+1 such subsemigroups.
Thus we have atleast 4N+4 subsemigroup of finite order.

0

ol

1
o O o

00
0 0lla e[0,n), x}
00

is an infinite subsemigroup of S.

If we have more than one non zero entry then we can have
N+1 number subsemigroups of infinite order which are not

ideals.
a1 a'2 a3
Ps =4/ 0 0 O0]la €C(0,n)),1<i<5 xp}
a, a; O

is again an infinite subsemigroup we can vary i from 1to 9 and
thus we have N + 1 number of infinite subsemigroups which
are not ideals.

o
N
1

o o &

00
0 Of|a; =a+blwherea, b e[0,n), xn}
00

is a subsemigroup of infinite order and is not an ideal.

We have N+1 such subsemigroups. Thus we have atleast
3N+3 subsemigroup which are not ideals but are of infinite
order.
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Apart from this we can have subsemigroups of infinite order
which are ideals.

a, 0 0
T,=<10 0 0Ofla € ([0, 7)ul),x.}
0 00

is a subsemigroup of infinite order which is also an ideal of S.

0
0llaz € ([0, 7) U l)), xu}
0

is a subsemigroup of infinite order which is an ideal of S and so
on. Let
00 O
T9 = 00 0 Qg € (([01 7) o I>)1 Xn}
0 0 a
be a subsemigroup of infinite order which is an ideal of S.

Let

a

QD
iy
N

0
T1’2 = Ollagay e C (<[0, 7) U |>), Xn}
0

o O

0
0

be a subsemigroup of infinite order which is also an ideal of S.
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a

w

0
T3’7 = 0 ds, d7 € C (<[O, 7) ) |>), Xn}
a

o O O

0
0

<

be a subsemigroup of infinite order which is also an ideal of S.

Thus we have ¢C, number of such ideals.

Consider
0 a, O
Tos0=4|0 a, O |laeC{0,7)ul),1=259 x}cS
0 0 a

is an infinite subsemigroup which is also an ideal of S.
We have ¢C3; number of such ideals.

Consider
0 0 a,
T3]4,5,8 = a, dag 0 dz, ds, ds, dg € C (([0, n) () |>), ><n}
0 a, O

be the infinite subsemigroup of S which is also an ideal of S.
We have ¢C, such ideals in S.

Let
a, 0 a,
Ti3567 = 0 a; ag||a&,as as, a8, ar € C[0,n)Ul)), xn}
a, 0 O

be the infinite subsemigroup of S which is an ideal. S has ¢Cs
such ideals.
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Consider
a, 0 a,

Ti34568= 1|, 85 @, ||a1, a3 a4, a5, a6, g €
0 a O

CHO,Yul):1=1,23,4,7,8,9, x}

be an infinite subsemigroup which is an ideal of S. We have ¢C;
such ideal in S.

Finally
0 a, a,

Toza56798= 4|8, a5 g ||z a3, A4, 85, A6, a7, Ag, Ag €
a‘? a'8 ag

C (<[Ol n) o I>)1 I = 21 31 4’ 51 61 71 81 91 Xn}
be an ideal of S. We have ¢Cg = 9 number of such ideals.

Hence we have atleast ¢C; + ¢C, + ... + ¢Cg number of
ideals in S.

However if in the example we have taken instead of 7 a
composite number we will have more number of subsemigroups
of finite order. More number of zero divisors and more number
of units and idempotents. However we are not in a position to
say more about the ideals.

Finally we leave it as open conjecture.
If S = {C([0, n) U I), x,} be the finite neutrosophic

complex modulo integer interval semigroup. Can S have
ideals?
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Now we proceed onto suggest problems some of which are
really difficult research problems open conjectures.

Problems

1.  Find some special features enjoyed by finite complex
modulo integer interval semigroups under x.

2. Study problem (1) under the operation min and compare
them.

3. S={C([0, 7)) ={a+Dbi:|a b e[0,7); i =6, x} be the
semigroup.

(i)  Prove o(S) = .

(i)  Can S have finite ideals?

(iii) Is every ideal of S of infinite order?
(iv) Can S have zero divisors?

(v) Is S aSmarandache semigroup?

(vi) Find subsemigroups of finite order in S.
(vii) Can S have units?

(viii) Can S have S-zero divisors?

(ix) Can S have S-idempotents?

4. Let S = {C([0, 12)), i = 11, x} be the finite complex
modulo integer interval semigroup.

Study questions (i) to (ix) of problem 3 for this S.

5. Let M = {C([0, 24), i’ = 23, x} be the finite complex
modulo integer interval semigroup.

Study questions (i) to (ix) of problem 3 for this S.

6. Let T = {(a1, a, a3, &4, &8s, &) | & € C([0, 20)); 1 < i< 6,
iZ2 =19, x} be the finite complex modulo integer interval
row matrix semigroup.
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(i)  Study questions (i) to (ix) of problem 3 for this S.
(i)  Prove T has atleast sC; + ¢C, + ... + ¢Cs humber of
ideals.
Let
_al a‘8 a'15 a'22 a29 ]
aZ a9 a16 a23 a30
a3 alO al? a24 a31
T=<la, a, a, a, a,||a<eC([0,24),
a5 a12 a19 a26 a33
aG a13 a20 a‘27 a‘34
_a8 a14 aZl a28 a35
1<i<35, x,}
is a semigroup in the finite complex modulo integer
interval.
(i)  Study questions (i) to (ix) of problem 3 for this S.

(i)

Prove L has atleast 35C; + 35C, + ... + 35C34 NnUmMber
of ideals.

Let S={(a1|a a3 a | as @ a a3 | a9) | & € C([0, 27)),
1<i <9, x} be the complex finite modulo integer interval
super row matrix semigroup.

Study questions (i) to (ix) of problem 3 for this S.
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9. Let

fa, a,|a, a, a;|a, a, ]|
a’8 a'14
alS aZl
By e | e e e | Ay

W=<la, | o | 85| a e C(]0, 18)),

A a,,
A3 B4
a5, g

EC R -

1 <i <63, x,} be the complex finite modulo integer
interval super matrix semigroup.

Study questions (i) to (ix) of problem 3 for this W.

10. Let

fa, a, a, a,|
a5 8 a; 8
dqg a,
d;, Ay

M = VA - P a; € C([0, 45)), 1 <i <40, x,}

dyy e e Ay,
Ay Ay
dyg Ay
dgq a3

| 87 A0 |

be the finite complex modulo integer interval super
column matrix semigroup.



11.

12.

13.

14.
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Study questions (i) to (ix) of problem 3 for this M.

Let S = {C(([0, 10) U IY), %, i2=9, I” =1, (il)* = 91} be
the semigroup of finite neutrosophic complex modulo
integer interval semigroup.

(i)  Prove o(S) = .

(i)  Can S have zero divisors?

(iii) Find idempotents in S.

(iv) Can S have units?

(v) Can S have ideals of finite order?

(vi) Can S have finite subsemigroup infinite in number?
(vii) Show S have atleast 15 finite subsemigroups.

Obtain some special and important features enjoyed by
S ={{C([0, n) U 1), x, iZ=n-1, IP =1, (igl)® = (n-1)I}
the neutrosophic finite complex modulo integer interval
semigroup.

Let T = {C(([0, 12) U 1)), x, i2=11, 1> = I, (igl)* = 111, x}
be the neutrosophic complex modulo integer interval
semigroup.

Study questions (i) to (vii) of problem 11 for this T.

Let S ={C([0, 13) U IY), x, i2=12, 1> = I, (iel)* = 121, x}
be the neutrosophic finite complex modulo integer
interval semigroup.

Study questions (i) to (vii) of problem 11 for this S.

Compare T in problem 13 with this S and show T has
more number of finite subsemigroups.
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15.

16.

17.

18.

Let S= {C(([0, 24) U 1Y), iZ=23, I =1, (iel)* = 231, x}
be the neutrosophic finite complex number integer
interval semigroup.

(i)  Study questions (i) to (vii) of problem 11 for this S.

(i)  Prove this S has more number of finite
subsemigroups than the T given in problem 13.

(iii)  Prove this S has more number of zero divisors and
idempotents than the S given in problem 14

Obtain some special features enjoyed by the complex
finite modulo integer interval semigroup B = {C([0, n),

x}.

Let D = {C([0, 23), x} the complex modulo finite integer
semigroup.

(i)  Find ideals of D.

(i)  Can D have finite ideals?

(iii) Can D have finite subsemigroups?

(iv) Can D have infinite number of zero divisors?
(v) Can D have idempotents?

(vi) Findin D units.

(vii) Find any other special feature enjoyed by D.

Let M = {(ay, &, a3, a4, &) | & € C([0, 24)), 1 <i <5,
i2 = 23, x} be the finite complex modulo integer interval
semigroup.



19.

20.
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(i)  Study questions (i) to (vii) of problem 17 for this
M.

(i) Prove M has only finite number of idempotents.

a, a, a, a, a, a,
a a

LetT= ! Yllae
B3 e e e e Ay
a a

24

C([0, 4) U Iy, i2=3, I” = 1, (igl)® = 3I, x,} be the
neutrosophic complex finite modulo integer interval
semigroup.

(i)  Study questions (i) to (vii) of problem (11) for this
T.

(i)  Prove T has more number of finite subsemigroups
than S in problem 11.

(iii) Prove T has more number of ideals than S in

problem 11.
Let
a, a, a, a, a; a, a,
a8 al4
a a
I_ - 15 21 ai c
a‘22 a'28
a29 a35
| 836 ay, |

C({[0,11) U Iy), 1<i<42, i2=10, I> =1, (igl)* = 101, x,}
be the neutrosophic finite complex modulo integer
interval matrix semigroup.
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21.

22.

Study questions (i) to (vii) of problem (11) for this L.

Let
a, a, .. ap
W=4la, a, .. ay||aeC([0,42)ul),
d,; Ay .. Ay
1 <i <30, i2= 41, I = 1, (igl)* = 411, x,} be the

neutrosophic complex finite modulo integer interval
matrix semigroup.

Study questions (i) to (vii) of problem (11) for this W.

Let S = {C([0, 18), i? = 17, min} be the finite complex
modulo integer interval semigroup.

(i)  Prove o(S) = .

(i)  Prove S has order 1, 2, 3,... finite subsemigroups.

(iii) Prove S has zero divisors.

(iv) Can S have units?

(v)  Prove all ideals of S are of infinite order.

(vi) Prove S has infinite order subsemigroups which are
not ideals of S.

(vii) Is it possible to define S-units (or S idempotents or

S zero divisors in S)?
(viii) Can S be a Smarandache semigroup?



23.

24.

25.
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Let
i al a2 alO 1
a‘ll a‘12 a‘20
a, 8, .. agy
W=<la, ag, .. 3, || acC([0,12)ul)),
A, 84 . A
Ay, Ag, ... g
| Qe Qg - Qg |

1 <i <70, min} be the finite complex modulo integer
interval semigroup.

(i)  Study questions (i) to (viii) of problem 22 for this
W.

(i)  Prove W has more number of zero divisors (Infact
infinite in number).

(iii) Prove W has more number ideals in comparison
with S in problem 22.

(iv) Prove W has more number of finite subsemigroup
of infinite order which are not ideals.

Let M = {C([0, 17)), i2= 16, min} be the finite complex
modulo integer interval semigroup.

Study questions (i) to (viii) of problem (22) for this M.

Let

L ={(a, @, ..., ag) | & € C([0, 19)), 1 <i <9, iZ=18,
min} be the finite complex modulo integer interval
semigroup.

Study questions (i) to (viii) of problem (22) for this L.
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26.

27.

Let
a1 a2
V = 13 14
a‘25 a26

ai € C(([0, 15) L I}),

1 <i <36, min} be the complex finite modulo integer
interval semigroup.

Study questions (i) to (viii) of problem (22) for this V.

Let
I a1 a2
a, a5
a7 a8
a10 all
M = a13 a14
alG a17
a19 a‘20
a22 a23
_a25 a‘26

a; € C([0, 6)), i2 =5,

1 <i <27, min} be the finite complex modulo integer
interval super column matrix semigroup.

Study questions (i) to (viii) of problem (22) for this M.



28.

29.

30.
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Let

C([0, 252)), i2 =251, 1<i<24, min}
be the finite complex modulo integer interval super row
matrix semigroup.

Study questions (i) to (viii) of problem (22) for this X.

Let
fa, a,|a, a, a;|a, a,|a|
a9 a16
8y Ay
Y=<lay | o | o |ag |laie
a’33 a'40
ay Qs
| 49 8sg |

C([0, 2)), i =1,1<i<56, min}
be the finite complex modulo integer interval super matrix
semigroup.

Study questions (i) to (viii) of problem (22) for this Y.

Let S = {C(([0, 22) U 1)), iZ=21, I* =11, (iel)* = 221, min}
be the neutrosophic finite complex modulo integer
interval semigroup.

(i)  Can S have zero divisors?
(i)  Prove every singleton is a subsemigroup.
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31.

32.

33.

(iii) Prove every element is an idempotent.

(iv) Prove S has finite and infinite subsemigroups which
are not ideals.

(v)  Prove all ideals of S are of infinite cardinality.

(vi) Find any other interesting features associated
with S.

Obtain some special features enjoyed by neutrosophic

finite complex modulo integer interval semigroups under
min operation.

Let M = {C([0, 24) U Iy), i2= 23, I = I, (igl)* = 23I,
min} be the neutrosophic complex finite integer interval
semigroup.

Study questions (i) to (vi) of problem (30) for this M.

Let

M, = a e C((0,10) U 1), 1<i<9; i2=9,1°=1,

<) |mm R |ws:o R |.P

o

mlm [
© =

©

(ic))?> = 91, min} be the neutrosophic complex finite
integer interval super column matrix semigroup of infinite
order.

Study questions (i) to (viii) of problem 30 for this M.



34.

35.

36.

37.
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Let P, = C({[0, 15) u Iy), i’= 14, max} be the
neutrosophic complex modulo integer interval semigroup
under max.

(i)  Study the special properties associated with P,.

(i)  Prove o(P,) = .

(iii)  Find all subsemigroups of finite order in P,.

(iv) Prove all ideals in P, are of infinite order.

(iv) Find all subsemigroups of infinite order which are
not ideals of P,.

(vi) Can P, have zero divisors?

(vii) Prove P, has subsemigroups of order one, two,
three... and so on.

Let S = {C(([0, 29) U 1)), i2= 28, I? = I, li¢ = 28I, max}
be the neutrosophic complex finite modulo integer
interval semigroup.

Study questions (i) to (vii) of problem (34) for this S.

Let S = {C(([0, 80) U 1Y), i2=79, I” = I, lir = 791, max}
be the neutrosophic finite complex modulo integer
interval semigroup.

Study questions (i) to (vii) of problem (34) for this S.

Let S = {C(([0, 79) U 1)), i2=78, I = I, li¢ = 78I, max}
be the neutrosophic finite complex modulo integer
interval semigroup.

Study questions (i) to (vii) of problem (34) for this P.
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38.

39.

40.

Let

al ag
aZ a'10
a'11

w

a'12

~

Ll aecuo 1)U, 1<i<16 i2=11,
13

ay

(&

7 a'15

D D D D DD D®»
(2]

8 alG i

12 =1, (igl)® = 111, max}

be the neutrosophic finite modulo integer interval
semigroup.

Study questions (i) to (vii) of problem (34) for this D.

Let

e C(([0, 18) U 1)), 1 < <30; i2=17, 1> =1, (iel)* = 171,
max} be the neutrosophic finite modulo integer interval
super row matrix semigroup.

Study questions (i) to (vii) of problem (34) for this V.

Let {C([0, 43)), +} = G be the complex finite modulo
integer interval group under +.

(i)  Show o(G) = .
(i)  Show G has finite subgroups.



41.

42.

43.

44,
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(iii) Can G have infinite subgroup?

Let G, = {C([0, 45), i2 = 44, +} be the complex modulo
integer interval group under +.

Study questions (i) to (iii) of problem (40) for this G;.

Show G; has more number of finite subgroups than G in
problem 39.

Let H = {C(QI0, 28)), i = 27, +} be the finite complex
modulo integer group.

Study questions (i) to (iii) of problem (40) for this H.

Let K = {(a;, a, a3, ..., a10) | @ € ([0, 40), 1 <i < 10,
iZ =39, +} be the finite complex modulo integer interval

group.
Study questions (i) to (iii) of problem (40) for this K.

Let

iy

N

a e C(([0,30) U 1)), 1 <i<12; i2=29, +}

D D »
w

e 0

a'12 i

be the finite complex modulo integer group.

Study questions (i) to (iii) of problem (40) for this E.
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45. Let
a, a, a; .. ag
W=4dla, a, ag .. ay || aeC([0,48)ul)),
8y Ap Ay . Ay

1 < i< 45; iZ= 47, +} be the finite complex modulo
integer group.

Study questions (i) to (iii) of problem (40) for this W.

46. Let

ai € C[0, 4) U IY), 1 <i<33; i2= 3, +} be the finite
complex modulo integer group.

Study questions (i) to (iii) of problem (40) for this W.

47. Let
al a2 a3 a'4 a’5 aG a7 aS a’g alO all
a, ay
ay ay
P=1<]ay Ay
Ays Ass
asg Ags
a67 a77

a e C(([0,43) U 1)), 1 <i<77; i2= 42, +}



48.

49.

50.
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be the finite complex modulo integer group.
Study questions (i) to (iii) of problem (40) for this P.

Let {C({[0, 9) U I)), +} = B be the finite complex modulo
integer neutrosophic interval group.

(i) Find o(B).
(i)  Show B has subgroups of finite order.

(iii) How many subgroups of infinite order does B
contain?

(iv) Can B be written as a direct sum of subgroups?

Let M ={(a;, @, ..., a15) | & € {C({[0, 23) U ), L < I <
15, i2 = 22, (lig)® = 221, I* = 1, +} be the neutrosophic
complex finite modulo integer interval group.

Let
T
a2
S= Zj a e C([0, YU, 1<i<12; i2=6,
[ 812
1 = 1, (igl)? = 61, +} be the neutrosophic finite complex

modulo integer group.

Study questions (i) to (iv) of problem (48) for this S.
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51.

52.

Let

fa, a, a, a, a;, a, a, |
a8 a14
a a
15 21 a e C(([0,5) L IY),
a,, g
a29 a35
a35 a42_
1 <i <42 i2=4, 17 =1, (igl)> = 41, +} be the

neutrosophic finite complex modulo integer group.

Study questions (i) to (iv) of problem (48) for this T.

Let

a a, a; 4, ad; dg a a
T:{|:1 2 3 4 5 6 7 8:| a €

Qg e e e e e e A

C([0,20) U Iy), 1 <i<16; i2=19, I =1, (igl)® = 191, +}
be the neutrosophic finite complex modulo integer group.

Study questions (i) to (iv) of problem (48) for this M.
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53. Let

a28 a29 a'30

31 a'32 a33
a'34 a35 a36
a37 a38 a39

i2=38, I = I, (igl)® = 38l, +} be the neutrosophic finite
complex modulo integer interval super column matrix
group. Study questions (i) to (iv) of problem (48) for this

P.
54. Let
a @ |8 a8, 85 |d; a; 85 8y | 8y
ay EP
dy, Ay
Ay Ay
L=4]a, dso
A 8g
Ag 87
a, Ao
g, B ag,
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55.

a € C([0,8) L 1), 1<i<90; =7, 1> =1, (iel)* = 71,
max} be the neutrosophic finite complex modulo finite
integer interval super matrix group.

Study questions (i) to (iv) of problem (48) for this L.

Let M = {(([0, 3) v 1)) x ([0, 14) v 1)) x ([0, 23) U 1))}
be the neutrosophic finite complex modulo integer
interval group under addition ‘+’.

(i)  Show o(M) = .

(i)  Can M have subgroups of finite order?

(iii) If the operation + is replaced by x study M.

(iv) Prove (M, x) has infinite number of zero divisors.

(v) Find all ideals in (M, x).

(vi) Can (M, x) have finite subsemigroups?

(vii) Will (M, x) have ideals of finite order?

(viii) Find some special features enjoyed by (M, x) as a
semigroup.



Chapter Three

PSEUDO RINGS AND SEMIRINGS BUILT
USING FINITE COMPLEX MODULO
INTEGER INTERVALS C([O, n))

In this chapter we build semirings of two types using C([0, n)) =
{a + bir | a, b € [0, n), i2= n-1} which will be known as the
finite complex modulo integer semiring.

We also build semirings using C({[0, n) L 1)) = {a + big + cl
+dlic |a, b, c,d € [0,n),I” =1, i2 =n-1, (iel)* = (n=1)I}. Apart
from this we construct pseudo rings using C([0, n)) or
C([0, n) U 1) (or used in the mutually exclusive sense).

We will illustrate these situations by examples.

DEFINITION 3.1: Let

C([0, n)) = {a + bir | a, b € [0, n), iZ= n-1} be the finite
complex modulo integer interval. C([0, n)) under min operation
is a semigroup. C([0, n)) under max operation is a semigroup.
{C([0, n)), min, max} is a semiring called the finite complex
modulo integer interval semiring.
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We will illustrate this situation by some examples.

Example 3.1: Let M = {C([0, 5)), iZ = 4, min, max} be the

finite complex modulo integer interval semiring M| = . We
see if

x=0.7+24irand y = 2.1 + 0.5ir € M, then max {x, y} =
2.1 + 2.4ir and min {X, y} = 0.7 + 0.5ir € M. This is the way
min, max operations are defined on M. M has subsemirings.

Infact {0, x} for every x € M is a subsemiring of order two.
Every proper subset of M in general is not a subsemiring.

For take P = {0, 2.1 + 04ir = X,y = 0.7 + 2i;, z =3 +
0.02ig} < M. P is only a subsemigroup.

For min {x, y} =0.7 + 0.4ir ¢ P.

max {x, y} =2.1 + 2i¢ ¢ P,

min {x, z} = {2.1 + 0.02i¢} ¢ P,
max {x, z} = {3 + 0.4i¢} ¢ P,

min {y, z} = {0.7 + 0.02i¢} ¢ P and
max {y, z} = {3 + 2ic} ¢ P.

But T=P U {0.7 + 0.4i¢, 2.1 + 2ig, 2.1 + 0.02i¢, 3 + 0.4iF,
0.7 + 0.02ig, 3 + 2ig} is a subsemiring known as the completion
of P and denoted by P..

P. is the completion of the subset into a subsemiring.

Example 3.2: Let S = {C([0, 12)), iZ = 11, min, max} be the
complex finite modulo integer semiring.

Consider P; = {Z1», min, max} is a subsemiring of S of
order 12.
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P, = {C(Z12), min, max} is a subsemiring of S of finite
order.

P; ={{0, 2, 4, 6, 8, 10}, min, max} is also a subsemiring of
order 6.

P, ={[0, 12), min, max} is a subsemiring of infinite order.
Ps = {[0, 6), min, max} is a subsemiring of infinite order.
Ps = {[0, 3), min, max} is a subsemiring of infinite order.
None of these finite subsemirings are ideals of S.

Clearly none of these subsemirings are also filters of S finite
or infinite. However P4, Ps and Pg are ideals of S.

Example 3.3: Let S = {C([0, 14)), i = 13, min, max} be the
complex finite modulo integer semiring. S has subsemirings of
finite order.

We can build semirings using S = C([0, n)).

Example 3.4: Let
A ={(a, a,, a3) | & € C([0, 4)), ii =3, 1<i <3, min, max} be
the finite complex modulo integer interval semiring.

Clearly o(A) = .

P = {(a, 0, 0) | a1 e C([0, 4)), min, max} < A is a
subsemiring as well as ideal of A.

P, ={(0, a,, 0) | a, € C(]0, 4))} < A is a subsemiring as well
as an ideal of A.

Ps = {(0, 0, a3) | a3 € C(]0, 4)) < A is a subsemiring as well
as an ideal of A.
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Ps={(a1, a, 0) | a3 € C([0, 4)) < A is a subsemiring as well
as an ideal of A.

Ps = {(0, ay, a3) | a2, as €C([0, 4))} is a subsemiring as well
as an ideal of A.

Ps = {(a1, 0, a3) | a1, a3 €C([0, 4))} < A is a subsemiring as
well as an ideal of A.

P;={(a, a, a3) | a; € [0, 4); 1 <i<3}isan ideal of A.
However none of them are filters of A.

M; = {(a1, 0, 0) | a1 € Z,} is only a subsemiring not an ideal
or filter of A.

We have subsemirings which are neither ideals nor filters of
A.

Let X = (2.5 + 3i, 0, 1.4 + 0.8if)
and y = (1 + 3.5ir, 0.7 + 0.5i, 2 + 0.06iF) € A.

We see T = {x, y} is only a subset of A and is not a
subsemiring of A.

For consider min {x, y} = min {(2.5 + 3ig, 0, 1.4 + 0.8ig),
(1 + 3.5if, 0.7 + 0.5ir, 2 + 0.8iF) ¢ T.

However T, = T U {(1 + 3if, 0, 1.4 + 0.06iF), (2.5 + 3.5iF,
0.7 + 0.5if, 2 + 0.8ir)} is a subsemiring of order five.

Thus we can complete any finite set to get a subsemiring.
This procedure of getting a subsemiring from a subset is

known as completing a subset or completion of a subset into a
subsemiring.
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Example 3.5: Let

S= a € C([0, 2)), iZ =1;1<i<6, max, min}

be the semiring.

S has zero divisors which are infinite in number. S has
ideals all of them are of infinite order.

QD
iy

a; € C ([0, 2)), max, min}

O O O O o

is a subsemiring of infinite order which is also an ideal of S.

P, = a, € C ([0, 2)), max, min} is an ideal of S.
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Ps = az € C ([0, 2)), max, min}

is an ideal of the semiring S.

as € C ([0, 2)), max, min}

O O O o o

QD
o

is an ideal of the semiring.

D o
N =)

P12 = ai, a; € C ([0, 2)), max, min}

o O O O

is an ideal of S and so on.

None of them are filters of S. We have filters in S which
are not ideals of S.
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For take
_al_
a'2
a
Ml= a3 ale{a+b||a,be[05,2),1SIS6}QS
4
a'5
EX

M is not an ideal but M is a filter of S. S has several filters.

Example 3.6: Let

a, a, a, a,

a a a a .
R=4° % % %llaec(o12), it =11

a9 a10 a‘ll a'12

a13 a14 alS alG

1<i <16, max, min}

be the complex finite modulo integer interval semiring o(R) is
Q0.

R has atleast 1C1 + 15C> + ... + 16C15 number of ideals of
infinite order and atleast 6 (16C; + 16C, + ... + 15Cy15) number of
finite subsemirings which are not ideals or filters of R apart
from finite semirings of order 2, 3, 4, ... which are infinite in
number.

Example 3.7: LetT={(a;|a;asasas|ag | a7 ag| a9 a1o a11 | a12)
| & € C([0, 7)), 1 <i <12, max, min} be the finite complete
modulo integer interval semiring of super row matrices.

T has subsemirings of finite order. T has ideals as well as
filters.
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Example 3.8: Let

a

1l
mmm|mmm|
~ o (3] n [ N (=)

a; € C([0, 11)), 1 <i <13, min, max}

s»|su
[oe]

©

QD D QD
iy
-

be the finite complex modulo integer interval semiring of super
column matrices. W has several subsemirings of finite order
say order 2, order 3 and so on.

Example 3.9: Let

i a1 a2 a3 a4 a5 1
aG alO
all a15

v e e e 8wl C([0, 24)), 1 <i < 40,

: POR (R - P
a26 a30
31 835
_a36 a40
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iZ =23, n, max}

be the finite complex modulo integer interval super matrix
semiring.

V has subsemirings of order two which are infinite in
number.

This is so for every x € V together with

o O O
o O O

o
o
O O O OO0/l o o o

0 =|—1 | eV. {(0),x}=W

O O O Oojlo/lo o o
O O O ololo o o

o O O O
o O O O

are all subsemirings of order two. We can as in case of
semigroup with max or min define two element in V to be
comparable. If x and y are comparable in V then T = {0, x, y}
< V are subsemirings of order three.

Such subsemirings are also infinite in number.

Now we study semiring built on the finite neutrosophic
complex modulo integer intervals S = {C({[0, n) U I)) = {a + bl
+ Cig + dlie | a, b, ¢, d € [0, n), i2=n-1, I = | and (lig)* =
(n=1)I}.

We see S under min and max operation is a finite

neutrosophic complex modulo integer interval semiring. We
will illustrate how we work with them in a line or two.
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Let us take S = {C(([0, 10) U 1)) = {a + big + cl + dli¢
where a, b, ¢, d € [0, 10), i2=9, I> =1, and (lig)* = 91}.

Suppose x =3 + 2.7i + 8.11 + 4.5i¢l and
y =84+ 13ir+6.71 + 6.2icl € S. We find max {x, y} and
min {x, y}.

max {X, y} max {3 + 2.7i¢ + 8.11 + 4.5i¢l, 8.4 + 1.3ic + 6.7
+6.2iel}

= max {3, 8, 4} + max {2.7i¢, 1.3ic} + max {8.11, 6.71} +
max {45|F, 62|F|}

={8.4 +2.7ir + 8.1l + 6.2icl} € S.
This is the way max operation is performed.

Now min {x, y} = min {3 + 2.7ir + 8.1l + 4.5lir, 8.4 + 1.3i¢
+6.71 + 6.2ic1}

= min {3, 8, 4} + min {2.7i¢, 1.3i} + min {8.11, 6.71} +

=3+ 13ir+6.71 + 45lir € S.
Thus S is closed under both min and max operation.
{S, min, max} forms the finite neutrosophic complex
modulo integer interval semiring. o(S) = . S has subsemirings

of order two, three and so on.

Example 3.10: Let S = C(([0, 5) w I)); min, max} be the finite
neutrosophic complex modulo integer interval semiring.

Letx={2.3+3.7ir + 2.11 + 0.8li} € S.

min {x, 0} =0 and max {0, x} =xsothat T = {0, x} = S'is
a subsemiring of order two and is not an ideal or filter of S.
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We see S has infinite number of subsemirings of order two.
Infact every x € S together with 0 € S is a subsemiring of order
two.

S has also zero divisors.

For take x = 2.1 + 3ir and y = 2.51 + 0.38lir we see
min {X, y} = min {2.1 + 3ig, 2.51 + 0.38i¢l}

=min {2.1, 0} + min {3ig, 0} + min {0, 2.51} +
min {0, 0.38iI}

=0+0+0+0=0.
Thus S has infinite number of zero divisor.

Now max {Xx, y} = max {2.1, 0} + max {0, 3ic} +
max {0, 2.51} + max {0, 0.38li¢}

=21 +3ig+ 2,51 + 0.38li.

This is the way min and min are found and min operation
gives an infinite collection of zero divisor.

Suppose x =0.7andy =2ir € S
min {x, y} = 0 and max {0.7, 2i} = 0.7 + 2i.
Thus T ={x, y, 0, 0.7 + 2i¢} is a subsemiring of order four.

We can complete proper subsets of S into subsemirings
however they are not in general ideals or filters of S.

Example 3.11: Let S = C(([0, 6 U 1)), min, max} be the
neutrosophic complex finite modulo integer interval semiring.

T, = {Zs, min, max} is a subsemiring which is not an ideal
and o(T;) = 6.
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T, = {{0, 2, 4}, min, max} is a subsemiring of order 3 and
not an ideal.

T3 = {{0, 5}, min, max} is a subsemiring of order 2 and not
an ideal of S.

T, = {{0, 3}, min, max} is a subsemiring of order two and
not an ideal of S.

Ts = {{0, 1, 2, 4}, min, max} is a subsemiring of order four
not an ideal

Te = {(Zs w ), min, max} is a subsemiring and not an ideal
of S.

T, ={3 +4l, 2+ 1,0} < S is a subsemiring of order three
and not an ideal of S.

Tg = {C(Z), min, max} is a subsemiring and not ideal of S
of finite order.

To = {3 + 2if, 0} is a subsemiring of S.
Ti0 =90, 2, 4if, 2 + 4ig} is a subsemiring of S and is not an
ideal of order four. Thus we have a class of subsemirings of

finite order which are not ideals of S.

R; = {[0, 6), min, max} is an ideal of S. But is not a filter
for if 3ir € S. max {3ir, 4} =3ir+4 ¢ Ry.

R, = {[0, 3), min, max} is an subsemiring of S and is also
an ideal of S.

R, is not a filter of S.
Thus we have infinite collections of subsemirings which are

not filters or ideals and we have an infinite collection of ideals
which are not filters and vice versa.
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Example 3.12: Let
S = {C([0, 29) U Iy); iz=28; I* = 1, (icl)* = 281, min, max} be
the complex finite modulo integer interval semiring. S has

infinite number of finite subsemirings. S has infinite
subsemirings which are ideals and filters.

It is pertinent to note that in S = C({[0, n) U 1)); n prime or
composite is immaterial as only min max operations are
performed.

Now we contruct matrices using S which will be illustrated
by examples.

Example 3.13: Let S = {(a;, a, ..., &) | & € C(([0, 25) U I});
1<i<86, i =24, (iel)*> = 241, I* = 1, min, max} be the
neutrosophic finite complex modulo integer interval semiring.

S has ideals, filters and subsemirings which are neither
ideals nor filters. S has infinite number of zero divisors. S has
not units.

Let x = (0.7 + 3ig, 2, 3if, 0, 0, 12.4 + 17i) € S; we have
infinite number of elements in S such min {x,y}=(0 0000 0).
Thus A ={(0,0,0,a,b,0)]|a b e C{O, 25) U I)) are such that
min {x,y}=(0,0,0,0,0,0) forall x € A.

Example 3.14: Let

a, a, a,
a, ay; a
a7 a8 a9
S=4la, a; a,|laeC([0,12)ul)),
alS a14 a15
alG a17 alS
_a19 dy a21_

1<i<21, min, max}
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is a neutrosophic complex modulo finite integer interval
semiring of finite order. S has infinite number of zero divisors.

a 00
0 0O
0 00O
Forifx=|0 0 0| e Sthenwe have

0 0O
0 0O
10 0 0]

0 x X

X3 X4 X5

B=4| . : . [lai € C([0, 12) u 1),

1 <i <20, min, max}

0 0
is such that min {x, b} = (0) = S forall b € B.

0 0O

Thus for a single x we have are infinite collection of zero
divisors such that min {x, b} = (0).

Every element in S is an idempotent with respect to max
and min. S has infinite number of finite subsemiring and
infinite number of infinite subsemirings which are ideals.
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Example 3.15: Let

a, |a, a, |a, a, a;|a,
M=<lag|a; ag|ay a8, a;]|a,|lac
A5 |8y Qg7 | Qg By 8y | Ay

C([0,12) U IY), 1 <i <21, min, max, i2 =11, 1> =
and (igl)* = 1113}

be the neutrosophic finite complex modulo integer interval
super row matrix semiring of infinite order.

M has infinite number of zero divisor has atleast ,,C; + 21C,
+ ... + 5»Cy number of subsemirings which is ideals and not
filters of M.

M has infinite number of subsemirings of order 2, 3, 4, and
SO on.

Example 3.16: Let

i al a2 a3 a4 ]
a5 a8
a9 alZ
a'l3 alG

S=4la; « . Ay|laeCH0,3)ul), 1<i<36,

ay Az
a25 a28
By o . Ay

_a33 a36 |

i2 =2, 1 =1, and (igl)* = 21, min, max}
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be the neutrosophic complex finite modulo integer interval
semiring of super column matrices. S has infinite number of
finite subsemirings.

S has infinite number of zero divisors no units and every
element is an idempotent.

Example 3.17: Let

fa, a,|a, a,|
a5 a8
N 1P - 1 _
S= a e C(([0, 20) U 1), 1 <i < 24,
Qg e | e Ay
al7 a20
_aZl a24_

2 =19, 1> =191, and (i¢l)® = 191, min, max}

be the neutrosophic finite complex modulo integer interval
super matrix semiring. 0o(S) = c. S has infinite number of zero
divisors and no units. S has several atleast ,,C; + ,4C, + ... +
24Co3 number of ideals which are not filters.

Now we proceed onto describe the notion of pseudo
semirings built on C([0, n)) and on C({[0, n) U I}).

Let C([0, n)) be the finite complex modulo integer interval.
C(J0, n)) is a semigroup under x.

C({[O0, n) w 1)) is a semigroup under the min operation
C(J0, n)) is also semigroup under min operation S = {C([0, n),
min, x} is defined as the pseudo semiring of finite complex
modulo integer interval.

We call this as a pseudo semiring as the distributive law is
not true in S.
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For the distributive law in S is X x min {y, z} # min {x x y,
xxz}forx,y,z e S.

Considerx=3.2y=6.5and z=7.1 € C([0, 10)).

x x min {6.5, 7.1} =3.2 x 6.5
=0.80 o

min {X xy, X x z} =min {6.5 x 3.2, 7.1 x 3.2}
= min {0.80, 2.72}
=0.80 .o

Here | and Il are same.

Consider 0.7irandz=8.1 € S
x x min {y, z}
=xxmin {0.7i;, 8.1} =xx0=0 I

Consider min {x x z, x x y}
=min {1.3+ 2.7ir x 0.7i¢, 1.3 + 2.7ir x 8.1}
=min {0.91i¢ + 7.01, 0.53 + 1.87i¢}
= {0.53 + 0.9} I

I and 11 are not equal so in general
x x min {y, z} # min {X x y, X x z} so the distributive law is
not true so only we call {S, x, min} as a pseudo semiring.

Thus in a pseudo semiring we may not have for every triple
the distributive law to be true.

Example 3.18: Let S = {C([0, 40)), x, min} be the pseudo
semiring. S has zero divisors. Every element under min is an
idempotnets some elements under x are also idempotents.

V ={[0, 40), x, +} < S is a subsemiring of infinite order.

S has also subsemirings which are of finite order.
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For P = {Z4, x, min} is a subsemiring of finite order
o(P) = 40.

P, = {{0, 2, 4, ..., 38}, x, min} is a subsemiring of finite
order.

P, = {{0, 4, 8, 12, 16, 20, 24, 28, 32, 36}, x, min} is a
subsemiring of finite order.

None of these finite subsemirings are ideals or filters of S.
However we wish to make clear how to define filter or ideal.

Let S be a pseudo semiring.
P < S be a proper pseudo subsemiring.

If min {p, s} e Pforall p € Pands € S we call this the
pseudo semi ideal.

If for the same Pwe havep xse Pforallpe Pands € S
we call P the pseudo semi semifilter of S.

We will give examples of them. Only in case of pseudo
semirings; we see a subsemiring can be both a pseudo ideal as
well as a pseudo filter.

We will give examples of them.

Example 3.19: Let S = {C([0, 10)), x, min} be the pseudo
semiring of filter complex modulo integer interval.

P = {[0, 10), x, min} is a pseudo subsemiring of S.

However P is not a pseudo filter as if x = 2 + 3.5i € S and
y=21ePthenx xy=4.2+7.35i ¢ P.

Let W={a+bir|a b e Zy} S W isonly a pseudo
subsemiring and not an ideal or filter of S.
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Example 3.20: Let S = {C([0,17)), x, min} be the pseudo
semiring of finite complex modulo integer interval semiring.
This has infinite number of zero divisors and finite number of
units.

We see if x =8.5irandy =2 € S we see x x y =0 also min
{2, 8.5i} = 0. S has several subsemigroups of infinite order.

Example 3.21: Let S = {C([0, 24), min, x, iZ = 23} be the

finite complex modulo integer interval semiring. S has several
finite subsemiring.

P, = {{0, 12}, x, min} is a subsemiring of S has an ideal.

P, ={{0, 4, 8, 12, 16, 20}, x, min} is again a subsemiring of
S.

P; = {{0, 8, 16}, x, min} is a subsemiring of finite order.

P, = {{0, 2, 4, 6, 8, ..., 22}, min, x} is a subsemiring of
finite order.

Ps = {{0, 6, 12, 18}, min, x} is a subsemiring of finite
order.

None of these subsemirings are ideals.

M; = {[0, 24), min, x} is a subsemiring of infinite order is a
pseudo ideal and not a pseudo filter.

Study in this direction is innovative and interesting. Now
using these pseudo semirings using S = {C([0, n)), x, min}.

Example 3.22: Let

A ={(a, az, ..., ag) | & € C([0, 20)), 1 <i <8, x, min} be the
complex finite modulo integer interval row matrix pseudo
semiring.
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Clearly o(A) = w0 and A is commutative.

A has infinite number of zero divisors finite number of units
(1,1,1,1,1,1, 1, 1) is the identity element of A. A has only
finite number of idempotents with respect to x.

Infact every element is an idempotent with respect to min
operation. A has finite pseudo subsemiring of finite order.

P,={(a;, 0,0,0,0,0,0,0)|a; € C([0, 20)), x, min} = S is
a pseudo subsemiring of infinite order which is also an pseudo
ideal. Infact P, is a pseudo filter of S.

Thus we see P, is both a pseudo ideal and a pseudo filter of
S.

Consider P, = {(0, a5, 0, ..., 0) | a, € C([0, 20)), x, min} <
S is a subsemiring which is both an ideal and filter of S. Thus
pseudo semirings happens to be a special type of semirings in
which ideals can be filters and filters can be ideals.

P; = {(0, 0, a3, 0, ..., 0) | a3 € C([O, 20)), x, min} is a
subsemiring as well as a pseudo ideal and pseudo filter of S.

Infact S has atleast gC; + gC;, + .... + gC; number of pseudo
subsemirings which are ideals and filters of S.

Example 3.23: Let

iy

N

w

a € C([0,4),1<i<7,i2 =3, min, x,}

o

wm
1
D L ®» DY D DD ©
o ~

<3
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be the finite complex modulo integer interval column matrix
pseudo semigroup, o(S) = .

S has finite pseudo subsemiring. Infact even the finite
pseudo semirings are such that elements of them do not in

general satisfy the distributive laws.

Let

ai € Z4, 1 <i <7, min, xp}

be a pseudo subsemiring of finite order.

Consider min {3 x (2, 1)}
x x min{y, z} #min {x xy, X x 2}
=3 xmin{2, 1}
=3x1=3 e |
min {X xy, X x z}
=min {2, 3}
=2 .

I and 11 are not equal.

a

LetP,= 4| 0 ||a; € C(Zy), i2 =3, min, x,}

0

be the pseudo finite subsemiring of S. P, is only a pseudo
subsemiring and does not satisfy the distributive laws.
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Infact we have atleast 3(;C, + ;C, + ;C3 + ... + 3Cg + 1)
number of pseudo subsemiring of finite order. None of them
are ideals or filters of S.

Nowx=2 y=0andz=2 € 2Z,={0, 2}
x x min {y, z}

=2xmin{0,2}=0 e
min {0, 0} =0 o

I and Il are equal. Thus we see

QD
iy

a; € {0, 2} < Z4, min, x,}

O O O O o o

is a subsemiring which satisfies the distributive law.
Infact we have atleast 2(;C; + ;C, + ... + ;C¢ + 1) number of

subsemirings which are finite in order and satisfy the
distributive law.

Let L =40, 1, 3} < Z, is a subsemiring under x min.

x=3,y=landz=0e L. xxmin {1, 0}
=0 e |

min {3x1,3x0}=0 |
I and Il are equal.

0 x min {1, 3}1
=0x1=0 v |
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min{0x1,0x3}=0 o

I and Il are equal.

3xmin{l,1}=3x1=3 o

min{3x1,3x1}=3 Lo

I and Il are equal.

1xmin{3,0}=0 e

min {3,0} =0 Lo

Hence we see this is also a distributive set.

Hence we are justified in saying we that atleast 2(;C; + ;C,
+ ... + ;C¢ + 1) number of finite subsemirings which satisfy the

distributive law.

Let

QD
iy

a; € C([0, 4), min, x}

o O O O O o

be the pseudo subsemiring of S which is an ideal as well as a
filter of S.
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M, = 0 [|la; € C([O, 4), min, X}

be the pseudo subsemiring of S which is an ideal as well as a
filter of S.

as € C([0, 4), min, x}

=
1
o o o o oo

be the pseudo subsemiring of S which is an ideal as well as a
filter of S. We see like wise M4, Ms, Mg and My all of them are
pseudo ideals as well as filters of S.

D
N =)

My, = a; a2 € C([0, 4), min, x} = S

O O O o o

is again a pseudo subsemiring which is also a pseudo ideal and
pseudo filter of S. We have atleast ;C; + ;C, + ... + ;C¢ number
of pseudo subsemirings which are also pseudo filters of S.
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Example 3.24: Let

a a, a, a,
a;, a, a, ag . .

S= ai € C([0, 6)); 1 <i <6, min, x}
a9 a10 a'11 a'12
al3 al4 alS alﬁ

be the complex finite modulo integer interval pseudo semiring.
S has atleast 4 (;6C; + 16C2 + ... + 16Cy5 + 1) number of pseudo
subsemirings of finite order none of which is an ideal or filter of
S.

Further S has atleast 14C1 + 16C> + ... + 15C15 number of
pseudo subsemirings which are both ideals and filters of S.

S has infinite number of zero divisors and every element is
an idempotents.

We can have pseudo subsemirings of infinite order which
are not filters or ideals.

For take
a, 0 0O
0 00O _

M, = 0000 a € C([O, 6)), a, € Zg, min, ><}
0 00O

is a pseudo subsemiring which is not an ideal or filter of S.
O(Ml) = o0,

Infact we have several such pseudo subsemirings of infinite
order which are neither ideals nor filters of S.
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Example 3.25: Let

s=47 T 7 |lae ([0, 19)); 1 <i<40, min, x}

be the finite complex modulo integer interval pseudo semiring.

S has several finite pseudo subsemirings and also several
infinite pseudo subsemirings which are pseudo filters and
pseudo ideals of S.

Example 3.26: LetV = {(a; | a as a4 as | @ a7 | as a9 a10 | a11) | &;
e C(]0, 24)), 1 <i < 11, x, min} be the finite complex modulo
integer interval super row matrix pseudo semiring. V has
infinite number of zero divisors and only finite number of units.

V has pseudo subsemirings of finite and infinite order.

Example 3.27: Let

a

iy

5 m|m m|
(4,1 £ w N

a € C([0, 15)); 1 <i <11, iZ =14, min, x}

1
» o m|9u
[{e] [o°] ~ (2]

| o8]
s
1S

QD
iy
=
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be the finite complex modulo integer interval super column
matrix pseudo semiring.

M has infinite number of zero divisors. Every element in M
is an idempotents.

However M has pseudo subsemiring of order two. Hence

M has pseudo subsemiring of order three order 5 order 15, order
9, order 27, order 25 and so on.

a; € {0, 5, 10}, min, x} c M

vs)
~
I
©olo o o olo o o|oc o|®

is a pseudo subsemiring of order three.

This is the smallest order subsemiring of M.
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a, e {0, 1, 14}, min, x}

o8]
N
I
Lo o o olo o oo o|o

is a pseudo subsemiring of order three.

Let B; = ai, a; € {0, 1, 14}, min, x}

P|lo o o oo o oo ol

is the pseudo subsemiring of order nine which is not an ideal of
S.
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a; e {0, 3, 6,9, 12}, min, x}

o
S
I
ol o o oJlo o o|l]o o|o

is the pseudo subsemiring of order 5.

Let V; = a; € {0, 10}, min, x} = S

olo o o olo o o|o o|®

is a pseudo subsemiring of order two. (x is the natural product

Xp).
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di dy € {0, 10}, min, X}

S
I
oo o o olo o o|® &|o

is a pseudo subsemiring of order two.

1
|
1
|
1
I
1
I

is of order 4.

olo o o ol]o o o|lB B|lo

<

n
©Olo o o olo © olo olo
o|lo o o ol]o o oo H|o
o|lo o o oJ]o o o|lB o|o
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mngJ

[N

d; € {O, 10}, dy, d3 € {O, 5, 10}, min, ><}

o|lo o o oo o ofp

be the pseudo subsemiring. o(V3) = 25.

Thus we can have several pseudo subsemirings of finite
order.

Throughout this chapter authors have used in most cases x
to denote the natural product xp.

However this is not difficult as from the situation of the
problem the reader can easily know which product is defined.
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Example 3.28: Let

al a‘Z a3
a, a, a,
a'7 a'8 a9

1

o

a

a

a 17 Ay || € C([0, 12)); 1 <i <33, min, x}
Q9 8y Ay
a

a

25 a26 a'27
a28 a29 a30
a31 a'32 a‘33

be the finite complex modulo integer super column matrix
pseudo semiring. M has finite subsemirings of order two, three
and so on.

[«5)
iy

a; € {0, 6}, min, x}c M

O[O O O OO O Oo|lo|o
OO O O OO0 O Oojoflo o
OlO0O O O Olo O ololo o

is a subsemiring of order two.
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We can have order three four, six and so on, pseudo
subsemirings in M.

M has ideals, ideals which are filters and subsemirings
which are neither ideal nor filters.

Example 3.29: Let

[a, a,|a, a, a]
a6 alO
all a15
W= | a, a, ||a; e C([0, 8)), min, x}
a'21 a'25
Ay s
_a3l a35 |

be the finite complex modulo integer interval super matrix
pseudo semiring. W has finite subsemirings of order two, four
three and so on.

We see W has atleast 35 subsemirings of order two 35
subsemiring of order three and so on.

Example 3.30: Let

S=4lag .. |..| ... a,|laeC(0,3),1<i<15,

iZ2 =2, min, x}

be the finite complex modulo integer interval pseudo semiring.
S has pseudo subsemirings of order two and order three.
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We see S has atleast 15 pseudo subsemirings of order two
and 15 pseudo subsemirings of order 15 and so on.

Now we proceed onto build pseudo semirings using
CHO,mub)={a+bl+cic+dli:|a,b,c,de[0,n)}.

Example 3.31: Let

S=C([0,4 U ) i2 =3, 1*=1, (iel) = 31, x, min} be the pseudo
semiring of neutrosophic finite complex modulo integer
intervals.

Ifx=3.2+ir+ 0.3 + 2.1igl
andy = 0.8 + 0.9ir + 2.21 + 0.5i¢l € Sthen

min {X, y} = min {3.2 + i + 0.31 + 2.1i¢l, 0.8 + 0.9i + 2.2I
+ 0.5iel}

=0.8 + 0.9ir + 0.31 + 0.5i¢l

= min {3.2, 0.8} + min {ig, 0.9i} + min {0.3l, 2.2I} +
min {2.1igl, 0.5i¢l} isin S.

Now X xy = (3.2 +ir + 0.3l + 2.1i¢l) x (0.8 + 0.9i + 2.2I +
0.5igl)

= 2.56 + 0.8ir + 0.241 + 1.68i¢l + 2.88ir + 0.9 x (i =3) +

0.27igl + 1.891 x 3 + 3.041 + 2.2li¢ + 0.661 + 0.62i¢l + 1.6i¢l +
0.5 x 31 + 0.15lig + 1.05 x 3l

= (2.56 + 2.7) + (0.8 + 2.88) ir + (0.24 + 1.67 + 3.04 + 0.66
+15+3.15) | + (1.68 + 0.27 + 2.2 + 0.62 + 1.6 + 0.15)li¢

=1.26 + 2.96i¢ + 2.261 + 2.52lir € S.

This is the way the min and x operations are performed on
S. Sis a only pseudo subsemiring as the distributive law is not
true.
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Forifx=3.1+05irandy=09landz=27+0.51 € S

X x min (y, z) # min {X x y, X x z} for x x min (0.91, 2.7 +
0.51)
= (3.1 + 0.5ir) x 0.51
= 1.55I + 0.25i¢l I

Consider

min {x x y, X x z} = {3.1 + 0.5i x 0.91, (2.7 + 0.51) x 0.91}
= min (2.791 + 0.45il + 1.351 + 0.451)

=0.45I Il

I and Il are distinct so x x min (y, z) # min (X x y, X x z} in
general forx,y,z € S.

Thus S is only a pseudo semiring of infinite order.

Example 3.32: Let S=C(([0,7) U I)) i2 =6, I*=1, (icl)* = 6l,

x, min} be a neutrosophic finite complex modulo integer
interval semiring.

S has zero divisors for if x =2 and y = 3.5l then x xy =0
and min {x,y}=0

However if x =2 and y = 3.5 only x x y = 0 and min {x, y}
=2=0.

Thus x x y = 0 does not imply min {x,y}=0

Further if x = 3lir and y = 21 then min {x, y} = 0 but
X x y = 3lig x 21 = 6liF = 0.

Thus S has zero divisors. Inview of this result the following
theorem.

THEOREM 3.1: Let S = {C([O, n), min, x} (or S = {C([0, n) v
1), x, min} be the pseudo semiring of finite complex modulo
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integer interval or (neutrosophic finite complex modulo integer
interval pseudo semiring).

If X, y e S such that x xy = 0 then min {x, y} =0 in general
and if min {x, y} = 0 then in general x xy =0.

However S also contains elements like min {x, y} = 0 and
X xy=0.

The proof is direct and hence left as an exercise to the
reader.

Example 3.33: Let

A = {C(([0, 20) U I)) i2 =2, 1 =1, (ie])* = 191, x, min} be the
neutrosophic finite complex modulo integer interval pseudo
semiring.

Py = {Z, %, min} is a pseudo semiring.
Fortakex=10,y=0andz=11 € P,.

Is X x min {y, z} = min {xy, xz}
Consider x x min {y, z}
=10 x min {9, 11}
=10x9=10 e |

min {x xy, X x z} = min {10 x 9, 10 x 11}
= {10, 10}
=10 o
I and Il are equal for this triple.
Letx=3y=7andz=19 € P;.
x x min {y, z} =3 x min {7, 19}

=3x7
=21=1 |
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min {x xy, X x z} =min {3 x 7, 57}

=min {1, 17}

=1 o
I and Il are equal.

Letx=8andy=6andz=2 e P,
xxmin{y,z}=xx2=16 I

min {x x y, X x z} = min {48, 16}
= {8, 16}
=8 |

I and Il are distinct so Py is only a pseudo subsemiring as
the distributive law in general is not true.

Let P, = {C(Z), x, min} be the pseudo subsemiring of
finite order.

Let P3 = {(Z,o U I}, x, min} be the pseudo subsemiring of
finite order.

Let P4 = {C((Zy w 1)), x, min} be the pseudo subsemiring
of finite order.

Ps = {{0, 5, 10, 15} min, x} is a pseudo subsemiring.

Ps = {{0, 10}, min, x} is a pseudo subsemiring of order
two.

P; = {{0, 4, 8, 12, 16}, x, min} is a pseudo subsemiring of
order 5 and so on.

We can have several pseudo subsemirings of finite order.

Ps = {0, 10I, 10, 10l + 10, %, min} is also a pseudo
subsemiring of finite order.
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M; = {[0, 20), x, min} is a pseudo subsemiring of infinite
order. Clearly My is not an ideal of A.

M, = {al | a € [0, 20), min, x} is a pseudo subsemiring of
infinite order in A.

Clearly M, is not an ideal of A.

M; = {C([0, 20)), x, min} is a pseudo subsemiring of
infinite order and is not an ideal of A.

Example 3.34: Let M = {C({[0, 5), U I), x, min, if: =4,12=1,
(iel)? = 413} be the pseudo semiring of infinite order.

P, = {0, 5), x, min}is only a pseudo subsemiring of infinite
order and is not an ideal of M.

P, = {C(]0, 5)), x, min} is only a pseudo subsemiring of
infinite order and is not an ideal of M.

P; ={a+ bl |a b e [0, 5), x, min} is only a pseudo
subsemiring and is not an ideal of M.

P, = {Zs, min, x} is only a pseudo subsemiring and not an
ideal of order 5.

Infact M has infinite number of zero divisors. Only finite
number of idempotents. We now proceed onto build pseudo
semirings using C({[0, n), U I)).

This is illustrated by the following examples.
Example 3.35: Let
M = {(ay, a,, ..., a7) where a; € C({[0, 9) U ), 1 <i <7, x,
min} be the pseudo row matrix semiring built in the
neutrosophic finite complex modulo integer interval.

M has pseudo subsemirings of both finite and infinite order.
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Infact P, = {(a1, 0, 0,0, 0, 0, 0) | a; € C(([0, 9), U I)); x,
min} < M is a pseudo subsemiring which is also an ideal of M.

P, is also a filter.

P, ={(0, a,, 0, ..., 0) | a, € C({[0, 9), U I)); x, min} = M is
a pseudo subsemiring which is a filter as well as an ideal of M;
and so on.

P;={(@,0, ..., a7) |a; € C({[0,9), U I), x, min} c M is a
pseudo subsemiring as well as a pseudo filter and pseudo ideal
of M.

Infact M has atleast ;C; + ;C, + ... + ;C¢ number of pseudo
subsemirings which are both pseudo ideals and pseudo filters of
M.

M has infact atleast 6(;C; + ;C, + ... + ;Cs) number of
pseudo subsemirings of finite order.

Example 3.36: Let

T=1{la, ||a e C(0, 15), U 1)), 1 <i<15 min, x}

be the finite complex modulo integer neutrosophic interval
column matrix pseudo semigroup.
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P, = . |lai € C([0, 15), u I)), max, x} =T

is a pseudo subsemiring which is both a pseudo filter as well as
pseudo ideal of T.

a e C(([0, 15), U 1Y), min, x} = T

O O O O O o o

0

is again a pseudo subsemiring which is both a pseudo filter as
well as pseudo ideal of T and so on we have

0

Pis=1| : [la e C(O, 15), U 1Y), min, x} = T

is a pseudo subsemiring as well as a pseudo ideal and pseudo
filter of T.
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P12 = 14| 0 [|a; & € C([O, 15), U I)), min, x}

is a pseudo subsemiring as well as a pseudo ideal of pseudo
filter of T.

bl
fis

P113 = dy, dz € C(([O, 15), U |>), min, X}

Lo P o

0

is a pseudo subsemiring as well as a pseudo ideal and pseudo
filter of T and so on.

P1,5 = di, di5 € C(([O, 15), ) |>), min, X}

is a pseudo subsemiring as well as a pseudo ideal pseudo filter.
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Pos=

a,, a3 € C({[0, 15), U 1)), min, x}

is a pseudo subsemiring as well as a pseudo ideal and pseudo

filter and so on.

O O O O o o

P710=

o ob®®

a7, a0 € C(([0, 15), U 1Y), min, x}

is a pseudo subsemiring as well as an ideal and filter of T.
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P14’15 = ) dyg, d15 € C(([O, 15), ) |>), min, X}

is a pseudo subsemiring as well as a pseudo filter and pseudo
ideal of T.

D O o
W N 59

Plyzyg = dj, dg, A3z € C(([O, 15), v |>), min, X}

o

be the pseudo subsemiring as well as pseudo filter and pseudo
ideal of T.

P131415 = a3, 14, 815 € C(([0, 15), LU 1)), min, x}

be the pseudo subsemiring as well as pseudo ideal and pseudo
filter and of T.
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Thus we have atleast 15C1 + 15C» + 15C3 + ... + 15C14 NnUMber
are pseudo filters and pseudo ideals of T.

Example 3.37: Let

~ a, a, a, a, 7
5 a8
T 1 | C([0, 15), U 1Y),
A3 .. . Agg
ay; %20
ER Ay |

1<i<24, min, x}

is a finite complex modulo integer neutrosophic interval pseudo
semiring.

M has atleast 24C; + 24C, + ... + 24Cy3+1 number of pseudo
subsemirings of finite order none of which are ideals or filters of
M.

Example 3.38: Let S ={(a1, a, a3, a4 |as as | 8z ag ag | a10) | @i €
C([0, 3), U Iy), 1<i<10, i2 =2, 1> =1, lie = 21, min, x} be the
finite complex modulo integer neutrosophic interval pseudo
super row matrix semiring. S has infinite number of zero
divisors.

S has atleast 1,C; + 1C; + ... + 19Co NnUmMber of subsemirings
of infinite order which are both ideals and filters of S. S has
atleast 4(;0C; + 10C, + ... + 10Cg) number of finite pseudo
subsemirings which are neither ideals nor filters of S.

S has only finite number of idempotents with respect to x.
Infact every element is an idempotent with respect to min
operation.
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Example 3.39: Let

a, a, a, a, a, a,
T=<la, a a a, a; ap,|laeC([017),ul),
Q3 84 5 85 g7 g
1<i<19, min, x}

be the neutrosophic finite complex modulo integer interval
pseudo semiring of super row matrix. T has infinite number of

zero divisors with respect to x and min.

T has atleast 1gC; + 1gC, + ... + 13C17; number of pseudo
subsemiring which are both filters and ideals all of which are of
infinite order. T has 4(sC1 + 18C; + ... + 13C47) number of

pseudo subsemiring of finite order none of them is an ideal or
filter.

T has only finite number of idempotents with respect to x.

Example 3.40: Let

M={|a, || aeC([0, 19), Ul),1<i<13, max, x}
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be the neutrosophic finite complex modulo integer interval
super column matrix pseudo semiring. M has infinite number
of pseudo subsemiring which are not filters or ideals.

M has atleast 13C; + 13C, + ... + 13C4, number of pseudo
subsemirings. M has atleast 3(15C; + 13C, + ... + 13C1,) number
of finite pseudo subsemiring which are not ideals or filters. M
has infinite number of zero divisors and only finite number of
units with respect to x.

Example 3.41: Let

[ al aZ a3 a4 ]
a5 a6 a7 a8
a9 alZ
als v a16
a17 aZO
aZl a24

7= % o fs 0 c oo, 5), L), 1<i<56,
By o e Ay
a33 a36
Ay N
Ay !
B . .. Ay
a49 a52
a53 a56

min, x}

be the neutrosophic complex finite modulo integer interval
super column matrix pseudo semiring.

T has infinite number of zero divisors.
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Only finite number of units and idempotents with respect to
X,

Example 3.42: Let

i a & |83 |8 & 1
Qg 8&; | 8g | 8y Ay
dy A |83 [y A
a6 17 18 | &9 8z

W = Ay 8y |8y |8y 8y a e C(([0, 12), U 1),

Ay 8y |8 |8y Ay
dy Ay |8 |8y 8y
Az 8y |85 | B39 Ay
Ay gy |83 |8y Ay

846 847 | Qgg | 849 s |

1<i<50, min, x}

be the neutrosophic finite complex modulo integer super matrix
pseudo semiring. W has several pseudo subsemirings which are
ideals and filters.

W has several pseudo subsemirings which are not ideals or
filters.

Now we proceed onto describe pseudo rings built using the
neutrosophic complex finite modulo integer interval.

Example 3.43: Let M = {C({[0, 3), u I})); +, x} be the
neutrosophic modulo finite complex integer interval pseudo
ring. Clearly M under the operation of ‘+’ is an abelian group.
M under the operation x is a semigroup.

Howeverax (b +c)=zaxb+axcfora b, c e M. Since
the distributive law is not true in M we call M to be the pseudo
ring.
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Leta=0.3b=21andc=0.7ir € M.

ax(b+c¢)=0.3x (2.1 +0.7ig)
=0.63+0.21 i

Consideraxb+axc=03x2.1+0.3x0.7i¢
=0.63 + 0.21ir Il

I and 1l are identical hence the distributive law is true for
this triple.

Now takea=0.8,b=23andc=12e M
axb+axc=08x23+08x1.2
=1.84+0.96
=2.80

Nowax (b+c)=0.8x(23+1.2)
=0.8(3.5)
=0.8x05
=04 I

Clearly I and Il are distinct for this triple so the distributive
law is not true for this triple.

Let x =0.3 + 21 + 0.7i + 0.4i¢l and
y=21+1+0.2i + 0.6icl € M.

X+y=0.3+21+0.7i + 0.4igl + 2.1 + 1+ 0.2i¢ + 0.6i¢l
=24+0+0.9i + lig

=15+ 1+ 1.1ir + 1.6il

X xy=(0.3+2l+0.7ir + 0.4igl) x (2.1 + | + 0.2i¢ + 0.6il)

=0.63 + 0.3 + 0.06i¢ + 0.18igl + 1.21 + 21 + 0.4igl + 1.2il
+ 1.47i + 0.7icl + 0.14 x 2 + 0.42 x 2| + 0.84lir + 0.4lir +

1.2igl + 1.47i + 0.7igl + 0.14 x 2 + 0.42 x 2| + 0.84li¢ + 0.4li¢
+0.08 x2x1+0.24 x 2|
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=(0.63+028)+(03+12+2+0.84+0.16+048)1+
(0.06 + 1.47)ig + (0.18 + 0.4 + 1.2 + 0.7 + 0.84 + 0.4) li;
=0.91 + 1.981 + 1.53i + 0.72lir

This is the way product is performed. It is easily verified
that the distributive laws are not true in case of these rings.

Example 3.44: Let S = {C(]0, 20), x, +} be a pseudo ring of
finite complex modulo integer interval. S has only finite number
of zero and idempotents. S has only finite number of units. S
has subrings which satisfy distributive law. S has subrings
which do not satisfy distributive law that is pseudo subrings.

P = {[0, 20), x, +} is a pseudo subring of infinite order
which is not an ideal.

Example 3.45: Let B = {C([0, 41)), i2 = 40, +, x} is a finite
complex modulo integer interval pseudo ring of infinite order.
B has zero and divisors units. We define a pseudo ring. B to be
a Smarandache special pseudo ring if B has a subring T which is
not a pseudo ring.

We do not demand T to contain a field.

Study in this direction is interesting.

T = {Z4, +, x} is a subring.

Py = {224, x, +} is also a subring which is not pseudo.

P, = {{10, 20, 30, 0}, x, +} is again a subring of order four.

Ps = {{5, 10, 15, ..., 30, 35, 0}, %, +} is again a subring of
finite order.

Example 3.46: Let V = {C([0, 24)), x, +, iZ = 23} be a pseudo
ring of finite complex modulo integer interval.
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V has several finite subrings pseudo as well as non pseudo.
Example 3.47: Let S = {(ay, a, a3, a4, as) | 8 € C([0, 15)), 1 <i
<5, +, x} is a pseudo ring of finite complex modulo integer
interval.

P;={(a,0,0,0,0)|a; € C([0,5)), +, x} S,

P,={(0, a5, 0,0, 0) | a, € C([0,15)), +, x} < S,

P;={(0, 0, a3, 0, 0) | a3 € C([0, 5)), +, x} = S,

Ps={(0,0,0,0, as) | as € C([0, 5)), +, x} = S and so on.

Pi23={(a1, a, a3, 0, 0) | a3, ay, aze C([0, 15)), +, x} is also
pseudo subring as well as a pseudo ideal.

S has infinite number of zero divisors, only finite number of
units and idempotents.

S has atleast sC; + sC, + sC3 + 5C4 number of pseudo
subrings which are also pseudo ideals of S.

S has atleast 4(sC; + sC, + sC3 + sC4 + 1) number of
subrings of finite order which are not pseudo.

Example 3.48: Let

B={la, || aeC(0,7) 1<i<12 + x}

be a finite complex modulo integer interval pseudo ring. B is of
infinite order.
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B has infinite number of zero divisors but only a finite
number of units and idempotents.

B has atleast 1,C; + 1,C, + ... + 1,C11 number of infinite
pseudo subrings which are pseudo ideals of B.

B has atleast 2 (1,C; + 12C; + ... + 15Cy; + 1) number of
subrings of finite order none of which are ideals of B.

Example 3.49: Let

s=4 2 T T Pllaec(o,19),1<i<40,+ x}

be a finite complex modulo integer interval pseudo ring.

L has atleast 4C; + ... + 40Cs9 Nnumber of pseudo ideals and
2(30Cy + ... + 4Cs9 + 1) number finite subrings which are not
pseudo.

Example 3.50 Let
M= (a;]|a;a3a4as | as ar | ag a9 a10 | a11) | & € C([0, 14)),

1<i<11, + x}

be a finite complex modulo integer interval super row matrix
pseudo ring.

M has infinite number of zero divisors. M has only finite
number of units and idempotents.

M has both finite and infinite pseudo subrings.



168 | Algebraic Structures on Finite Complex Modulo ...

Example 3.51 L

be the finite complex modulo integer interval super column

et

a

i

m|9: m|m|
E= w N

g € C([0,23)),1<i<12, +, x}

matrix pseudo ring of infinite order.

L has atleast 1,C; + 12C, + ...

subring of infinite order which are ideals of L.

L has atleast 2(3,C; + 1,C, + ... + 1,Cy1 + 1) number of finite

subrings which are not pseudo.

L has infinite number of zero divisors only a finite number

of units and idempotents.

+ 1,Cy; number of pseudo
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Example 3.52: Let

al a'2 a3 a4
a5 aG a7 aS
ag alZ
a13 a16
al7 aZO
Ay Az
V=<l85 .. .. ayx]||aeC(0,41),1<i<52,+, x}
a29 a32
a33 a36
a37 a'40
a41 a44
a5 g
_a49 a52 |

be a super column matrix pseudo ring. V has subrings of finite
order which are pseudo subring.

V has pseudo subrings of infinite order which are ideals.

Example 3.53: Let

fa, a,|a; a, a]
ag dyg
ay s
B=<|2a5 ay || & € C([0, 23)), 1 <i< 35, + x}
a,, dyg
Ay dg,
a3 Ags
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be the super matrix pseudo ring of finite complex modulo
integers.

B has infinite number of zero divisors and finite number
units and idempotents.

We can on similar lines build pseudo rings using
neutrosophic finite complex modulo integers.

Example 3.54: LetV = {(a;, &, a3, ..., @) | & € C((]0, 23) v
1)), 1<i<8, +, x} be the neutrosophic complex modulo integer
interval pseudo ring. V has infinite number of zero divisor.

V has atleast 4(sC; + gC, + ... + gCs+1) number of finite
subrings which are not pseudo.

V has atleast gC; + gC, + ... + gC; number of pseudo
subrings of infinite order which are pseudo ideals of V.

Example 3.55: Let

a'1 2
a3 a4
a5 aG
a7 a8 -
W= ai € C([0,13)),1<i<16, +, x}
a9 a10
a1l a12
a13 a14
_a15 alG_

be the neutrosophic finite complex modulo integer matrix
pseudo ring of infinite order.

W has infinite number of zero divisors and finite number of
units and idempotents.
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Example 3.56: Let

<5
fiky

[«5)
N

[«5)
[

W=<la, a, a,||aeC(0,21)),1<i<9,+ x}
a7 a8

QD
©

be the neutrosophic finite complex modulo integer interval
matrix pseudo ring. W has ¢C; + ¢C, + ... + ¢Cg number of
infinite pseudo subrings which are pseudo ideals.

W has 6(sC; + oC, + ... + ¢Cg+1) number finite subrings
which are not pseudo. W has infinite number of zero divisor but
only a finite number of units and idempotents.

Example 3.57: LetB =(a;a,|as|asasas|arasasap|an)|a
e C([0, 3) U I); 1 <i <11, +, x} be the finite neutrosophic
complex modulo integer interval super row matrix pseudo ring.

B has infinite number of zero divisors only finite number of
idempotents and units.

(11)1]2111]2111]|1)istheunitinB. B has atleast
1Cy + 11Cy + ... + 11Cyo number of pseudo ideals.

B has atleast 4(3;C; + 11C, + ... + 11Cy9 + 1) number of finite
subrings which are not pseudo.

Let
Sz{(313.2|0|000|0000|a3)|alazE [O,3),a3€<23U|>}
be the infinite pseudo subring which is not a pseudo ideal of B.

S has several such pseudo subrings of infinite order which
are not pseudo ideals. Infact B is a special Smarandache pseudo
ring.
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Example 3.58: Let

S=1la, || aeC([0,2),uUl)1<i<13 + x}

be the pseudo ring of super column matrices.

S has infinite number of zero divisors. Only finite number
idempotents.

Further S has subrings of finite order say of order three,
nine and so on. All pseudo ideals of S are of define order. None
of the finite subrings are ideals.
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S is a pseudo ring with multiplicative identity | =

I il T i = S S

i i
1 i
1 1
1 1
1 i
i i
Takex=|1 |andy=| 1 | e Saresuchthatx’*=1andy*=1.
i i
1 i
1 1
i i
1 1
L1 Li |

S has only units of this form.
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e Ssuch that a® = a.

QD
1l
O P OO Ol © FIF P - Ol

But S has only finite number of units and idempotents and
they take entries from 1, i in case units and 1 and O in case of
idempotents. Study in this direction is interesting.

Example 3.59: Let

I al aZ a3 a4 a5 ]
ag A
ayy a5
V=28 | o 8yl aeC(0,5ul,
Ay a5
Ay a3
_331 ass_

1<i<35,+, x}

be the finite neutrosophic complex modulo integer interval
super matrix pseudo ring. V has finite number of idempotents
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and units but has infinite number of zero divisors. V has atleast
4(35Cy + 35C, + ... + 35C34) number of finite subrings which are
not pseudo.

Here we suggest a few problems some of which are at
research level.

Problems

1. Obtain any special features enjoyed by the finite complex
modulo integer interval semiring

S ={C([0, n)), i2 =n-1, min, max}.
2. Compare this S in problem 1 with M = {[0, n), min, max}.

3. Let S = {C([0, 10)), iZ = 9, min, max} be the finite
complex modulo integer semiring.

(i) Prove o(S) = .

(if) Find ideals in S.

(iii) Can S have filters?

(iv) Prove S can have subsemirings of order 2, 3 and so on.

4. Let R = {C([0, 23)), i2 = 22, min, max} be the finite
complex modulo integer interval semiring.

Study questions (i) to (v) of problem 3 for this R.

5. Let'S = {C([0, 24)), iZ = 23, max, min} be the semiring of
finite complex modulo integer interval.

Study questions (i) to (v) of problem 3 for this R.

6. LetV={(a, ay ..., a9) | & € C([0, 4)), 1 <1 <9, max, min,
iZ = 3} be the complex finite modulo integer interval row
matrix semiring.
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Study questions (i) to (v) of problem 3 for this V.

7. Let
&
M=1| % || & e C([0,11)), 1<i <18, iZ = 10, min, max}
a18

be the complex finite modulo integer interval column matrix
semiring.

Study questions (i) to (v) of problem 3 for this M.

8. Let
i al a2 a'12 |
A Ay . Ay
T=4la, a8, .. a || a < C([0,15)),1<i<60,
Ay Ay Ay
849 s Ago |

iZ =14, min, max}
be the finite complex modulo integer interval super row
matrix semiring.

Study questions (i) to (v) of problem 3 for this T.

9. LetV={(asa,|asas]|asasar|ag)|a e C(0,7)),1<1<8,
iZ = 6, max, min} be the finite complex modulo integer
interval super row matrix semiring.

Study questions (i) to (v) of problem 4 for this V.
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10. Let

al az a3 a4 aS ae a7 as a9 a10
M=<la, | o || e e Ay |l aiE

Qg o | e | | ey

C(J0, 3)), 1 <i <30, min, max}

be the finite complex modulo integer interval super row
matrix semiring.

Study questions (i) to (v) of problem 3 for this M.

11. Let

<5
iy

a;i € C([0, 24)), 1 <i <12, min, max}

_|

1
|,P m|m s»|m m|m m|m
o ©0 (o] ~ (2] (4,1 £ w N

iy
[

[S <)

be the finite complex modulo integer interval super column
matrix semiring.

Study questions (i) to (v) of problem 3 for this T.
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12.

13.

14.

15.

Let

M = {C([0, 20), U 1), i2 =19, (igl)® = 191, I* = 1, min,
max} be the finite neutrosophic complex modulo integer
interval semiring.

(i) Prove o(M) =

(if) Find all ideal of M.

(iii) Can ideal of M be a filter?

(iv) Find all filters of M.

(v) Can ideals of M be of finite order?

(vi) Can filters of M be a finite order?

(vii) Show M has subsemiring of orders 2, 3,4, ..., n
(n any finite integer)

(viii) Can M have zero divisors?

(ix) Find infinite subsemiring of M which are neither filter
nor an ideal of M.

Let M = {C(([0, 24), U 1)), iZ =23, (igl)® = 231, I = 1, min,
max} be the finite neutrosophic complex modulo integer
interval semiring.

Study questions (i) to (ix) of problem 12 for this M.

Let

T = {C(([0, 15), U 1)), i = 14, (igl)? = 141, I = I, min,
max} be the finite neutrosophic complex modulo integer
interval semiring.

Study questions (i) to (ix) of problem 12 for this T.

Let S = {(a1, &, as, ..., as) | & € {C([0, 29), L 1)), i¢ =28,
(iel)? = 281, 1 = 1, min, max} be the finite neutrosophic
complex modulo integer interval semiring.

Study questions (i) to (ix) of problem 12 for this S.
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16. Let
fa, a, a;, a, a;|
aG a'10
Ay e e g
B= ai € {C(([0, 29) L 1),
Qg e e e Ay
aZl a25
_a26 a'30_

i2 =29, (iel)® = 291, I> = 1, min, max}
be the neutrosophic finite complex modulo integer interval
semiring.

Study questions (i) to (ix) of problem 12 for this B.

17. Let
a a, .. 4,
M=4la, a, .. agl|lae{CK0,7)ul),1<i<27,
Qg Ay .. Ay
min, max}

be the neutrosophic finite complex modulo integer interval
semiring.

Study questions (i) to (ix) of problem 12 for this M.
18. LetW ={(ay @z | as a1 | as as a7 | ag) | @ € {C(([0, 10) L 1),
1 <i <8, min, max} be the neutrosophic complex modulo

integer interval super row matrix semiring.

Study questions (i) to (ix) of problem 12 for this W.
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19.

20.

21.

Let

e

9:|s»
w

w
1
S

a; € {C({[0, 11) U I})), 1 <i <8, min, max}

s:o|su
o

o

a;
dg

be the neutrosophic complex modulo integer interval super
row matrix semiring.

Study questions (i) to (ix) of problem 12 for this S.

Let
i a'1 a2 a3 a4 a5 aG i
8, | e Ay,
S=4la; | o 85 || & e {C(]0,23) U lY),
Ay Ay
_a25 a30_

1 <i <30, min, max} be the neutrosophic complex modulo
integer interval super row matrix semiring.

Study questions (i) to (ix) of problem 12 for this W.

Let S = {C([0, 14)), min, x} be the finite complex modulo
integer interval pseudo semiring.

(i) Find o(S).
(ii) Can S have finite ideals?
(i) Can S have finite filters?
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23.

24.

25.

26.

Pseudo Rings and Semirings Built Using Finite ... | 181

(iv) Can a subsemiring be both a filter and ideals?

(v) Prove S has zero divisors.

(vi) Prove S can have only finite number of idempotents
with respect t to x.

(vii) Prove S has have only finite number of idempotents
with respect to x.

(viii) Prove S have finite pseudo subsemirings.

Let T = {C([0, 23)), min, x} be a finite complex modulo
integer integer pseudo semiring.

Study questions (i) to (viii) of problem 21 for this T.

Let B = {C(]0, 42)), min, x} be a finite complex modulo
integer integer pseudo semiring.

Study questions (i) to (viii) of problem 21 for this B.

Let L = {C([0, 251)), min, x} be a finite complex modulo
integer integer pseudo semiring.

Study questions (i) to (viii) of problem 21 for this L.

Let M = {(a;, a, ..., ag) | C([0, 43)), 1 <i <8, min, x} be a
finite complex modulo integer integer pseudo semiring.

Study questions (i) to (viii) of problem 21 for this M.

Let

a

a
S 2 || €([0, 49)), 1 <i < 18, min, x}

a'18

be a finite complex modulo integer integer pseudo semiring.
Study questions (i) to (viii) of problem 21 for this S.
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27. Let
i a'1 a'2 a10 ]
a; Ay, .. Ay
S=4la, a, .. a5 || C(0,5)),1<i<50, min, x}
dy Ay A40
_a41 a‘42 a'50

be a finite complex modulo integer integer pseudo semiring.
Study questions (i) to (viii) of problem 21 for this V.

28. LetM={(a;a;|as|asas|asarag| a) | C([0, 7)), 1 <i <9,
min, x} be a finite complex modulo integer integer pseudo
semiring.

Study questions (i) to (viii) of problem 21 for this M.

29. Let

m|m m|m|m
£ w N -

QD
o (3]

M = a; e C([0, 41)), 1 <i < 12, min, x}

oo m|m ©
2P & © [

<Y
N




30.

31.
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be a finite complex modulo integer interval super column
matrix pseudo semiring.

Study questions (i) to (viii) of problem 21 for this M.

Let
fa, a,|a, a, a;|a, a, |
a8 al4
a15 a21
Qpy oo | e e | e Ay
P=dlay | o | ag || & e C(0, 41)),
Qg v | e e e | Ay
Ay, 8
a'50 a56
R R -

1 <i <63, min, x} be a finite complex modulo integer
interval super column matrix pseudo semiring.

Study questions (i) to (viii) of problem 21 for this M.

Let S = C(([0, 11) U I)), min, x} be the neutrosophic finite
complex modulo integer interval pseudo semiring.

(i) Show S has finite number of zero divisor with respect to
X.

(if) Can S have finite pseudo ideals which are not filters?

(iif) Can S have finite pseudo filters which are pseudo
ideals?

(iv) Can S have finite pseudo subsemiring which is both an
ideal and filter of S.

(v) Is every pseudo ideal has infinite number of elements in
it?

(vi) Is every pseudo filter is of infinite order?

(vii) Obtain any other special feature enjoyed by S.
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32.

33.

34.

35.

36.

Let S; = C({[0, 24) U 1)), min, x} be the neutrosophic finite
complex modulo integer interval pseudo semiring.

Study questions (i) to (vii) of problem 31 for this S;.

Let W = C({[0, 34) U I)), min, x} be the neutrosophic finite
complex modulo integer interval pseudo semiring.

Study questions (i) to (vii) of problem 31 for this W.
Let V = {(as, @, a3, a4, a5, &) | & € C(([0, 27) W ), 1 <i <
6, min, x} be the neutrosophic finite complex modulo

integer interval pseudo semiring.

Study questions (i) to (vii) of problem 31 for this W.

Let
a

P=1| || & < C(0,18)), 1 <i <18, min, x}
a18

be a finite complex modulo integer interval pseudo
semiring.

Study questions (i) to (vii) of problem 31 for this P.

Let
[ al a'2 a3 a4 ]
a;, ag | a, ag
W=1<la, a,|a,; a;,]||aeC([0,24)ul),

oM
&
v o o
=
S
o o o
&
D
&
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38.

39.

40.
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1 <i <20, min, x} be a finite complex modulo integer
interval pseudo semiring.

Study questions (i) to (vii) of problem 31 for this W.

Let T = {C([0, 47)), x, +} be the finite complex modulo
integer pseudo ring.

(i) Find all finite pseudo subrings of T.

(if) Can T have zero divisors?

(iif) Can T have idempotents.

(iv) Can T have units?

(v) Can T have pseudo ideals of finite order.

(vi) Can T have infinite order pseudo subrings which are not
ideals?

(vii) Obtain any other special property associated with T.
(viii) Find all finite subrings of T which are pseudo
subsemiring.

Let B = {C(([0, 27) U I)), x, +} be the neutrosophic finite
complex modulo integer interval pseudo ring.

(i) Compare problem 37 of T with this B.
(ii) Study questions (i) to (viii) of problem 37 for this B.

Let S = {C([0, 17)), +, x} be the finite complex modulo
integer interval pseudo ring.

Study questions (i) to (viii) of problem 37 for this S.
Let M ={(ay, &y, a3, ..., a19) | & € C([0, 3)), 1 <i <10, +, x}
be the finite complex modulo integer interval pseudo row

matrix ring.

Study questions (i) to (viii) of problem 37 for this M.
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41. Let

42.

43.

al a2 a9
a'10 a11 a18
A9 Ay .. Ay
L=4la,, @y, .. a4 || &€ C([0,11),1<i<60+, x}
a37 a38 45
a5 Ay 54
a55 a56 aGO

be the finite complex modulo integer interval pseudo row
matrix ring.

Study questions (i) to (viii) of problem 37 for this L.
Let

a1
W= af a € C([0, 4)), 1 <i<36, +, x.}

a36

be a finite complex modulo integer interval pseudo
semiring.

Study questions (i) to (viii) of problem 37 for this W.

LetB={(a1| a2 asa4|asas | a7 a3 @) | & € C([0, 7)), 1 <i<
9, +, x,} be a finite complex modulo integer interval pseudo
semiring.

Study questions (i) to (viii) of problem 37 for this B.
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44. Let

Dl D
|w NlH

o

a; € C([0,11)),1<i<9, +, x,}

<
I
ple P e

©

be a finite complex modulo integer interval pseudo
semiring.

Study questions (i) to (viii) of problem 37 for this M.

45. Let W = {(ay, &, ..., a19) | @ € C(([0, 12) U 1)), 1 <i <19,
+, x} be a finite complex modulo integer interval pseudo
semiring.

Study questions (i) to (viii) of problem 37 for this W.

46. Let
a a, .. &
T=<la, a, ... ag|laeC(07)ul)),1<i<24 +,
a'17 a'18 a'24

x} be the finite complex modulo integer interval pseudo
row matrix ring.

Study questions (i) to (viii) of problem 37 for this T.
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47.

48.

49.

Let
fa, a,|a, a, a;|a, a, |
aS a14
w= |2 %a || 4 e C([0, 5)
a22 a28
a29 a35
| 236 s

u ), 1 <i <42 + x,} be the finite complex modulo
integer interval pseudo super matrix ring.

Study questions (i) to (viii) of problem 37 for this W.
Let

P=<lag | ... o || a,l|laeC(0,24)u
Qg | oo e e | e Ay

1)), 1 <i<21, +, x,} be the finite complex modulo integer
interval pseudo super matrix ring.

Study questions (i) to (viii) of problem 37 for this P.
If in P; C({[0, 24) L I)) replaced by C(]0, 24) study and
compare them.

Let
al a2 a3
a a a

s=4 0 7 C|laec(0,1)ul), 1<i<1l, 4+,
a'31 a32 a‘33

xn} be the finite complex modulo integer interval pseudo
super matrix ring.

Study questions (i) to (viii) of problem 37 for this S.



Chapter Four

PSEUDO VECTOR SPACES
OVER C([0, n))

In this chapter authors for the first time define, develop and
describe several types of pseudo vector spaces and pseudo
neutrosophic vector spaces over C([0, n)) and C({[0, n) U I})
respectively. They are illustrated by examples.

C([0, n)) = {a + bir | &, b € [0, n), i =n-1} and C ({[0, n)
U 1) ={a+ big + cl +dlig/a, b, ¢, d € [0, n), iZ =n-1, I*=1,
(lig)? = (n-1)I.

DEFINITION 4.1: LetV = {C([0, p)), +} be a group under +. V
is a vector space over Z, where p is a prime defined as the
complex finite modulo integer interval vector space over Z,.

Example 4.1: Let S = {C([0, 7)), +} be a complex finite
modulo integer interval vector space over Z;.

Example 4.2: Let V = {C(]0, 19), +} be the complex finite
modulo integer interval vector space over the field Zo.
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Example 4.3: Let V = {C([0, 23), +} be the finite complex
modulo integer interval vector space over the field Z3.
We see only pseudo linear finite complex modulo integer
interval algebra can be defined, as the x and + do not satisfy the
distributive law in general.

We will first illustrate this situation by some example.

Example 4.4: Let V = {C([0, 29), +, x} be the finite complex
modulo integer interval pseudo linear algebra over the field Zys.

Example 4.5: Let V = {C([0, 2), +, x} be the finite complex
modulo integer interval pseudo linear algebra over Z,.

All these spaces and linear algebras are infinite
dimensional.

Now using the set C([0, n)) we can build matrix vector
spaces.

Example 4.6: Let M = {(a;, @, as) |ai € ([0, 7)), 1 <i <3, +}
be a finite complex modulo integer interval vector space over
Z;.

M is infinite dimensional over Z;.

P1={(a1,0,0)|a; € C([0, 7), +} = M,

P,={(0,a,0,0)|a € C([0, 7), +} cMand

P3={(0,0, a5) |as € C([0, 7), +} = M.

We see P;, Py, Ps; are subspaces of M of infinite order.
M=P;+P, +Psand PinP;={(0,0,0)}i#j,1<i,j<3.

M is infinite dimensional vector spaces and M is the direct
sum of P4, P, and Ps.
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L, ={(a1, 0, 0) | &y € Z7, +} is a finite dimensional subspace
of M over Z;.

M has atleast 2 (sC; + 3C, + 1) number of finite dimensional
subspaces.

Example 4.7: Let

P=4la, a ag|lae(011),1<i<9 +}

be the vector space over Z;;.

a 00
Kl = 0 00 a € ([O! 11))1 +} - Pa
0 0O
0 a, O
Ko=+/0 0 0}| a; € ([0, 11)), +} < P and so on.
0 0 O
00 O
K9 = 0 0 O g € ([O! 11))1 +} = P
0 0 a

©

are all subspaces of P and are of infinite dimension over Zy;.

P:K1+K2+...+Kgand
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000
KinKi=4[0 0 o}, i=jl<ij<o.
000

P has atleast ¢C; + ¢C, + ... + ¢Cg number of subspaces of
infinite dimension over Z;; and 2(sC; + oC;, + ... + 9Cg) number
of subspaces of infinite dimension over Zy; and 2 ¢C; +4C, + ...
+ ¢Cg + 1) number of subspaces of finite dimension over Z,;.

Example 4.8: Let

T=1{ a, || aeC(0, 13),1<i<10,+}

be the vector space of finite complex modulo integer interval
over the field Z;3.

T has subspaces of both finite dimension as well as of
infinite dimension.

Wl’g = 0 a, d; € C([O’ 13))’ +}

is a subspace of T over Zy; of infinite dimension.
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a3, a7 € Z13, +}

oo o ooo oo

is a subspace of T of finite dimension over Z;3. We have atleast
10C1 + 10Co + ... + 1xCy number of subspaces of infinite
dimension over Zs.

T has atleast 10(30C; + 10C, + ... + 1gCq + 1) number of
subspaces of finite dimension over Zys.

Example 4.9: Let

a, a, a, a,

a'5 aG a'7 a8 .
w=a T T e ([0, 29)), 1< i <48, +}

a45 a46 a'47 a48

be the finite complex modulo integer vector space over the field
VALY

W has infinite dimensional subspaces as well as finite
dimensional subspaces over Zys.

We will give one or two examples of super matrix vector
spaces built using C([0, p)).
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Example 4.10: Let

a 4, |a; |3a, a; &
a; a,
W= P T P a  C([0, 43)),
Aig  vee | e | e Ay
a5 A3
_a31 ase_

1<i<36,+}

be the finite complex modulo integer super matrix vector space
over the field Zys.

All properties of these spaces can be derived.

Example 4.11: Let

QD
iy

m|m m|m m|
(4] £ w N

(=)

=
1

a e C([0,31)), 1<i<13,+}

D v QD
St B

[«5)
[y
w
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be the finite complex modulo integer super column matrix
vector space over the field Zz. S has both finite and infinite
dimensional subspaces over Zs;.

We can as in case of usual vector space define both the
concept of linear transformation (provided both spaces are
defined over the same field) and linear operator.

However we are not in a position to define the notion of
inner product or linear functional on these spaces.

Example 4.12: Let

a1 a2
V=4l :|laeC(]0,43),1<i<12 +}
a11 a12
and
a a, a; a,
W=<la, a;, a, a, ||aieC([0,43),1<i<12, +}

QD
©
QD

10 a'11 a12

be two finite complex modulo integer interval matrix vector
space over the field Zys.

We can defineamap T : V — W such that

al aZ

a, a
A a, a, a, a,

a, a
T=4° °lt=la, a a, a]|;

a7 aS
a9 alO all alZ

a9 alO

_all a'12_
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it is easily verified T is a linear transformation from V to
W.

Example 4.13: Let

V={la,|laecC(o13) 1<i<7}

and W = {(a;, @, ..., a10) | & € C([0, 13)), 1 <i <10} be any
two infinite dimensional finite complex modulo integer interval
vector space over the field Z;3.

Define T:V —> W by

a
a,

w

T{

. |} = (a1, @, 0, a4, as, 0, a7, @, 0, &)

D O D ®©
o o«

S

It is easily verified T is a linear transformation from V to
W.

All properties associated with linear transformation can be
derived in this case also. It is a matter of routine hence left as
an exercise to the reader.

Now we proceed onto describe linear operations on finite
complex modulo integer interval vector spaces defined over a
field Z,.



Pseudo Vector Spaces over C([0, n0) | 197

Example 4.14: Let

M = a e C([0, 23)), 1 <i<18, +}

be the finite complex modulo integer interval vector space
defined over the field Zs.

Define T: M — M by

a'l a2 a3 al a‘2 a3
a, a; 4, 0 0 O
T{ a7 a8 a9 }: a7 a8 aQ
a, 4, ap, 0O 0 O
al3 a‘14 15 a13 a14 a15
_a16 ay; a18_ L 0 0 0 i

It is easily verified T is a linear operator on M.

Example 4.15: Let

V=1<la, a, ag||aeC(0,5)1<i<9 +}

be the finite complex modulo integer interval vector space over
Zs.
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Define T:S— Shy

a1 a2 a3 al a2 a3
T<la, a; a;|p =10 a, a
a, ag a4 0 ag

It is easily verified T is a linear operator on S.

In this way linear operators are defined all properties
of linear operators can be easily extended and defined for
these spaces also.

We in case of finite complex modulo integer vector
spaces defined over a finite field Z,, cannot define inner
product or linear functionals.

Example 4.16: Let

S ={(as, a ..., a10) | @ € C([0, 11)), 1 <i <10, +, x} be a
pseudo linear algebra over Zj;. We can define
T:S—>S byT ((al, a, ..., alo)) = (3.1 Oaz0a50a70ag 0)

T is a linear operator on S. So in case of pseudo linear
algebras also we can define the notion of pseudo linear
transformation and pseudo linear operators on them. The
work of constructing pseudo linear algebra of finite
complex modulo integers is a matter of routine so is left as
an exercise to the reader.

Next we define the notion of S - vector spaces over the
S-ring Z, or C(Zy).

Let V = {C(Z,), +} be a vector space over the S-ring
C(Z,) or the S-ring Z, then we define V to be a S-vector
space of the finite complex modulo integer over the S-ring
Z, or C(Zy).
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We will illustrate this situation by some examples.

Example 4.17: Let V = {C([0, 11)), +} be the S-vector
space over the S-ring C(Z1).

Example 4.18: Let M = {C([0, 12)) be the S-vector space
over the S-ring Z,.

Example 4.19: Let W = {C([0, 35)), +} be the S-vector
space over the S-ring Zzs.

Example 4.20: Let W = {C([0, 16), +} be a S-vector
space over the S-ring C(Zs).

We can use matrices and have many such examples.

Example 4.21: Let

M = {(ai, a2, ..., a9) | & € CJ[0, 43); 1 <i <9, +} be the
finite complex modulo integer interval S-vector space over
the S-ring C(Z43). M has finite dimensional S-vector
subspaces as well as infinite dimensional S-vector
subspaces.

Pr={(@, 0,0,0, ..., 0) | a1 € C([0, 43)), +} is an
infinite dimensional vector subspace where as
Bi={(@y 0, ..., 0) | a1 € C(Z43)} is a finite dimensional
vector subspace of M over the S-ring C(Zs3).

Example 4.22: Let

a

B=1 " ||aec(o,29), 1<i<20}
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be the finite complex modulo integer interval column matrix
S-vector space over the S-ring C(Zy).

B has S-subspaces of both finite and infinite dimension over
C(Z29).

Example 4.23: Let

M= : : ;|| & e C([0, 14)), 1 <i<36, +}
Ay @z .. Ag

be a finite complex modulo integer interval matrix S-vector
space over the S-ring Zy4.

M has several S-subvector spaces of both finite and infinite
dimension over Z,.

Example 4.24: Let
L=((aa2|asa as|as) | a € C([0, 42)), L <i<6, +}

be a finite complex modulo integer interval row super matrix S-
vector space over the S-ring C(Zy4,).

L has S-subspaces of both finite and infinite dimension over
the S-ring C(Z4y).
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Example 4.25: Let

al a2
a'3 a'4
a5 aG
a7 a’8
B={ % ™ llaec(o15) 1<i<20,+}
all a12
a13 al4
a15 al6
al7 a18
_a19 aZO

be the finite complex modulo integer interval column super
matrix S-vector space defined over the S-ring C(Z;s).

B has both finite and infinite dimensional over C(Z;s).

Example 4.26: Let

a a8, 483 |8, a5 8 d; |83 89 | 8y
ay a0
dy a3
S= a3 g0 a e
a41 a50
s ago
gy 7o
an Ago

C([0, 43)), 1 <i<48, +}
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be the finite complex modulo integer interval super matrix S-
vector space over the S-ring R = C(Zy3).

S has atleast goCy + goC; + ... + goCz9 NUMber of S-subspaces
of infinite dimension and g,C; + gC» + ... + gCy9 + 1 number of
finite dimensional S-subspaces over C(Z3).

Now we give some examples of neutrosophic finite
dimensional complex modulo integer vector spaces over a field
and over a S-ring.

Example 4.27: Let T = {C({[0, 7) u I)), +} be the neutrosophic
finite complex modulo integer interval vector space over the
field R = Z;.

T has subspace of both finite and infinite dimension over R
= Z7.

Example 4.28: Let B = {C({[0, 43) u 1)), +} be the
neutrosophic finite complex modulo integer interval vector
space over the field F = Zgs.

B has T, = {[0, 43)} < B is an infinite dimensional
subspace over F.

T, = {C([0, 43)} < B is also an infinite dimensional
subspace over F.

Ts={a+Dbl|a b e|[0, 43)} < B is an infinite dimensional
subspace of B over F.

T4 = {Z43} is a finite dimensional subspace of B over F.

Ts = {{Zs3 U 1)} < B is a subspace of finite dimension over
F= Z43.

Te = {C(Z43)} < B is a subspace of finite dimensional over
the field F = Zs.
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Example 4.29: Let

M ={(as, a, ..., ag) Where a; eC({[0, 23) U I)), 1 <i<9, +} be
the neutrosophic finite complex modulo integer interval vector
space over the field F = Z,3. M has several subspaces of finite
dimension as well as some subspaces of infinite dimension.

Example 4.30: Let

v=4l i laecqo 5 uly), 1<i<30,+}
a28 a29 a‘30

be the finite complex modulo integer neutrosophic interval
column matrix vector space over the field F = Zs. V has several
subspaces of finite and infinite dimension.

V has atleast 3(3C; + 30C; + ... + 30Cy) Subspaces of

infinite dimension over Zs. V has 4 (30C; + 30C; + ... + 30Cy9 +
1) number of finite dimensional vector subspaces over Zs.

Example 4.31: Let

al a'2 a8
a9 a'10 alG
dy; Qg e Ay .
V= a e C([0, 17) U 1), 1 <i <48, +}
dys  Ayg ... Qg
a‘33 a34 a40
[8n 8 A4 |

be the neutrosophic complex modulo finite integer interval
vector space over the field Z;;. M has atleast 4(4Cy + ... +
48Cq7) number of finite integer interval vector subspace of
infinite dimension over Z;7.
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Also M has atleast 4(4sC; + ... + 48C47 + 1) number finite
dimensional vector subspaces.

THEOREM 4.1: LetV ={m xn matrices with entries from C([O,
p)) (or C((0, p) v 1)} be the finite complex modulo integer
interval vector space (or neutrosophic finite complex modulo
integer interval vector space) over the field Z,,.

Q) V has atleast 2 (7.nC1 + maC2 + ... + maCian)
number of subspaces of infinite dimension over Z,.
(or 4 (maC1 + maCa + ... + 1Ciisnt) NUMber of
infinite dimensional subspaces over Z, in case of
neutrosophic finite complex modulo integer
intervals).

(i) V has atleast 2(;,C1 + mwCo + ... + maCrna+l)
number of finite dimensional vector subspaces over
Z, (or in case of neutrosophic entries V has atleast
A(mnC1 + maC2 + ... + naCrnatl) number of
subspaces over Z,.

The proof is direct and hence left as an exercise to the
reader.

Example 4.32: LetM ={(a; &, a3 | a4 | as as | a7 ag ag as0 a11) | &
e C({[0, 7 U 1), 1<i <11, +} be the finite complex modulo
integer interval neutrosophic super row matrix vector spaces
over the field Z;,. M has both infinite and finite dimensional
subspaces over Z;.

We can build super matrix neutrosophic complex modulo
integer interval spaces over Z,; p a prime.

Such study is a matter of routine and hence left as an
exercise to the reader.

Finally we can as in case of finite complex modulo integer
interval vector spaces define for the neutrosophic finite complex
modulo integer intervals the notion of S-vector spaces which is
left as a matter of routine to the reader.



Pseudo Vector Spaces over C([0, n0) | 205

However we give some examples of this situation.

Example 4.33: Let T = {C([0, 17) u 1)), +} be the
neutrosophic finite complex modulo integer interval S-vector
space over the S-ring (Z;7 L 1) (or C(Zy7) or (C(Z17 L I))).

In all cases we get S-vector spaces and study in this
direction is a matter of routine.

Example 4.34: Let M = {C({[0, 12) v 1)), +} be the
neutrosophic finite modulo integer interval S-vector space over
the S-ring Z1, (or C(Z12) or (Z1, U 1) or C({Z12 U 1)).

M has both infinite and finite dimensional S-subspaces over
the S-ring Z, (or C(12) or {Z1, w Iy or C({Zy; L I}).

Example 4.35: Let

a, a,
a, a,
a; A,
B=1{la, a,| aeC([0 15 uUl) 1<i<14}
a'9 a'10
a11 a12
_a13 a14_

be the neutrosophic finite complex modulo integer interval S-
vector space over the S-ring Zis (or C(Zys) or (Zis W 1) or
C((Zis W I)).

B has several S-vector subspaces of both finite and infinite
dimension over the S-ring Zis (or C(Zys) or (Zis W 1) or
C((Zis v 1).
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Example 4.36: Let

V=4la, a a;||laeC{0,5ul)l1<i<9 +}
a'7 a8 a9

be the finite neutrosophic complex modulo integer interval S-
vector space over the S-ring C(Zs) (or {(Zs w I) or C((Zs U 1}).

T is of infinite dimension. T has finite number of infinite
dimensional S-vector subspaces as well as finite dimensional S-
vector subspaces.

This study is again a matter of routine.

Now we build pseudo S-vector spaces and pseudo strong S-
vector spaces.

Let V = {C([0, n))} be finite complex modulo integer
interval vector space over the pseudo S-ring [0, n), then we
define V to be S-pseudo vector space or a pseudo S-vector space
over the pseudo S-ring [0, n).

If V = {m x n matrix with entries from C([0, n))} be the
vector space over C([0, n)) then V is defined as the S strong
pseudo vector space or strong Smarandache pseudo vector space
over the finite complex modulo integer interval pseudo ring
C([0, n)).

The main advantage of defining this is that only on these
spaces we can define the concept of inner product pseudo strong
vector spaces and linear functions.

Thus the dire need to define and study these concepts arises.
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Example 4.37: Let

a'1 a‘2 a‘3 a4 a'5
aG a'10
all a15
M = a; e C(([0, 23) U 1Y),
a16 aZO
a'21 a'25
_a26 a30_

1<i<30,+}

be the neutrosophic complex finite modulo integer pseudo
vector space over the pseudo ring R = {[0, 23), +, x}.

Example 4.38: Let

a'1 a2 a'3
a'4 a5 a6
a7 a8 a9
a'10 11 a'12

o A || @ e CUo,23) ul), 1<i<33 +}

be the neutrosophic complex finite modulo super column matrix
vector space over the pseudo ring R = {[0, 23), +, x}
(or Ry ={C([0, 23)). +,x}orR, ={a+ bl |a, b € [0, 23), +, x}.
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Example 4.39: Let

M=<| ¢ ¢ i ] a e C0,46) U L),
dy 8y g3 Ay

1<i<44,+}

be the neutrosophic complex finite modulo integer interval
pseudo vector space over R = {[0, 46), +, x} (or {C([0, 46), +,
x}or{a+bl|a b e[0,46), +, x}.

Several properties related with them can be derived as in
case of usual vector spaces.

Example 4.40: Let

a, |a, a; a, a
aG a10
a11 a15
a16 a'20
. VO - 5 < CU[0, 17) U 1),
Qg | v e e Qg
a3l a35
C a0
ay a5
_a46 a50_

1<i<h0, +}

be the neutrosophic finite complex modulo integer interval
super matrix pseudo vector space over the pseudo ring R = {[0,
17), +,x} (or Ry ={([0, 17), +, x} or R, = {({[0, 17) W I)), +, x}
orRz={a+Dbl|a be[0,17), +, x}).
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Now using only these strong pseudo rings over the pseudo
ring R, = {C({[0, 17) u I)), +, x} we can define inner product
and linear functionals.

For if we take M = {(a, a,, as, a4) where g € C(([0, 11) U
1)); 1 <i<4,+, x} be the neutrosophic complex modulo integer
interval strong pseudo linear algebras over the pseudo
neutrosophic interval ring R = {C(([0, 11) U 1)), +, x}.

Let x = (0.7 + 101 + 4ig + 3.2i¢l, 9 + 0.21 + 7.5i¢ + 10il,
10iel + 0.3if, 0.8i + 6.2il + 1 + 1) and

y = (0.4 + 0.2 + 2i¢ + 10igl, 0, 8ir, 0.7 + 1, 0) eM.

4
The inner product (x, y)= D> xy; = (0.7 + 101 + 4i¢ +
i=1
3.21i¢) x (0.4 + 0.21 + 2ir + 10iel) + 0 + (10iel + 0.3f) x (8ir +
0.7+1)+0

= 0.28+41+1.6i+ 1.28lir + 0.141 + 21 + 0.8i¢l
+ 0.64lig + 1.4ir + il + 8 x 10 + 6.41 x 10 +
Tigl + il +7 x 1 x 10 + 7igl + 0.21i¢ + 10li +
0.3i¢l

= (028+3+2)+(41+0141+21+1+41+1+
8l) + (1.6ir + 0.21i¢) + (1.28+ 0.8 + 0.64 + 9 +
7+1+7+10+0.3)il

= 5.28 +9.141 + 1.81ir + 6.02i¢l is in
C([0, 1) u Iy).

Thus we see only on strong pseudo neutrosophic vector
spaces inner product can be defined.

Likewise we see linear functionals can be defined only on
strong neutrosophic complex finite modulo integer vector
spaces over C({[0, n) U I}).
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A linear functional will be a linear transformation from V to
C([0, n) u I)) where V is defined over the pseudo neutrosophic
complex modulo integer interval ring C({[0, n) U I}).

We will give a few examples to illustrate of these situations.

Example 4.41: Let

V={a,l|laeC(03)ul) 1<i<7,+ x}

be the neutrosophic finite complex modulo integer interval
column matrix pseudo vector space over
R =C([0, 3) U I)), +, x}.

We define inner producton V by X,y € V

7
<X! Y> = inyi
i=1
Xy Y
where x = | 2 | and y= y:2 : then
X7 Y7

KY)ZXX XY =XgY1 + ..+ X7y
Clearly {x, y) € {C({[0,3) U I}), +, x} =R.

Now we can define linear functionals on V as follows
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f:V — Risgiven by forany x e V,

o
X2
X, :
f)=f(|x, )= xy, €R.
i=1
X5
XG
RSA

We can define this in any other way also.

Example 4.42: Let

a a a

M= ° 0 T Bl e (o, 17) u 1),
a9 alO all a12
a13 a‘14 a15 ale

1<i<16, + x.}

be the neutrosophic complex modulo integer interval strong
pseudo matrix vector space over the strong pseudo S-ring
R={C([0, 17) u 1)), +, xn}.

We can have several linear functionals defined on M.
However we can make M into a inner pseudo product space.

Example 4.43: Let L ={(a;|a, az a4 | a5 ag a7 ag | @9 a0 411 a12
a3 | as) | & € CH[0, 5) U I), 1 <i <15, +, x,} be the
neutrosophic finite complex modulo integer interval strong
pseudo vector space over the strong pseudo neutrosophic S-ring
R ={C(]0, 5) u I)), +, x}.
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V is a strong pseudo inner product linear algebra. Several
linear functionals can be defined on V.

Example 4.44: Let

M=l & & i ||aeC0,29) Uy, 1<i<30,+ x.}
a'28 a29 a30

be the strong neutrosophic finite complex modulo integer
interval strong pseudo vector space over the pseudo S-ring
R ={C([0, 29) U I)), +, x}.

We have several pseudo subvector spaces of infinite order
and using them. We can as in case of usual vector spaces define
the notion of projections.

This is also considered as a matter of routine and left as an
exercise to the reader.

We can on M define an inner product so that M becomes an
inner product spaces.

We can define several linear functionals on V.

Example 4.45: Let

1

D D
N
D ©
(%
D QD
~

a
o

ai € C(([0, 43) U 1),

a
a
a
a

©
Q|
S
QD D
Iy
=
Q| QD
=
N

13

1<i<16, +, xp}

be the neutrosophic finite complex modulo integer interval
pseudo strong vector space over the pseudo ring
R ={C([0, 43) U I}), +, x}.
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Let B, = ai e C(([0,43) U N} M

is a pseudo vector subspace of M and P, the linear operator on

a, a, a,|a, a,
P. a;, ag a, |a, )= 0
ag a10 all a12 0
a13 a14 a15 ‘ a16 0

It is easily verified p; is a projection on M.

We can define several subspaces of only of infinite
dimension over R. However we do not have the concept
of finite dimensional subspaces over the pseudo ring
R={C([0,n) L D)+, x}.

Example 4.46: Let

e a]
a3 a4
a5 a‘G
a7 aS
V=<la, a,||laeC(0,29ul)),1<i<18, + x}
a11 a12
a13 a14
a'15 a16
_a17 a18_
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be the neutrosophic finite complex modulo integer interval
pseudo strong vector space over the pseudo ring
R={C([0, 29) v 1)), +, x}.

We see V is a inner product space we can define on V linear
functionals and it is considered as a matter of routine we have
atleast 13C; + 18C; + ... + 13C; number of nontrivial strong
pseudo subspaces of infinite dimension over R.

Using these spaces we can define projections appropriately.

Example 4.47: Let

aie C[0,7 U 1), 1<i< 36+ x,}

be the neutrosophic finite complex modulo integer interval
strong pseudo linear algebra over the pseudo ring

R={([0, 7w D), + x}.

We can define on M inner product so that M is a pseudo
inner product space and we can define using M the notion of
linear functionals and M* the pseudo strong dual space over R.
Such study can also be carried out as a matter of routine.

We suggest a few problems some of which are open
conjectures.

Problems:

1. Let V = {C([0, p)), p a prime, +} be a finite complex
modulo integer vector space over the field Z,.

(i) IsV infinite dimensional over Z,?
(i) Find a basis of V over Z,,.
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(iif) How many finite dimensional subspaces of V over Z,
exist?
(iv) Find any other special feature enjoyed by V.

Let M = {C([0, 23))} be the finite complex modulo integer
vector space over the field Zys.

Study questions (i) to (iv) of problem 1 for this M.

Let L = {C([0, 3)), +} be a finite complex modulo integer
vector space over the field Zs.

Study questions (i) to (iv) of problem 1 for this L.

Let V = {C([0, 7)), +, x} be the pseudo linear algebra over
the field Z;.

(i) Obtain the special properties enjoyed by V.

(if) Find all subalgebras of V.

(iii) Prove V is infinite dimensional.

(iv) Can V have sublinear algebra of finite dimension which
are not pseudo?

(iv) Find Hom(V,V), what is the algebraic structure enjoyed
by it.

Let M = {(as, &, ..., &) | & € C([0, 3)), 1L <i<9, +} be the
vector space over the field Zs.

(i) Find all subspaces of finite dimension over Zs.
(ii) Find all subspaces of infinite dimension over Zs.
(iif) Find Hom (m, m).

(iv) Write M as a direct sum of subspaces.

(v) Find a basis of M over Zs.

(vi) Prove M is infinite dimensional over Z;.
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6. Let
al
T={| % || a e C(0,19)), 1<i <12, 4}
alZ
be a vector space over Zs.

Study questions (i) to (vi) of problem 5 for this T.

7. Let

a, a, |a;|a, a; a; a,|ay| a,

8y g

a a a
19 20 27

S= dj €
Ay Ay 36
d3; Qg a5
_a46 a7 as4_

C([0,13)),1<i<54, +}
be a vector space over Z;,.
Study questions (i) to (vi) of problem 5 for this S.
8. LetA={(a, a ..., a15) | & € C(]0, 190), +} be the S-vector
space over the S-ring Zygo (0r C(Z190))-

Study questions (i) to (vi) of problem 5 for this A.
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10.

11.
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Let
a, |a, |a; a, a5 |a, a,
dg | 89 Ay
a a a
M= 215 21| a e C([0, 15)),
a22 a23 a28
a29 a30 a35
| 8 | Qg " a, |

1 <i <42, +} be the finite complex modulo integer vector
space over the S-ring Z;s. (or C(Z;5)).

Study questions (i) to (vi) of problem 5 for this M.
Let

al
T=1% || aec(o, 17), 1<i<8,+}

dg

be the finite complex modulo integer S-vector space over
the S-ring C(Z17).

Study questions (i) to (vi) of problem 5 for this W.

Let P = {C([0, 23) u 1)), +} be the vector space of
neutrosophic complex finite modulo integer interval over
the field F = Zss.

(i) Find a basis of P over Zy; = F.

(if) Find Hom (V, V).

(iii) Find all subspace of finite dimension over F.
(iv) Find all subspaces of infinite dimension over F.
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12.

13.

14.

15.

Obtain some special features enjoyed by pseudo
neutrosophic complex finite modulo integer interval vector
space over a strong pseudo ring R = {C({[0, n) U ), +, x}.

Let W = { C({[0, 23) U I)), +} be a vector space over Z,s.

(i) Study questions (i) to (vi) of problem 5 for this W.
(ii) Find a basis of W over Zys.

Let W ={(ay, a,, ..., a;p) Where a; € C({[0, 13) U I)), 1 <i <
10, +} be the neutrosophic finite complex modulo integer
interval vector space over the field F = Z3.

(i) Find a basis of W over Z;s.

(if) Find all subspaces of W which are finite dimensional
over Z3.

(iii) Find all subspaces of W, which are infinite dimensional
over Zs.

(iv) Can W be written as a direct sum?

(v) Find the algebraic structure enjoyed by Hom(W,W).

(vi) Find projections of V.

(vii) If Zy3 is replaced by (Z;3 U I) so that W is a S-vector
space for that changed W study questions (i) to (vi).

Let
[a, a, a, a, a |

a6 a'10

a, Ay

alG aZO -

a e C(([0, 19) U 1), 1 <i < 40,

21 a25

a26 a'30

a, M

a’36 a40
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17.

18.
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+} be the neutrosophic finite complex modulo integer
vector space over the field F = Zy,.

Study questions (i) to (vii) of problem 14 for this S.

Let
a, a, |a; a, a;|as|a, a; ag
a, a e e e s A
B — 9 10 18 ai e
a'19 aZO a'27
a‘28 a29 a36

C(([0, 23) U 1Y), 1 <i < 36, +} be the neutrosophic finite
complex modulo integer super row matrix vector space over
the field F = Zps.

Study questions (i) to (viii) of problem 14 for this B.

Let
a |a, |a; a, a5 |a; a
a, | a, Ay
a; | a a
T= 15 16 2 dj € C([O, 53))1
8y | 8g 8z
8y | 83 A3
[ 836 | 87 A

1 <i <42, +} be the neutrosophic finite complex modulo
integer super matrix vector space over the field Zss.

Study questions (i) to (vii) of problem 14 for this T.

Let V={(a, a, ..., a) | & € C(([0,23) U ), 1 <i <9, +}
be the neutrosophic finite complex modulo integer S-vector
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19.

20.

space over the S-ring R = (C(Zy3) (or Ry = (Zysw Iy or R, =
((Zgg |\ |>)

(i) Find dimension of V over R (or R; or Ry)

(if) Can V have finite dimensional vector subspaces over R
(or Ry or Ry).

(iii) Find all infinite dimensional vector subspaces of V over
R (or Ry or Ry)

(iv) Find S = Hom (V, V); what is the algebraic structure
enjoyed by S.

(v) Write V as a direct sum.

(vi) Find projection operators on V.

Let
a, a, |a;|a, a, a;|a, ag
a, a a
P - 9 10 16 a e
a'17 a18 a24
Qus Agg | oo | o e e | e Ay

C(J0, 43)), 1 <i < 32, +} be the finite complex modulo
integer interval neutrosophic S-vector space over the S-ring
C(Zss) =R (0r Ry = (Zug U Iy Or Ry = ((Zag U 1).
Study questions (i) to (vi) of problem 18 for this P.
Let
a'1
B= af a e C({[0,31) U ), 1<i<20, +}
a20
be the complex modulo integer interval neutrosophic S-

vector space over the S-ring R = C(Z31) (or Ry =(Zg L I) or
Ro=(Zz L ).
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22.

23.
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Study questions (i) to (vi) of problem 18 for this B.

Let M ={(as, @, ..., a) | & € C([0,23) U I)),1<i<9, +}
be a pseudo neutrosophic complex modulo finite integer
vector space over the S-ring R = {[0, 23), +, x} (or Ry
{C([0, 23), +, x} or R, = C({[0, 23) U I)), +, x} or R3
{0, 23) U 1)), +, x}.

(i) Study questions (i) to (vi) of problem 18 for this M.
(if) What is dimension of M over R (or R; or R, or R3)?
(iii) Will dimension of M over R; be finite?

Let
a1 a‘2 a10
a a a

p=ql " " 21l a e C(([0,43) U 1)), 1 <i<40,
a21 a22 a30
8y 83 . g

+, xn} be the neutrosophic finite complex modulo integer
pseudo linear algebra over the pseudo ring R = {[0, 43), +,
x} (or Ry = {C([0, 43)), +, x} or R, = {C(([0, 43)u I}, +, x}
or Rz = {([0, 43) U I), +, x}).

(i) Study questions (i) to (vi) of problem 18 for this P.
(ii) Define inner product operation on P.

Let
fa, |a, a,|a, a |
A | e e | Ay
M=4lay | . o | ay||aeCo, 1) U1,
Ayg EP
L 821 a5
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24.

25.

1<i<25, +, x} be a neutrosophic finite complex modulo
integer interval pseudo super matrix vector space over R =
{[0, 11), +, x} (or Ry = {C([0, 11)), +, x} or R; = {([0, 11)
U I, +, x} or R = {C(([0, 11) L), +, x}.

(i) Study questions (i) to (vi) of problem 21 for this M.

(ii) Define inner product on M.

(iii) Give two linear functionals on M which are distinct.

(iv) What is the algebraic structure enjoyed by L(M, R,) =
{Collection of all linear functionals from M to R,}?

(v) Find M* of M.

Let
Ve [al a, .. a j
8, 8, .. 4,

a, a, a, a,
W=<la, a; a, a,||laeC([0,43)ul)),1<i<12}

a e C([0, 43)), 1 <i < 14}

<5
©
[«5)

10 all a‘lZ

be two finite complex modulo integer interval vector spaces
over the field F = Z,3.

(i) Find Hom(V,W), Hom (V, V) and Hom (W, W) and
describe the algebraic structure enjoyed by them.

LetP=1la,; a, .. a,|| ae<C(0,5),1<i<36}
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a, a, .. a
lla, ag . ay .
andM =< " . . || & € C([0, 15)), 1 <i <36}

Ay A, .. Ag

be two finite complex modulo integer interval S-vector
space over the S-ring Z;s.

(i) Study questions (i) of problem 24 for this P and M.

al a2 a10

a a a .
LetvV={] * ¥ 21| a e C([0, 7)), 1 <i <40}

a21 a22 a30

a31 a32 a40

a, a, a; a,
andW=4la;, a;, a, a,||aeC([07)ul),
a9 alO a11 a12

1 <i <12} be two finite complex modulo integer interval S-
pseudo vector space over the pseudo ring R = {[0, 7), +, x}.

(i) Study questions (i) of problem 24 for this V and W.

Let T, ={(a1 a; | as a4 as | as | a7 ag) | & € C([0, 11)), +, x,

a, a,|a, a; a; a

: 3,
1<i<8}and S, =

dy

a'10

ai € C(([0, 11) u I)), 1 <i < 16} be two finite complex
modulo integer interval strong pseudo S-vector spaces over
the complex finite modulo integer S-ring

R ={C([0, 11), +, x}.
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28.

29.

30.

31.

32.

33.

(i) Study questions (i) of problem 24.
(i) Find T, .
(iii) Find S; .
(iv) Define inner product on S; and Tj.

Give some special features enjoyed by pseudo S-vector
spaces built over R = {[0, p), +, x}.

Study the special properties enjoyed by pseudo Strong S-
vector spaces built over R = {C([0, p), +, x}

Compare the structures in problems (28) and (29).

What are the special features associated with neutrosophic
S-pseudo vector space built using C({[0, n) U 1)) defined
over R={{[0, n) U I}, +, x}?

Study the algebraic structure enjoyed by the strong S-
pseudo neutrosophic finite complex modulo integer interval
vector over F = {C(([0, n) U I)), +, x}.

Let M = {(a;, @, a3, a4, as, 8, 87) | & € C[0, 37) u 1))} be
the strong pseudo neutrosophic finite complete S-linear
algebra over the S-pseudo ring P = { C({[0, 37) u I}), +, x}.

(i) Find a basis of M over P.

(ii) Is M finite dimensional over P?

(iii) Find Hom (M, M)

(iv) Find the dual space M*.

(v) Define an inner product on M so that m is an inner
product space.

(vi) Can M have subspaces with finite cardinality?

(vii) Can M subspaces of dimension one, four etc.?
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34. Let T=1<| |l aeC([0,23) U)1<i<12 +, x.} and

S=4a; .. . .. ayllaeC{0,23)ul)) l<i<
VP - I

15, +, x,} be two pseudo strong neutrosophic finite complex
modulo integer interval S-linear algebra over the S-pseudo
neutrosophic finite complex number integer interval ring
R ={C(([0, 23) U I)), +, x}.

(i) Study questions (i) to (vii) of problem 33 for this T and
S.

35. Derive some special results regarding dual spaces V* of V
built over the pseudo neutrosophic finite complex modulo
integer interval rings R = {C({[0, n) U 1)), +, x}.

36. Derive special theorems on these special pseudo linear
algebras by overcoming the lack of distributivity on + and
X,

37. Find pseudo special strong linear algebras of dimension 2
over S pseudo ring R = {C({[0, n) U I)), +, x}.

38. Let M ={(a, b) | a, b € {C({[0, 2) U 1)), +, x} be the pseudo
strong neutrosophic finite complex modulo integer linear
algebra over R = {C({[0, 2) U I}), +, x} the S-pseudo ring.

(i) Find dimension of M over R.

(ii) Can W be a S-pseudo sublinear algebra such that o(W)
< o by o(W) we mean the number of distinct elements
in W?

(iii) Find Hom(M,M).
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(iv) What is dimension of M*, the dual S-pseudo space of
M?

(v) If R is replaced by Z, show M has infinite basis.

(vi) If R is replaced by P = {[0, 2), +, x} will M have
infinite basis?

(vii) Can M be a inner product space?

(viii) If R is replaced by B = {C([0, 2)), +, x} will M be
infinite dimensional?

(ix) Study M when R is replaced by D ={a+bl |a, b e
[0, 2), +, x}.
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