A derivation of the negative binomial distribution
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Abstract. The negative binomial distribution is derived as a solution of a linear recurrence equation with an appropriate

set of constraints.

The negative binomial distribution appears in many fields of science [1] and especially in particle physics where it is used
to fit the observed multiplicity distributions of the charged particles produced in proton-antiproton collisions at high
energies [2]. Various interpretations of the negative binomial distribution were given and used to derive its expression [1].
In the following the negative binomial distribution will be derived as a solution to a linear recurrence relation with an
appropriate (suitable) choice of constraints.

The negative binomial distribution is given by [1]

P@Jﬂ(n2f11)<1f%>n(1:%y:<n+s_1)<1+%>n(1:%f

where 7 is the average of the distribution and k an integer parameter (k > 1) which determines the shape (width) of the
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distribution. For the case k£ =1

7o\ 1
P(n,1) =
(n, 1) (1+ﬁ) 1+7m

Now consider the linear recurrence relation

Fn+1:)\Fn7 n >0

with 0 < A < 1. Its solution is given by
F,=\"Fy

In order to determine the two constants A\ and Fy one then enforces on Fj, the two constraints

which lead to (see appendix 1)

and then
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which is the expression of the negative binomial distribution for k = 1 given above.

For the case k = 2 the negative binomial distribution is given by

P(n,2)=(1+n) (1
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and one considers the linear recurrence relation

Foio+caFhi1+cFn,=0, n>0
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where ¢; and co are real constants. Its characteristic equation given by
)\2 + Cl>\ + Cy = 0

may have two roots A\; and A or a single root with multiplicity 2 denoted in the following A. In the latter case the solution
of the linear recurrence relation is given by

F, = (ap + a1n) A"

where 0 < A < 1 and ag and a; are arbitrary constants.

Again one enforces the two constraints (1) and (2) on the solution above. But there are three constants (ag, a; and \)
to be determined and one should add one more constraint to (1) and (2). Next we will see how to choose this additional
constraint.

The constraint (1) leads to (appendix 2)
(a1 — ao))\ + ap
(1—=A)2

Now by setting to zero the coefficient of A in the numerator one gets an additional constraint

=1

a; = Qo

and as a consequence

apg = (1 7)\)2

Therefore

F, =ap(n+1)A\"

Applying the second constraint (2) to F), leads to (appendix 2)

A= 2 —
1+ 3
and
1
ap = —
(1+3)
Hence

Fn(n+1)<

which is the negative binomial distribution for k = 2.

For the case k = 3 the negative binomial distribution is given by

P(n,3) = (n+2)2(n+1) <1
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and one considers the linear recurrence relation
Fois+cFppo+colyi+c3F, =0, n>0
where ¢y, co and cs are real constants. Its characteristic equation given by
AN+ +erte3=0

may have three roots A\, Ay and A3, two roots A\; and Ay one of them being of multiplicity 2 or a single root with

multiplicity 3 denoted in the following A. In the latter case the solution of the linear recurrence relation is given by

F, = (ap + a1n + a2n2))\"
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where 0 < A < 1 and ag, a; and as are arbitrary constants.

There are four constants (ag, a1, a2 and ) to be determined and one should add two more constraints to (1) and (2). As
in the case k = 2 above these constraints will be determined once the constraint (1) is developped.

The constraint (1) leads to (appendix 3)

a0+ (72(104’(11 +a2))\+ (ao—al +a2))\2

REYE -

Now by setting in the numerator the coefficients of A and A\? to zero one obtains two additional constraints
—2ap+ a1 +ax =0
ag—ai1 +as =0

and as a consequence

ap = (1 = \)?
For the solution of the above system of linear equations one finds ag = 2as and a; = 3as. Therefore
Fo = a2+ 3n+n?)A"
=as(n+1)(n+2)A"

Applying the second constraint (2) to F;, leads to (appendix 3)

and

Now az = 4 and hence

Fn:(n+1)(n+2)< %_) 1
? trs/) (1+5)

which is the expression of the negative binomial distribution for k = 3.

We now turn to the general case and consider the following linear recurrence relation
Foiv+eaFnik—1+caFpyp—o- -+ caFpio+cp1Fnt1 +cFn=0, n>0
where ¢y, - - -, ci are real constants. Its characteristic equation given by
\F cl)\k_l + CQ}\k_2 cei e N+ Ch_1A+c =0

may have different roots and we are interested in the case of a unique root with multiplicity k£ denoted in the following .

In the latter case the solution of the linear recurrence relation above is given by
F, = (ao +ain+am®+--+ap_on® 2+ ak,lnkfl) A"

where 0 < A < 1 and ag, - --,a—1 are arbitrary constants.

There are k + 1 constants (ao, - -+, ax—1 and A) to be determined while there are two constraints (1) and (2). One then
needs k — 1 additional constraints and as in the special cases treated above these constraints will be determined from the
constraint (1).

The constraint (1) leads to

n=0
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o0
= Z (ao +an+am®+ -+ ap_on* 2 + ak,lnkfl) At =1

n=0

oo oo o0 oo o0
= ag Z A"+ ap Z nA\" + as Z A" 4+ ap_o Z PN 4 ap g Z nkFmIAm =1 (3)
n=0 n=0 n=0

n=0 n=0

Now ‘
nl = Z S, i)(n); (4)

=0
(n—i+1)

where S(j,4) are the Stirling numbers of the second kind [3,4] and (n); is the falling factorial (n); = n(n—1)-

with (n)o = 1. Reporting (4) into (3) leads to

aoZA”+alz [ZS (1,4)
n=0 L:=0
+ak—2z

n=0

And by swapping the sums ) and )", one is lead to

+az Y S(2,4) [i

Z k—2,4)(

=0

oo

aozvmzsu lz

n=0

oo

+ag_o Z Sk —2,1) lZ(n) A

n=0

n=0

k—1 [e'S)
+ak_1ZS(kz—1z [Z ] 1

=0 n=0

Now
Z(n)i)\" = Zn(n— 1) (n—i+ 1A = )\iZn(n— Do(n—i+ 1A= )\iz (dcii)\n)
n=0 n=0 n=0 n=0 (6)

i 1 , 1 ipx
n| — )\ =) — gl _ — _
d)\’b (Z A ) d)\’b (1 _ A) Al (1 . )\)’L“rl (1 . )\)’L“rl

Now one reports (6) into (5) to get

. ; 3 . ;
IPX DX
ta E:S217.+a N S(3i) ey +
)erl 21 - (1_)\)Z+1 3i:0 ( )(1_)\)Z+1
k—1 . :
IPX

DY
+ag_ QZS *21 _)\)z+1+ak 1ZS 712)mf
1=0

And by ordering following the powers of ﬁ one arrives to

1
--+ak_28’(k:—2,0)+ak_15( -1 0)] T
A

—+ [(IlS(l, 1) —+ (J,QS(2, 1) —+ 0,3,9(37 1) + .+ ak,QS(k — 2, 1) =+ ak,1S(kZ — 1, 1)] (1 )\)2

2102
o4 ak,QS(k -2, 2) + ak,1S(kJ —1, 2)] (1 ~ )\)3

RIDY
+[asS5(3,3)+ -+ ar—25(k—2,3) + ar—15(k — 1,3)] a )\)4

[ao + alS(l, 0) + GQS(Q, 0) + a3S(3, 0) +

+ [a25(2,2) + a35(3,2) +

(k — 3)1 \F—3

+ Jax—3S(k — 3,k —3) + ap_2S(k — 2,k — 3) + ax_1S(k — 1,k — 3)] Lo
(k—2)I\k=2
+[ah—2S(k— 2,k —2) + ar_15(k — 1,k — 2)] T

_ 1 Ye—1
+ ak_15(k —1,k— 1)%
(1-2X)

=1



Now S(7,0) =0 for j > 1 [3,4] and then the equation above reduces to

1
“OTN
A
—+ [(IlS(l, 1) —+ (J,QS(2, 1) —+ 0,3,9(37 1) + .+ ak,QS(k — 2, 1) =+ ak,1S(kZ — 1, 1)] (1 )\)2
21 \2
+ [GQS(Q, 2) + 0,3»9(37 2) + .+ ak,QS(k — 2, 2) + ak,1S(kZ — 1, 2)] (1 )\)3
313

4

+[asS(3,3) + - + ax—2S(k — 2,3) + ar_1 S(k — 1,3)] q

(k—3)I\F=3
+ ar—3S(k — 3,k — 3) + ap—2S(k — 2,k — 3) + ax_1S(k — 1,k — 3)] LN
(k—2)1 \F—2
+ [ak—2S(k = 2,k = 2) + ap1S(k — 1,k = 2)] —————
(1=
(k— 1)1 A1
(L=N"
=1

+ap_1Sk-1,k—1)

By setting to a common denominator in the above equation one gets

-
(1=
k—2
4ﬁmSOJ)+@S@J%+%S@J)+“U+%45®_2J%+%45®_1J”i%:%%_
eTa - a — M
+a—2S(k - 2,2) + ap—1S(k - 1,2)] 2
k—4
4[%Swﬁ)+”.ﬂuzsw23)Huls@13H§A%L%%;_

ao

+ [a25(2,2) + a35(3,2) +

(k—3)I A3 (1= \)?

+lan-S(k =3,k = 3) + a-aS(k = 2.k = 3) + aea St =Lk =3 =
(k — 2)I\F=2 (1 — \)
—|—[ak_QS(k—Q,k—2)+ak—1S(k_1ak_2)] (17>\)k
(k- D

tap1Sk—1,k—1
k=15 ) (1= N)F

=1



Now the expansion of the powers of (1 — ) in the numerators leads to

LS G N

(1-N"
A 2ol (=)
+[a19(1,1) + a25(2,1) + a3S(3,1) + - -+ + ap—2S(k — 2,1) + ap_1S(k — 1,1)] Z_(i kx)i( )
AN B0 (—))
+ [a25(2,2) + a35(3,2) + - + ak—25(k — 2,2) + ap_1 S(k — 1,2)] 2(11_0 )\];kg( )
NSO (—N)
1+ [a35(3,3) + - + ap_2S(k — 2,3) + ap_1S(k — 1,3)] ZEIO A’;;f( :

(k=3I N3 (1= \)?

+lan-S(k =3,k = 3) + a-aS(k =2k = 3) + aea Sl =Lk =3 =
o 22y
+ Jap—2S(k — 2,k — 2) + ar—1S(k — 1,k — 2)] T
1oz DIAT
+ap1S(k—1,k—1) B
=1



The terms are then grouped following the powers of A

TorCh
+{~aCs_,
+arS(1,1) + a2S(2,1) + a3S(3,1) + - + ar—aS(k — 2,1) + a1 S(k — 1,1)] C)_,} ﬁ
+{a0Ci_,
—[a1S(1,1) + a28(2,1) + a3S(3,1) + - - - + ap—2S(k — 2,1) + ap_1S(k — 1, 1)] C}_,
+21[a25(2,2) + a35(3,2) + - + ax_2S(k — 2,2) + ar_1S(k — 1,2)] CY_y} Aii)k
+ {faOC’,i’_l

+[a1S(1,1) + a25(2,1) + a3S(3,1) + - - - + ar_2S(k —2,1) + ax_1S(k — 1,1)] C7_,

—21[a28(2,2) + a3S5(3,2) 4+ - + ax_2S(k — 2,2) + ax_1S(k — 1,2)] C}_,

A3
+3![a35(3,3) + -+ + ap—25(k — 2,3) + ap—1S(k — 1,3)] CR_4 } TG
+’{006%71
—[a18(1,1) + a25(2,1) + a3S(3,1) 4+ - - - + ap_2S(k —2,1) + ar_1S(k — 1,1)] C; _,

+2[a25(2,2) + a3S(3,2) + - - + ax_2S(k — 2,2) + ar_15(k — 1,2)] C2_,

A4
+4! [asS(4,4) + a5S(5,4) + - - -+ ar_2S(k —2,4) + ar_1S(k — 1,4)] Cp_ 5}7

)
(

-3! [a35(3,3)+a48’(4,3)+---+ak_25( — 2, 3 —l—ak 15(/{3—1 3]Ck 4
( V)

+{(=1)"PaCi Y

+H(=1)*3[a1S(1,1) + a2S(2,1) + a3S(3,1) + - -+ + ap—2S(k — 2,1) + ap_1S(k — 1,1)] CF =3
+H(=1)*121[a25(2,2) + a35(3,2) + -+ + ag—2S(k — 2,2) + ax_1S(k — 1,2)] Cy 3
+(=1)"°3![a35(3,3) + asS(4,3) + - - + ag—2S(k — 2,3) + ax_1S(k — 1,3)] Cy =2
+(=1)"%41 a4 S(4,4) + a55(5,4) + - - + ax—2S(k — 2,4) + ax—_1S(k — 1,4)] C; =&

+(=1) (k — 3)! [ax_3S(k — 3,k —3) + ar_2S(k — 2,k —3) + ap_1S(k — 1,k — 3)] C3
Ak72
(1-N"

+(=1)°%k — 2)! [ag—2S(k — 2,k — 2) + ap—1S(k — 1,k — 2)] C}}

+{(-D)* aoCy]

+

DF21a15(1,1) + a25(2,1) +a3S(3,1) + -+ ax_2S(k — 2,1) + ar_1S(k 71,1)]015:22

(—1) ) +

+(=1)*7321[a25(2,2) + a35(3,2) + -+ - + ag—2S(k — 2,2) + ax_1S(k — 1,2)] Cy 3

+(=1)*13![a35(3,3) + a1S(4,3) + - + ag—2S(k — 2,3) + ax_1S(k — 1,3)] Cy 4
(—1) (

1)E541[a45(4,4) 4+ asS(5,4) + - - + ap_2S(k — 2,4) + ap_1S(k — 1, 4)]0,’: 5

+

+(=1)%(k — 3)! [ax—3S(k — 3,k — 3) + ax—2S(k — 2,k — 3) + ar_1S(k — 1,k — 3)] C3

(=D k= 2)! [ag_2S(k — 2,k —2) + ar_1S(k — 1,k — 2)] C}
Akfl
e

7

H(=1)°(k — 1)l ag_1S(k — 1,k — 1)C0}



To obtain the additional constraints one sets the coefficients of \™, with m > 1, to 0. Setting the coefficient of A to 0

yields the first constraint
—agCh_y + [a1S(1,1) + a25(2,1) + a3S(3,1) + -+ +ap_2S(k — 2,1) + ap_1S(k —1,1)]CP_o =0
which leads
a1S(1,1) + a25(2,1) + a3S(3,1) +-- -+ ap_2S(k —2,1) + ar_1S(k —1,1) = agC} _, (7)

where C})_, = 1 was used.

With the coefficient of A\? set to 0 one gets the second constraint
aoCi_y — [a1S(1,1) +a25(2,1) + a3S(3,1) + - - - + ap—2S5(k — 2,1) + ap_1S(k — 1,1)] Cp_,

+20[a25(2,2) + a3S(3,2) + - - + ap_25(k — 2,2) + ag_1S(k — 1,2)]C_, =0

Using the first constraint (7) and CP_, = 1 one gets
aoC?_ — aoCt_Ch_o +21[a25(2,2) +a35(3,2) 4+ - + ax_2S(k —2,2) +axr_1S(k —1,2)] =0

Now

0%710;72 = 20}%71

and then
2

C
a25(2,2) + a35(3,2) + - - + ax_2S(k — 2,2) + ar_1S(k — 1,2) = ag ’;'—1 (8)

The third constraint is obtained by setting the coefficient of A3 to 0

70,002_1 + [(11S(1, 1) + (IQS(Q, 1) + (135(3, 1) + 4 ak,QS(k — 2, 1) + ak,lS(k -1, 1)] C]%_Q
—2![a25(2,2) +a35(3,2) + - - -+ ar_2S(k —2,2) +ar_1S(k —1,2)] C}_5
+3![a35(3,3) + - -+ ar_2S(k —2,3) +ar_1S(k —1,3)]CY_, =0

Using the first constraint (7), the second one (8) and Cp_, = 1 yields

02
—apCp_y 4+ agCi_CE_o —2'ag k;l Ct_s+3'a358(3,3) + -+ ar2S(k —2,3)+ar_1S(k —1,3)] =0

2
Now
Cli—lclg—Q = 301%—1
0137101%73 = 30}371
and then
03
a3S(3,3) + -+ ap_25(k — 2,3) + ap_15(k — 1,3) = ag ’;;1 (9)
Now we suppose that the constraint for some j is given by
Cy_
aJS(JaJ) + aj"rlS(j + 1).7) +---+ ak—QS(k - 23]) + ak—ls(k - 13]) = ap ;' ! (10)
and show that it holds for j + 1 e.g.
J+1
aj 15+ 1,7 +1)+aj428( +2,5+1)+ -+ ar—25Sk—-2,7+1)+ar—1Sk—-1,7+1) =ao G fll)' (11)

Setting the coefficient of M1 to 0 one gets



1 j+1aocii—}
1) [a1S(1,1) + a2S(2,1) + - - - + ap—2S(k — 2,1) + ar_1S(k — 1,1)] CJ_,

(1)
+(-1)
+(—1)7712[a25(2,2) + a3S(3,2) + - -+ + ag—2S(k — 2,2) + ap_1S(k —1,2)] O} 3
+(—1)7723![a35(3,3) + asS(4,3) + - - + ar—2S(k — 2,3) + aj_1S(k — 1,3)| Ci 2
+(=1)

177341 [a4S(4,4) + a5S(5,4) + -+ + ap_2S(k — 2,4) + a1 S(k — 1,4)] C] 3

+(=1)'a;8(, 5) + aj+18( +1,5) + - + ax—28(k — 2,5) + ax-1S(k — 1, /)] Cy_;_,

+ (DG + ) aj1SG + L+ 1) +ajr2SG+2,5+1) + -+ ar—2S(k —2,j+ 1)+ ap—1S(k — 1,j + 1)]C_; 5 =0
By reporting the expressions of the first j constraints given by eq. (10) one gets

(P a0+ (100G Oy + (1P 0GR O+ (P0G O + (PG, O 44
(—1)'aoC_Ci_j 1+ (G + ) aj+1SG + 1,5+ 1) + aj42S( + 2,5+ 1)+ + ap—2S(k —2,j + 1) + ap—1S(k —1,j +1)] =0

where C,g_j_2 =1 was used.

Now
i pi—it _ (B! (k—i—1)
Gt it = 0 D G i+ D= —2)!
B (k—1)!
Al — i DIk -G —2)!
_ G+ (k—1)!
dG—i+ DG+ DIk —j—2)!
= C;'Hcljci
-t

Reporting this identity above yields

(—1) " aoCiE L + (1) aoCl CLF 1 + (1) aoCl O + (—1) 2ao I O + (—1) BagCU el + -+

(—1)'aCi 1 G + (G + D ajs1SG + 1,5+ 1) + ajaSG + 2,5+ 1)+ + apaS(k = 2,j + 1) + a1 S(k = 1,j+1)] =0

Then factoring out C,J:i yields

aoCL [(—1 ! + (1Y Cly + (C1P MG + (F1P2C0 + (1O 4+ (F1)'Chy
+ G+ aj+180G +1,i+1) +a4250G+2,+ 1)+ +ap—2Sk—2,j+1) +ar_1Sk—-1,j+1)] =0

Now by adding the term (=1)°CY, ; — (=1)°C?,, to the bracketed expression in the first line one gets

aoClL, [(*1)#1 (10T + (F1 IO + (C1Y O+ (1RO 4+ (1) O+ (-1)°CY — (1)1
+ G+ a1 SG+1,7+1) +aj 250 +2,5+1)+ - +apr—25Fk—-2,j+1)+ar1Sk—-1,7+1)] =0

Or in a compact form
j+1

-1+ Z(*l)i i1
=0

+ G+ a1 SG+1,i+1) +a;425G +2, 5+ 1)+ +ar oSk —2,j+1)+ar 1Sk —1,j+1)] =0

j+1
aoCy 2y

which results in
aoCLTy [-1+ (1= 1Y)
+ G+ aj+180G +1,i+1) + a5 +2,j+ 1)+ +ap—2Sk—2,j+1) +ar_1S(k—-1,7+1)] =0
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And finally one arrives to
+1
Cily

aj+15(j+ 1,j+1)+a]+25(j+2,]+ 1)+ +ak,25(kz—2,j+1)+ak,15(k7 1,j+ 1) = aom

which is the desired expression (11).

Now by setting to 0 the coefficients of A, with m > 1, one obtains the constraint equations and as a consequence
a
° kclgfl =1
Y
or
ap = (1=N)F
where C}_| = 1 was used.

The constraints are then given by

a15(1,1) + a25(2,1) + a3S(3,1) +--- +ap_25(k —2,1) + ar_1S(k — 1,1) = apC}_,

02
a25(2,2) + a3S(3,2) 4 - - - + ar_2S(k — 2,2) + ar_15(k —1,2) = ag ’;—1
3
a35(3,3) + - +ap_2S(k —2,3) + ar_15(k —1,3) = a I;;_l
Ck*?
an—oS(k —2,k—2)+ap_18(k —1,k—2) = aoﬁ
ot
_ —1,k—1)= =
ak-15(k =1,k —1) K
Or in a matrix form
0
a0~
1
o a0t
aq c?
k—1
as oo
3
Sk as =1 ao C’;;’l
k-2 ope
ah1 aO(k;Q}
Cry
W TE-1)1
where
5(0,0) 0 0 0 - 0 0
0 S(1,1) S(2,1) S(3,1) ---  S(k—2,1) S(k—1,1)
0 0 S(2,2) S(3,2) ---  S(k-2,2) S(k—1,2)
S, = 0 0 0 S(3,3) ---  S(k—2,3) S(k—1,3)
0 0 0 0 0 S(k—2k—2) Sk—1,k—2)
0 0 0 0 0 0 Sk—1,k—1)

is the k x k Stirling matrix of the second kind. It’s an upper triangular matrix; its inverse matrix is the upper triangular
matrix s; whose entries are the signed Stirling numbers of the first kind [5,6] and is called the Stirling matrix of the first
kind. Hence

Chs

a0

1

ag Cr_1
ao—q

aj c?
k—1

az a0 g
Ciy

as = Sk agp 31
Qf—2 a0 ey
ax—1 (k—2)!
Ck—l
a0 —1

10



where

Then
a1 = ap
a9 = Qg
az = ap
ag—2 = ao

ak—1 = aps(k —

Sk

s(

Or in a compact form

$(0,0) 0 0 0 0 0
0 s(1,1) s(2,1) s(3,1) - s(k—2,1) s(k—1,1)
0 0 s(2,2) s(3,2) - s(k—2,2) s(k—1,2)
_ 0 0 0 s(3,3) - s(k—2,3) s(k—1,3)
0 0 0 0 0 s(k—2k—2) s(k—1,k—2)
0 0 0 0 0 0 s(k—1,k—1)
B i -1 i
1,1 2,1)—= 1)L 4 —2,1)—t= ~1,1
1) +5(2,1) +s@, ) —= +- - +s(k -2, )(k 2)!JrS(k‘ ;
2 03 Ck—2 k—1
9 9y k=1 o) k=1 _ 9 9)_k-1 1 9)_k=t
Gy Ci Cilt 5y
4 _ —
3,3) T (4,3) TR + s(k ,3)(k 2 + s(k ,3)(1%1)!
Cisi i1
— 2 k—2)—A=L —1,k—2)—=
k—2,k )(k72)!+s(k K )( —
k—1
1Lk—1
’ )(k—l)!
k—1 CZ
aj=aoy_ s(i,j)—t, 1<j<k—1
— 1.
i=j

For practical reasons in the next step it’s convenient to express the a;’s as functions of ax_1.
J

Now

and since s(k — 1,k — 1) = 1 and C}~{ =

Then

Ch
%:amﬂkaE:q@njf,

This sum is then evaluated and leads to (appendix 4)

aj = ag—1|s(k,j + 1)|,

where |s(i, j)| are the unsigned Stirling numbers of the first kind [5,6].

Then

Fy,

k—1
ap—1 = aps(k — 1,k — 1)ﬁ
aof(k—l)!ak 1
k—1 i
0<j<k-2
i=j
0<j<k-2
n* =2 4 ap_qn” 1))\"

(ao +ain+agn® 4+ Fag_o

= aj_ 1[|sk1|—|—| (k,2)|n + |s(k, 3)|n? + -

k—
= ag_1 | (k,i+1)|n‘\"
i=0

=ap—1(n+1)(n+2)---(n+k—

1)A"

+[s(k, k — 1)[nF~2 4 nF1] A"

where use was made of some properties of the unsigned Stirling numbers of the first kind [5,6], say

k—1

> Is(kyi+1)n' =

i=0

(n+1)(n+2) -

11

n+k-1)




and

|s(k; k)| =

Applying the constraint (2) leads to

inFn:ak_lin(n—i—l)(n—l—Q)---(n—l—k:—1))\":ak_l)\in(n—i—1)(n+2)---(n+k—

n=0
> gk het dF Rl k1
= ak_lAnz:%WA = ap1 Ao Z)\ = aj— 1ACN A Z)\
db (A d* k=2 _ yk—3 _ 1
= AR <1 —)\> = A ( N m)
N ag k! (1-=NF k! kA
= k-1 = =

(17>\)k+1 - (kfl)!)\(lf)\)’“rl - (kfl)!)‘(liA)kJﬂ ~ 1

From which one deduces

Therefore
F,=ap-1(n+1)(n+2)---(n+k—1)A"

:ﬁ(n+1)(n+2)u~(n+k71))\"
k
:%(n—kl)(n—i—m---(n—i—k—l))\”
B m+1)n+2)---(n+k-1) ,
== (k—1)! A
1 D@4 mtk—1) [T
1+ (k—1)! 1+
_ (442 k- F\" 1
(k=1) IR VAR

which is the expression for the negative binomial distribution.

Appendix 1.

Consider the linear recurrence relation

F,=AF, 1
with 0 < A < 1. Its solution is given by
F, = \"F,
One then enforces on F;, the two constraints
o
> Fu=
n=0
oo
Z nkF,=n
n=0

For the first constraint one has

iFn = i)\"FO :Foi)\" =
n=0 n=0 n=0
=1
and then Fp =1— A,

12
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For the second constraint one has
oo oo oo
Z nF, = Z nA\"Fy = Fy Z nA"
n=0 n=0 n=0

=n

;mn )\Zn)\” —)\Z—)\ = <Z)\>—)\ (1/\)=(1_A)2

Now

Then

A
= Fy 5 = n
(1=2X)
From the first constraint one has Fy = 1 — X\ and then
A
1-x "
= A= i —
1+7n

Appendix 2.

The solution of the linear recurrence relation
FnJrQ + CanJrl + CQFn = 0, n Z 0
is given by
F, = (ap + a1n)A\"
in the case of a single root A of multiplicity 2 (see text).
There are three constants ag, a; and A to be determined while there are two constraints (1) and (2). One then needs one

more constraint.

The constraint (1) leads to

ZFn:Z(ao—i—aln —aOZ)\"—i—alZnA —aOZ)\ —l—al)\Zn)\" 1—a02)\ +a1)\2—)\"
n=0 n=0
s d 1 ap 1
— n el n| _ — A
aongo)\ +a1)\ (Z)\) ao )\—i—al)\d)\ (1>\) 17)\-‘1-&1 (17>\)2

o an + a1>\ o ao(l - )\) + a1>\ - (a1 — ao))\+a0

Sl (=N (1-X0)2 0 (1= (1=))2

=1

Now setting in the numerator the coefficient of A to zero one gets
a]; = Qo

and consequently

apg = (1 7)\)2

Therefore

F, =ap(n+1)A\"

The constraint (2) leads to

ZnF fZaonnJrl *GOZ (n+1)A *ao)\z (n+ 1)A"~ 17@0)\id)\2 :ao)\dd—; (i)\”Jrl)

n=0
. 2 [ A 2
ao)\d)\Q (AZA ) =a0d < _A) = ao/\i(1 SV

=n
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Now

(10:(17>\)2
thus
2 S
T—x "
= \= Eﬁ
1+§
and
(10:(17>\)2
B 1
1+3)

It follows that

Fn(nJrl)(

H
+ |13
o3|
v
3
—
=
+ =
I3
S—
[V}

which is the negative binomial distribution for k = 2.
Appendix 3.

The solution of the linear recurrence relation
Foys+aFuiotcebu+ceb,=0, n>0
is given by
F, = (ap + a1n + agn®)\"

in the case of a single root A of multiplicity 3 (see text).
There are four constants ag, a1, az and A to be determined while there are two constraints (1) and (2). One needs two
more constraints which will be determined once the constraint (1) is worked out.

The constraint (1) leads to

ZF —Zao—l—aln—l—agn —aOZ)\ +alzn)\ +a22n2)\"
n=0
=1

Now

n>=n(n—1)+n

and then

ZFn:aOZ)\”+alznA"+aQZn2)\":(IOZ)\"JralZn)\”qLaQZ[n(nf1)+n])\”
n=0
:aOZ)\ + (a1 + a2) Zn)\ +a22 (n—1)A *aOZ)\"qL a1 + as )\Zn)\" 1+a2)\22 (n—1)A"" 2

n=0 n=0 n=0
d d?
=aq )\ + (a1 + az)\ ( )\")+ oA? (—)\")
= aonz:%w (a1 + a2) )\— (Z A”) +a2)\2d>\2 <Z A")

1 d 1 d? 1 1 1 2
A N | — ) =a0— A Fag\——
o et dA( A)+ e (1A) oy e te) IS R TRV

- an (1 7)\)24* (a1 +a2))\ (1 7)\) +2(12>\2 o a0+)\(72a0+a1 +a2)+)\2 (ao—al +a2)

(- 1A

ao

=1
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Now by setting in the numerator the coefficients of A and A\? to zero one obtains two additional constraints

—2ap+ a1 +ax=0

ag—ai1+as =0

and as a consequence

apg = (1 — )\)3
For the solution of the above system of linear equations one finds ag = 2as and a; = 3as. Therefore

Fo = a2+ 3n+n?)A"

=as(n+1)(n+2)A"

The constraint (2) leads to

_ n—1 __ n+2 _ n+2
;nFn—Tgagn(n—i—l)(n—i—QM —ag)\z (n+1)(n+2)A ag)\z (d)\3)\ ) —ag)\w <z_:)\ )

n=0 n=0
& [ N2 3 1 6
A [(A237 A7 | = aA =ahee (A1 4 —— | = ash————
- dA3< E: ) a2 dA3( A) E ( +],A) TN
=7
Now
aop
o= %0
D
INCERE
2
Thus
= A
>k =75
n=0 -
=N

from which one deduces

A=
1+ 3
and
ao = (1-)\)°
B 1
(1+3)
Finally

F,=ax(n+1)(n+2)\"

=D £ 1) (n+2)A"

2
*;n n %_
2O+§f(+m(+m<1+%>
_ (et D(n+ 2)( %_)" 1

2 1+5) (1+5)

which is the expression of the negative binomial distribution for k = 3.

Appendix 4.

The expression for a; will be evaluated by the Snake Oil method [7] which makes use of the generating functions. The

expression for a; is given by




Now the binomial coefficient C’,L ; vanishes for 7 > k — 1 and then the expression for a;

k—1

a; = ap—1(k s(

= ap-1(k — 1)!2 (i, 5)

>3]

<.
<.

Ck 1

—akl

Ck 1

To evaluate this expression with the Snake Oil method we set

. Qj
ak—1
CZ
= (k=1 s(is )=+
1>7
This expression is then multiplied by % and summed over k
o Ci_ :L'k71
kaj ) =Y =)D s, )= ]
k>1 k>l i>j )
Cl
DR ITE
k>11i>j

The two summations on the RHS are then interverted so that

Zf/w 1)!=Z

k>1 (2]

S(’Laj) 1 —
il > Cigzt!

k>1

Now using the generating function technique [7]
i

i k—1 _ z
> Cigatt = A=t

E>1
And then 1 (i) )
xvT s(t, 7 z*
k = .
> I D= Z (1 - gyt
k>1 i>7
1 s(i,j)
B 17502 il (1 —x)
127
_ 1 s(i,4) i
Cl-x Z i!
127
where u = .
Using again the generating function technique [7]
s(ing) ; _ [In(1+w)
>~ = ;1

127

which is the expression for the generating function of the unsigned Stirling numbers of the first kind.

k 1 B 1
1)

[in(1 + u))’
1—=z 4!

kaj

k>1

Replacing u by its expression u = % leads to

-1 In(1+ % ’
ka:y 1)!= . [ ( ; )}

k>1

may be written as

It follows that



Now the expression between braces is the generating function for the unsigned Stirling numbers of the first kind e.g.

j+1
= ) s(i, g+ 1) 5

(j+ 1) ] i!
It then follows that

.’L'k_l ZCi
Zf(kaj)m = % > st i+ DI

i>j+1

= > Is(ig+ 1)l

; |
S (1 —1)!

i—1

X

Now by picking up the coefficient of % on the RHS one is lead to

f(k,5) = |s(k, 5 + 1)

and then

aj = ak-1|s(k,j+1)|
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