The formula of number of twin prime
Oh Jung Uk

Abstract

If m,(bn+ 1) is the number of twin prime of 6n+1 or less then the formula of
m,(6n + 1) is described below.
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where, 8;(6k) = {t(6k — 1) — 2} + {T(6k + 1) -2}, .

1. Introduction

We build the formula to discriminate twin prime and we study to build the formula of the number
of twin prime of N or less by using p(N) defined in paper “The formula of ©(N)” [] of myself.
And, we study to express the formula of the sequence of ordered pair of twin prime.

In addition, we express the formula of m,(6n + 1) with mw(6n + 1) by using apple box principle in
theorem [6].

2. The formula of number of twin prime

Definition 1. We apply same definition of paper “The formula of ©(N)” [] of myself.
Definition 2. For arbitrary d

0, if allof 6n — 1,6n + 1 is prime, that is, twin prime }

Let us define f;(6n) = {d, if one or more of 6n — 1,6n + 1 is composite number
Definition 3. Let us define

(6n) = { 0, if allof 6n — 1,6n + 1 is twin prime }
pelON) = 1,if one or more of 6n — 1,6n + 1 is composite number

Definition 4. Let us define m,(N) as the number of twin prime of N or less.




Theorem 1. B,(6n)

B:(6n) could be used by the one of formula below.
Bi(6n) = p(6n—1) + f(6n + 1)

B:(6n) = p(6bn —1) + p(6bn + 1)

Br(6n) ={l(bn—-1) =l(6(n—1) =D} +{l(bn+ 1) = l(6(n — 1) + 1)}
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Proof 1.

(prime = green, twin prime =red )

N=6n-1 N=6n+1
n I N P=6p+1 P=6p-1 N P=6p+1 P=6p-1
p= | 2 3 p=| 2 3 p=| 2 3 p= | 2 3
1 1 1 1
1 5 7
2 11 13
3 17 19
4 23 25 5x5
5 29 31
6 35 7x5 5x7 37
7 41 43
8 47 49 | 7x7
9 56 55 5x11 11x5
10 J| 59 61
11 65 13x5 5x13 67
12 I 71 73
13 Il 77 | 7x11 11x7 79
14 83 85 5x17 17x5
15 89 91 7x13 | 13x7
16 95 19x5 5x19 97

We express the multiple of N = 6n + 1 type in the table . We display the row that the

(Table 1.1) multiple, prime, twin prime of N = 6n+ 1 type

multiple does not exist to green and we display the twin prime that all of 6n —1,6n+ 1 is

prime(green row) to red.




According to “definition 4 in paper The formula of ©(N)” [] of myself,

let us define if 6n — 1 is composite then g(6bn —1) = q,

if 6n+ 1 iscomposite then g(6n + 1) = b.

If all of 6n — 1,6n 4+ 1 is composite then
Bn—1)+p6n+1)=a+b,p6n—-1)+p(6n+1) =2

If one of 6n — 1,6n + 1 is composite then
Bbn—1)+p6n+1)=aorb,plbn—-1)+p6n+1) =1

If all of 6n — 1,6n + 1 is prime,that is,twin prime then

Bn—-1)+p6n+1)=0,p(6n—1)+p(bn+1) =0
So, p(en —1) + B(6n + 1),p(6n — 1) + p(6n + 1) is satisfied with the definition of g;(6n).
Therefore, B;(6n) = p(6bn — 1) + (6n + 1), B:(6n) = p(6n — 1) + p(6n + 1).

According to “definition 4, definition 6, theorem 2 in paper The formula of w(N)” [] of

myself,

if 6n — 1 is composite thenl(6n —1) —l(6(n—1)—-1)>0,r(en—1)—r(6(n—1)—-1) >0
ifébn — 1is prime thenl(6n—1) - l(6(n—1)—-1)=0,r(n—1) —r(6(n—1) —1) =0,

if 6n + 1 is composite then l(6n+ 1) —l(6(n—1)+1) > 0,r(6n+ 1) —r(6(n—1)+1) >0
if 6n + 1is prime then I(6n+ 1) - l(6(n—1)+ 1) =0,r(6n+ 1) —r(6(n—1)+1) =0

Therefore, if all of 6n — 1,6n + 1 is prime then
flbn—-1) —-l6(n—1)—-D}+{l(n+1)-l(6(n—1)+1)} =0,
fren—-1)—-r(6(n—-1)—-D}+{r(n+1)—r(6(n—1)+1)} =0,
if one or more of 6n — 1,6n + 1 is composite then
flln—1) —-l6(n—1)—-D}+{l(n+1)-l(6(n—1)+ 1)} >0,
frekn—-1)—-r(6(n—-1)-D}+{r(n+1)—r(6(n—1)+ 1)} >0
Therefore, all of {{(6bn—1) —Il(6(n—1) - D} +{l(bn+ 1) —Il(6(n —1) + 1)},
fren—-1)—r(6(n—1)—D}+{r(6n+1) —r(6(n—1) + 1)} is satisfied with the definition of
Be(6n).
Therefore,
B:(6n) = {l(bn —1) —l(6(n—1) — D} + {{(n+1) - l(6(n—1) + 1)}
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B(6n) ={r(en—1) —r(6(n—1) — D} +{r(en+1) —r(6(n—1) + 1)}
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If all of 6n —1,6n + 1 is prime then
frbn—1)—-2}+{z(bn+1)—-2} =0+ 0 =0,
fcbn—1)—-(1+6n—-1D}+{ocn+1)—(1+6n+1)}=04+0=0

If one or more of 6n — 1,6m + 1 is composite then

fr(bn—1) -2} + {r(en+ 1) — 2} > 0,

fobn—-1)—-(1+6n—1D}+{o(6n+1)—(1+6n+1)}>0
Therefore,
frbn—1) =2} +{z(bn+1) -2}, {o(bn—1) - (A1 +6n—-1)}+{c(6n+1) — (1 + 6n+ 1)} is
also satisfied with the definition of §,(6n) and according to “theorem 2 in paper The formula of
n(N)” [1]] of myself.
B:(6n) = {r(6n — 1) — 2} + {r(6n + 1) — 2}
6n—1
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B:(6n) ={o(bn—1)—- (1 +6n—1}+{c(6bn+1)— (1 +6n+ 1)}




Theorem 2. p.(6n)
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Proof 2.
Because B:(6n) = p(6én —1) + p(6n + 1) according to theorem ,
If all of 6n — 1,6n 4+ 1 is composite then

Bi(6n) =p6n—1)+p(6n+1) =2

Be(6n) + 1 [2 + 1]
- = =1
2 2
If one of 6n — 1,6n + 1 is composite then
[B.(6n) + 1] 1+ 17

Bi(6n) =pen—-1)+p6n+1)=1- > =|— =1

Ifall of 6n —1,6n + 1 is prime,that is,twin prime then

&®m=p®n—n+p®n+nzo_>m“?+1:zﬂzfzo

6n) +1
So, [%] is satisfied with the definition of p;(6n)

Therefore, p,(6n) = [ﬁt(67;) + 1] pen—1) +p6n+1)+1
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And, if we define p;(6n) = [BB(;(:;)W_ like as “theorem 3 in paper The formula of w(N)”
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Theorem 3. m,(6n+ 1)

1
- (N>2),.
e

Z| -

1 _ 1
ForO<w<—-,weRw= —
2 '’

)

C 20 [ Be(6k) 2 O\ 5‘”<—2m”£t(6k)>
nt(6n+1)=n+1—2pt(6k)=n+1—§z<m>_3nzZ Bt(;)—w

k=1 k=1 k=1m=1
n 0 o o (2mm?Be(6k)
g 2 S mpe(6k) \ _ 2 >y S‘"(nﬁt<6k3—1)
- 3L \nB(6l)-1) 3nls L

Proof 3.

(3,5) isonly that are not twin prime in 6k — 1,6k + 1 type of 6n+ 1 or less,and
if 6k —1,6k+ 1 istwinprimethen 1 —p,(6n)=1-0=1,

if one or more of 6k — 1,6k + 1 iscompositethen 1 —p;(6n) =1—-1=0

So,

T (6n+1) =1+ 2{1 0 (610} =1+ Z 1- Z pu(6k) =1+7n— Zpt(6k)
k=1 k=1 k=1 k=1

=n+1- ) p(6k)-------- 3.1

And, let us define P asasetwhich 6k — 1,6k + 1 istwin prime,
let us define € as aset which 6k — 1,6k + 1 is not twin prime, and let us define
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According to theorem , if 6k — 1,6k + 1 is nottwin prime then p.(6k) = A

A=

if 6k — 1,6k + 1 istwinprime then p;(6k) = A +% ,and

n

let us express z u(k) with the sum of u(k), only if u(k) € Z in 1 < k < n for a certain u(k), Z
Z

because PN C = 9,

D pe(6k) = ) pe(6) + ) pe(6k) -+ (3.2)
k=1 P C




So, if we apply () to () then
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If we substitute w = % to () especially, then
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Theorem 4. Next twin prime of 6n+ 1 type

If we define P = 6p + 1 as be the arbitrary twin prime of 6n + 1 type, and if we define X = 6x +
1 as be the first twin prime of 6n + 1 type after P.

x—1
x=p+1+ p:(6k)
1 pe+1 15 (275722%(6]{1) )
vy T =
—P+1+zk2 1B, (6k) —1 _ZWZ t
—p+1+ Z o (6k)
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Proof 4.

Letus P = 6p £ 1 as be the arbitrary twin prime of 6n + 1 type, and let us define X = 6x+ 1 as
be the first twin prime of 6n + 1 type after P.

p:(6k) =1 because 6k + 1 or 6k — 1 isacomposite numberin p < k < x and

p:(6k) = 0 because 6x + 1 isa prime number. Therefore,

xXx—

x 14
=Z1=Z1+ 1+

=

NgE

1=p+ Z pi(6k) + 1

k=1 k=1 k=p+1 k=x k=p+1
x—1
k=p+1
14 x—1 x x 14 x - x
= QU Q 1E Q1) 0=) 1k ) 1 Z # 2.0
k=1 k=p+1 k=x k=x k=1 k=x k=p+ k=x

=p+1+ Z pt(6k)+2pt(6k)—p+1+ z pe(6K)

k=p+1 k=p+1
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And,for p <k < x, ppyin(6k) =

B (6k)
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_Belol)

B (6k) < 2.that is,

so,according to theorem ,if we arrange the above formula then

x—1
x=p+1+
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Theorem 5. Sequence of ordered pair of twin prime of 6n + 1 type

If we define the sequence of ordered pair of twin prime of 6n + 1 type as

{(6p; — 1,6p; + 1), (6p, — 1,6p, + 1), ...}, thatis, {(5,7), (11,13),(17,19), ...} then the following
formula is always true for all positive integer n

Pn+1

Pn+1 =Pnt1+ Z pe(6k)
k=pnp+1

Proof 5.

Let us define the sequence of ordered pair of twin prime of 6n + 1 type as
{(6p; — 1,6p; + 1), (6p, — 1,6p, + 1), ... },that is,{(5,7),(11,13),(17,19), ...}
If we define below (5.1)) according to theorem 4] then

Pn+1

Prss =Pat 14 D py(6k)-omeeerr 5.1)
k=pnp+1

When n =1, the first twin prime is (5,7) and p; = 1, the second twin prime is (11,13) and
pz == 2

D2 2
py=2=p +1+ Z p(6k)=1+1+ Z p(6K) =1+ 1+ p, (6% 2)
k=p1+1 k=1+1

=14+1+0=2
So, (5.1) is true when n = 1.

When m = n, if we suppose that (5.1) is true then

Pm+1

Prir =P 1+ ) p(6k) rreeeeeee (52)

k=pm+1

Because (6k — 1,6k + 1) for k, pi1 < k < pm4o 1S all composite,so p;(6k) = 1 and
because (6p;42 — 1,6Pmeo + 1) istwin prime,so p:(6pm42) = 0. Therefore,

Pm+2 Pm+2—1 Pm+2 Pm+2—1 Pm+2
Y o= ) pel+ Y pe= Y 1+ > 0
k=pm+1+1 k=pm+1+1 k=pm+2 k=pm4+1+1 k=pm+2

= Pm+2 — Pm+1 — 1,50,

Pm+2

P (6k) = Dmyz — Pma1 — 1--mmmmmmmmm- (5.3)

k=pm4+1+1
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Pm+2

If we add Z (61

k=pm+1+1

to both sides of (5.2) then

Pm+2 Pm+1 Pm+2
Pt ) PO =put 1+ Y p6)+ ) p(6k) e (5.4)
k=pm+1+1 k=pm+1 k=pm4+1+1

If we substitute (5.3) to left side of (5.4) then

Pm+1 T Pmez —Pme1 — 1 =DPmaz — 1

Pm+1 Pm+2
=Pt 1t D 60+ D py(6k) oo (55)
k=pm+1 k=pm41+1
Pm+1
Because p = s = 1= Y pe(6)
k=pm+1

from (5.2), if we substitute this formula to p,,, of (5.5) then

Pm+1 Pm+1 Pm+2
Pz =1 = pua=1= ) pO+1+ Y pE+ D p6h)
k=pm+1 k=pm+1 k=pm41+1
Therefore,
Pm+2
Pmez= P b1+ Y pp(6k) oo (5.6)
k=pm41+1

And, if we sustitue m + 1 to m of (5.2) then

Pm+1+1
Pm+1+1 =Pm+1 + 1+ z pe(6k) -
k=pm+1+1
Pm+2
Pmsz =Pmar 1+ ) p(6k) rrneeee (5.7)
k=pm4+1+1
Therefore, (5.1) is always true for all positive integer n, because (5.6)) is same as (5.7),
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Theorem 6. Apple box principle

Space of Box Apple Box A Apple Box B
1 (R space)

@
2 (M space) % @
3 (G space) @ @

(Table 6.1)

Let us 2 apple box A, B be divided by space like Table . Let us box be full filled and the kind of
apples be only red and green. Let us the apple mixed red and green be not exist. That is, there’s no red
nor green apple.

Now, let us define n as the total number of space of apple box and let us define r as the total
number of red apple and let us define g as the total number of green apple.

Let us define ny as the number of space of all red apple like no 1 space,

let us define n,, as the number of space of one red apple like no 2 space,

let us define n, as the number of space of all green apple like no 3 space.

The following equation is satisfied.

nR=§(r—nM)=r—n+nG

g—nSnGS%(ifg>n)

Proof 6.
In the table , if r is the total number of red apple, g is the total number of green apple then

If n isthe total number of space, if R isthe space that A, B is all red apple, ng is the total number
of R, if M isthe space that one of A,B isred apple, n,, isthe total number of M, if G is the space
that A, B is all green apple, ng is the total number of G then

Because the number of red apple in R is 2,in M is 1,in G is 0,
1
r=2><nR+1><nM+O><nG=2nR+nM—>nR=§(r—nM)

Because the number of green applein R is 0,in M is 1,in G is 2,
g=0xng+1Xny+2Xn; =2n; +ny------------- (6.3)
If we apply (6.3),(6.2) to (6.1) then
2n=r+g=r+QCng+ny)=r+2n+(m—ng—ng)=r+ng;+n—ng
Therefore

ng=r—n+ng
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And, letus g the total number of green apple be larger than n the number of space,thatis, g > n.
First of all, if after we fullfill green apple into A box, and we fill remain green apple into B box then
ng=g—n
If we remove one from A box and we fill the one into B box then
ng=g—n+1
If we remove also another one from A box,that is,remove two, and we fill the one into B box then
ng=g—n+2
Continue using the above way, if we we remove a apple from A box and we fill into B box then
ng =g —n+ a-----—-------- (6.4)
Therefore, n; become bigger.

But, if the green apple filled in B box is same or bigger than the remain green apple in A box then
ng become smaller rather.
In () the remain green apple in A box is n — a, the green apple filled in B box is n,so,

n—aSnG—>n—a$g—n+a—>2n—gSZa%(n—g)Sa

That is, ng is minimum when we remove no one apple from A box,
ng is maximum when we remove (n — g/2) apple from A box.
Therefore,

N9

g—nSnGSg—n+n—%—>g—nSnGS
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Theorem 7. my(6n + 1) expression by using m(6n + 1)

If M isa set of that only one of 6k — 1,6k + 1 isprime, C isasetofthat 6k — 1,6k + 1 isall
composite then

m(6bn+1) = %(7‘[(6n +1)— Z(p(6k —1) + p(6k + 1)))
M
1 n n
=-(nn+1)—2 ) p(6k)+ ) (p(6k —1) + p(6k + 1)))

1 n
=-|n6n+1)—n+ p(6k)>

1 1%
= E(n(6n +1)—n+ Ez@:(p%k — 1)+ p(6k — 1)))

n(6n +1) 1~/ mB(6k—1) np(6k + 1)
7; <nﬁ(6k —1D—1 nB(6k+1)— 1>

1[G oo ()

3n m
M \m=1

Proof 7.
Letus M be a set of that only one of 6k — 1,6k + 1 is prime. 2,3 is only which are not prime of

6k + 1 typeand (3,5) isonly which are not twin prime of 6k + 1 type, so,if we regard prime as
red apple and regard composite as green apple in theorem @ then

n
1
m(on+1) —1=3 (n(6n+1)—2)—zl
M
According to theorem , because p;(6k) =1 when 6k+1€ M

_1
m(en+1)—1= 3 (m(6n+1) —2) —;pt@k) -

1 n
m(on+1) = - (n(6n TESY pt(6k)) ------------- (7.1)
M

When 6k +1 € M , because p;(6k) =1=1+00r0+1=p(6k—1)+ p(6k+1)
if we apply this to (7.1)) then

18



T(6n+1) = %(n(6n +1) - Z(p(6k — 1)+ p(6k + 1))) ------------- (7.2)
M

To brief the formulas, let us
o o (2mn2ﬁ’t(6k)>
np.(6k) Z nﬁt(6k) —1
B (k) —1 -

m:

According to theorem 2

n n n n n n n
1 1 1 1 1 1
Zpt“") =Z(bt‘§+;5t) =th‘zz ;Z th—imw@m}w
M M M M M M M
n

n n
2 2
z pe(6k) = 52 b. + %Z Sp mmemmmmennes (7.3)
M M M

And, according to theorem , B:(6k) = f(6k — 1) + B(6k + 1) and
when 6k +1 € M, B(6k —1) =0o0r f(6k + 1) = 0,50,

np(6k)  mp(6k—1)+np(6k+1)  0+mB(6k+1) nf(6k—1)+0
7B, (6k)—1 nB6k—1) +nB6k+1)—1 0+nB6k+1) -1 mB6k—1)+0—1
0 7B (6k + 1) B(6k — 1) 0
=0-1 7pek+D—-1" mpek—1 -1 0-1

_ mp(6k—1) nf(6k + 1)
_nﬁ(6k—1)—1+nﬂ(6k+1)—1

_ (2mr?B.(6k)\ [(2mm?*B(6k —1) ~ (2mm?B(6k + 1)
Sm(nﬁt(6k) — 1) - sm <nﬁ(6k “1)— 1> +sin (n,b’(6k T 1) — 1)

Therefore,

B nB(6k — 1) nB(6k + 1)
T np6k—1)—1 mB(6k+1)—1

o sin <2mn2,8(6k - 1)) +si <2mn2[)’(6k + 1))

B "M mpek—1—1) "™ \mpek + 1) -1
St_z m

m=1
If we apply (7.2) ,(7.3) to (7.1) then

rén+1) 1~/ np(6k—1) np(6k + 1)
2 _5%: <nﬁ(6k —1D -1 nB(6k+1)— 1>

m(bn+ 1) =

2mm?B(6k — 1) 2mm?B(6k + 1)

_iz":<i“ (nﬁ(6k—1)—1>+5i (nﬁ(6k+1)—1)> _____________ 7.4)

3 m
M m=1
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And, if we apply theorem 3| to () then

n 1 n
n+1- Z p:(6k) = E<H(6n +1)— Zpt(6k)> -
k=1 M

Zpt(6k) =n6n+1)—-2n—-2+2 Z p(6k)
M k=1

If we apply “theorem 4 of The formula of w(N)” [] of myself to the above formula then

Zpt(6k) =2n+2- Z(p(6k —D+p6k+1))—2n—2+ ZZ pe(6k) =
M k=1 k=1

D pe6k) =2 ) po(6K) = Y (p(6k — 1) + p(6k + 1))
M k=1 k=1

If we apply the above formula to (7.1) then

T (6n+ 1) = %(n(6n +1) -2 Z (61 + Z(p(6k — 1)+ p(6k + 1))) ------------- (7.5)
k=1 k=1

If we define € asasetofthat 6k — 1,6k + 1 is all composite then ngz = r —n + ng according to
theorem g, so,

_1 N
nt(6n+1)—1—§ (n(6n+1)—2)—n+;1 -

1 n
me(bn+1) = 2 <n(6n +1)—n+ Z pt(6k)) ------------- (7.6)
C

When 6k—1€C,6k+1€C, p(6k—1)+p(6k—1) =1+ 1 = 2,50,

1
pe(6k) = = (p(6k = 1) + p(6k — 1))wemseeoee (7.7)

If we apply (7.7) to (7.6) then

m(bn+ 1) = %(n(6n +1)—n+ %z(p(6k — 1)+ p(6k — 1)))
C
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