Study of Fermat number
Oh Jung Uk

Abstract

A number of 6n — 1 type is not odd perfect number, Fermat number is not also odd

perfect number.

And, if Fermat number is composite number then Fermat number is factorized as below
when n is odd number, 22" + 1 = 2™*1(3k + 1) + 1)(2"*1(3m) + 1)

3k+1
2

And, all Fermat number for n > 5 is composite number.

when n is even number, 22" + 1 = (2"+1 ( ) + 1) 2™"13Bm)+1)

1. Introduction

We prove that if N = —1(mod 6) then N could not be odd perfect number and Fermat number
could not be also odd perfect number by using the characteristics of N = 6n + 1 type number.
But, we don’t prove that an odd perfect number does not exist in call cases except Fermat number. And,
when Fermat number is a composite number, we prove that Fermat number could be factorized by two
factors of 2™"*1K + 1(From Euler) [] type and we study to express K more specifically. And, we
prove that all Fermat number for n > 5 is composite number by using mathematical induction.

2. Study of Fermat number

Definition 1. Unless otherwise stated, all of the numbers that are used in the contents of the following
is a natural number.

Definition 2. -~ means therefore.

Definition 3. “—,->” is an expression to simplify the distinction between the formula when we expand
the numberical expression. For example, when we expand a + 1 = 0 to obtain a = —1, we express
a+1=0->a=-1.




Theorem 1. Fermat number and ddd perfect number
For an arbitrary natural number N, a number of N = —1(mod 6) type could not be odd perfect
number.

If Fermat number is F, = 22" + 1 then E, = —1(mod 6) and F, is not odd perfect number.

Proof 1. For an arbitrary natural number N, in the case of N = —1(mod 6),
Letus P, P,,..., By, beall divisor of N.

m m
N
For an arbitrary k, T}, = P is also divisor, so,g(N) = Z P, = Z Ty

k k=1 k=1

m m m
Therefore, 20(N) = z P, + Z Ty = Z(Pk + Tk)
k=1 k=1 k=1

According to “theorem 1 in paper The formula of (N)” [2] of myself,
if N=PT then P=1,T = —-1(mod 6) or P = —1,T = 1(mod 6), s0, P, + T}, = 0(mod 6).
Therefore,

20(N) = Z(Pk +Ty) = 0(mod 6) ------------- (1.1)
k=1

Because o(N) = 2N and N = —1(mod 6) according to the definition of odd perfect number [
20(N) =2 X 2N =2 X —2 = —4(mod 6) ------------ (1.2)

Therefore, if N = —1(mod 6) then N is not odd perfect number because () and () is different.
Let us define F, = 22" + 1.

E,=22"+1=-241= —1(mod 6) because 2" iseven number.

Therefore, Fermat number E, is not odd perfect number according to the above result. =




Theorem 2. Factor of Fermat composite number
When F, = 22" 4+ 1 is a composite number and E, is factorized by two factors,
if we define F, = PT then P = 2™*1K + 1(where K is positive integer)(From Euler) [] and
T isalso T = 2""1M + 1. That is,
E,=22"4+1=PT ="K+ 1" M+ 1)

And each factors P, T is same as following equations.
when n is odd number,
P=2"1K+1=2"13Bk+1)+1=—-1(mod 6),k = 0,1,2,3, ...
T=2"M+1=2""103m)+1=1(mod 6),m=1,2,3, ...
(But, if k isoddthen m iseven, if k iseventhen m isodd)
when n is even number,

3k+1
P = 2M1K +1 = 2n+1 (T) +1=—1(mod 6),k = 1,3,5, ...
T=2""'M+1=2""13Bm)+1=1(mod 6),m =1,2,3, ...

is odd then m is odd, if

(But, if is even then m is even)

3l+1
For reference, if we make K, M to the sequence of {3k +1, — Sm} type then

3l+1

3k + 1, ,3m¢ = {{1,2,3},{4,5,6},{7,8,9} ...
{ }=1 )




Proof 2.
When F, = 22" +1 isacomposite number, let us define F, = PT,P = 2"*1K 4+ 1 because
21K + 1|E,(From Euler) ]. According to “theorem 1 in paper The formula of ©(N)” [] of
myself, when 2"*1K + 1 = —1(mod 6), if we define P = 2"*"1K +1=6p — 1,T = 6t + 1,
F, =P+ 6tP = 21K + 1 + 6t(2"* 1K + 1) — 22" = 2"*1K(6t + 1) + 6t = 2"*1KT + 6t
If we divide by 2 both sides of the above equation,
XA ALY ¢ . T — (2.1)
Because t should be an even number in (), if we define t = 2u then
22"71 = 2"KT + 6u

If we divide by 2 both sides of the above equation,

XAt L) ' (U Y p—— (2.2)
Because t should be an even number in (), if we define u = 2v then

222 = n1KT + 6v

If we divide by 2 both sides of the above equation,

22773 = 2N2KT + 3y <oeeemmmeeee- (2.3)
Because (2.1)),(2.2),(2.3) are same type, the process of the above is repeated.
For a certain integer k and for (, if we repeat the above process then the following equation is
satisfied.

22"1=() = Pn=(MKT 4 3k mmmmmmeeeee (2.4)
If we organize (2.4) then
22n—n—1 =20g 2n+1FITé 1 +3k > (Zzn—n—l _ 3k)(2n+1K + 1) =KE, -
KFE, = 22"K — 3k2"*1K + 22" "1 — 3k - K(F, — 22" + 3k2™+1) = 22" "1 — 3
22n—n—1 — 3k 22n—n—1 — 3k 22"—n—1 — 3k

T F,— 22"+ 3k2nt1 22" 41— 22" 4 3k2ntl | 2ntI3f 1
And, FE, =PT,so

~ K

+1
o B E, _ E,(2™13k 4+ 1) _ontigg g1
2K +1 gy, 220 -3k +1 22" — 3k2mHt1 4 2nH13) + 1
2n+13k 4+ 1

Let us define M = 3k, because T = 213k +1 =2""1M + 1,50, T isalso 21K + 1 type.
Because K is positive integer in 2"*1K + 1 type, so, 3k > 0. Therefore k > 0

When 2"*1K + 1 = 1(mod 6), if we define P = 2""'K +1=6p+ 1,T = 6t — 1 then
E, = =P+ 6tP = =2"1K — 1 + 6t(2" 1K + 1) -» 22" + 2 = 21K (6t — 1) + 6t >
22" 42 = 2"IKT + 6t
If we divide by 2 both sides of the above equation,
22"1 4 1 = 2NKT + 3t -weeeeeeeenn (2.5)




Because 2™ — 1 is odd,
Q+1)(22"2 =223 4. 424 =23 4+ 22 - 21 4 20) = 2"KT + 3t
Because K should be multiple of 3 to satisfy the above equation, if we define K = 3a then
(2+1)(22"2 = 22"3 4 ... 424 =23 4 22 - 21 4 20) = 2"3qT + 3t
if we divide by 3 both sides of the above equation then
2272 _22"-3 4424 23 422 21 4 20 = 2T 4 emmmeeees (2.6)
Because t should be odd number to satisfy (), if we define t = 2u + 1 then
22" 23 4 424 - 23 422 - 21 420 =2"aT + 2u+ 1 >
22773 224 4 123 22421 20 = 2" 1T g e (2.7)
Because u should be odd number to satisfy (, if we define u = 2v + 1 then
2273 2 4 123 22421 20 =2 1gT + 20 + 1 >
2274 _22"5 4 . 122 21 = 2" 20T 4y e (2.8)
Because v should be odd number to satisfy (, if we define v = 2w then
22"~ 22775 4 4 2% =23 422 - 20 = 2" 2T + 2w >
2275 22776 4 . 23 =22 4 21— 20 = 2P 3T 4 W e (2.9)
Because (2.7)),(2.9) are same type, the process from (2.7)) to (2.9) is repeated.

For a certain integer k and for (, when n is odd number, that is, let us define n = 2m + 1.
If we repeat the process of the above then the following equation is satisfied.

222m+1—3—(2m) _ 222m+1—4—(2m) 4ot 23 _ 22 + 21 _ 20 — 22m+1—1—(2m)aT Y P (210)
If we organize (2.10) then

22 mames _ 92 amed Ly 23 22421 - 20 = 20T + k

If we multiply by 2 and add 1 to both sides of the above equation to organize the above equation for
more simple then
227 Imamez _ 92PMI2me3 Ly 0% 23 422 21 420 = 2%aT + 2k + 1
If we multiply by 3 to both sides of the above equation then
(2 + 1)(2F" T mammz 2P H-2me3 gLy 9% 23 422 21 4 20) = 3(21aT + 2k + 1)
If we organize to reflect K = 3a,n = 2m + 1 in the above equation then
22" 4 1 = 2KT + 6k 4 3 ------ (2.11)
If we organize (2.11)) then

2" M 4 m 2K k432 ek —2 = 2K,
21K + 1 21K +1

28"l 3k —1=K - (2"1K +1)(22" 1 =3k — 1) = KF, -

"
21K +1

221 3k —1 22"l 3k —1 22" — 3k + 1)

o K = = =
E, — 22" 4 3k2n+1 4 pn+1 3k2n+l 4 pn+l 41 2n+1(3 + 1) + 1




And, F, = PT,so,

E, E, E {213k +1) + 1}

2K 1 22— @k+ 1) . 25 — @k+ D2+ 2013k + 1) + 1
2Bk +1) + 1

o T

2n+1 +1

=2"M13Bk+1)+1
Let us define M = 3k + 1, because T = 2"*1(3k+ 1)+ 1 =2""1M + 1,0, T isalso 2"*1K + 1
type.

1
Because K is positive integer in 2"*1K + 1 type,so,3k +1 >0 - k > —§.Theref0re k=0

When 21K + 1 = 1(mod 6), n is even number, that is, let us define n = 2m.
For a certain integer k and for (), if we repeat the process of the above then the following
equation is satisfied.

22¥M=3-(2m=2) _ 92*M-4-(2m-2) 4 ...} 23 _ 22 4 21 _ 20 — 22m-1-2m-2)qT 4 f -ccuue- (2.12)
If we organize (2.12) then

227M-2mo1 _ g2"amez .y 23 22420 - 20 =21aT + k

If we multiply by 2 and add 1 to both sides of the above equation to organize the above equation for
more simple then

22m

222M=2m _ 222M-2m-1 4 ... 4 24 _ 23422 _ 21 4 20 — 22,7 4 2k + 1

If we multiply by 3 to both sides of the above equation then
(2 + 1)(2¥"-2m —p2"M=2m=1 4 ... 4 24 _ 23 4 22 _ 21 4 20y = 3(22q4T + 2k + 1)
If we organize to reflect K = 3a,n = 2m in the above equation then

sz

22" 1 L1 = 22KT 4 6k + 3 ------- (2.13)
If we organize (2.13) then
22" 41 = 22K Mgk 43 5 27 gk —2 = 22K,
21K + 1 21K+ 1
22 =3k = 1= 2K o —— — @K+ (22" ™ =3k — 1) = 2KF, >

K221 — gn+lg3fe — pnHlg 4 22"n _ 3k — 1 = 2KF, -
22" — 3k — 1 = K(2F, — 22"+1 4 2n*+13) + 2nt1)

22" _3k -1 2% -3k —-1 122" —(3k+1)
2F, — 22"+1 4 2n+13f 4 pntl - on+13f 4 o+l 4 2 2 2n(3k 4+ 1) + 1
And, F, = PT,so,

K =

- F, F, _ E{2"(3k + 1) + 1}
C2ntlK 41 1 122" n—@Bk+1)  , 2% —@Bk+1)2"+2"(Bk+1)+1
2 2"Bk+ 1) +1

+1

3k+1
=2"(3k+1)+1=2"+1< 5 >+1




3k+1

3k+1
Let us define M = ( ),because T = 2"+t (T) +1=2""1M +1,s0,

T is also 2"*1K + 1 type.

3 1 1
Because K is positive integer in 2"*1K + 1 type, so,( ) >0-k> —§.Theref0re k=0

By summarizing the above contents, let us define E, = PT,P = 2""1K + 1,T = 2"*"1M + 1

because T isalso 2™*1K + 1 type in the contents of the above.

When n is odd number, if we define P = 2"*1K +1 =213k + 1) + 1 then
P=2"13k+1)+1=-2Bk+1)+1=—-6k—2+1=—1(mod 6).

E, =PT =P(2"'M +1) = —1(—2M + 1) = 2M — 1(mod 6) and

F, =—-1=2M — 1(mod 6) - 2M = 0(mod 6),because F, = —1(mod 6) according to theorem
Therefore, because M is multiple of 3, if we define T = 2"*1(3m) + 1 then
T=2""'3m)+1=-2(03m)+ 1= 1(mod 6).

And, because it should be 3m > 0,s0, m >0

k+1

3
When n is even number, if we define P = 2"*1K + 1 = 2n+1 (—) + 1 then

P=2"GBk+1)+1=-2Bk+1)+1=—-6k—2+1=—1(mod 6).
And, k = 0, but it should be 2|3k + 1,50,k = 1,3,5, ....

E,=PT =PQ™"™'M +1) = —1(-2M + 1) = 2M — 1(mod 6) and

E, =—-1=2M — 1(mod 6) - 2M = 0(mod 6).

Therefore, because M is multiple of 3, if we define T = 2"*1(3m) + 1 then
T=2""'3m)+1=-203m)+ 1= 1(mod 6).

And, because it should be 3m > 0,s0, m >0

In addition, E, = 22" 4+ 1 =PT = 2"*'K + 1)(2""'M + 1) = 2" 12" KM + K + M) + 1
So, 22" = 21K M 4 K + M) - 22" "l = 2nH KM 4 K+ M

Therefore, K + M should be even number.

When n isodd number, K + M = 3k + 1 4+ 3m,so, if k is odd number then m should be even
number, if k is even number then m should be odd humber.

When n is even number, because k should be odd number, if we define k = 2a + 1 then

3k +1 32a+1)+1 6a + 4
= +3m=""— " 43

K+M-= > m= > +3m=3a+2+3m.
k—1 k—1
Because a = > so, if > is odd number then m is odd number,
k—1
if is even number then m is even number




By summarizing all of the above contents, if F, is factorized by F, = PT
when n is odd number,
P=2"1K+1=2"13Bk+1)+1=—-1(mod 6),k = 0,1,2,3, ...
T=2"M+1=2""13m)+1=1(mod 6),m=1,2,3,...
(But, if k isoddthen m iseven,if k iseventhen m isodd)
when n is even number,

3k+1
p = ontlg 4 1 = pn+l (T) +1=—1(mod 6),k = 1,35, ...

T=2"M+1=2""13m)+1=1(mod 6),m=1,2,3,...

(But, if is odd then m is odd, if is even then m is even)

[+1
For reference, if we make K, M to the sequence of {3k +1, — Sm} type then

3l+1

3k + 1, ,3m¢ = {{1,2,3},{4,5,6},{7,8,9} ...
{ J=1 )

because k = 0,1,2,3,...,p = 1,3,5,....m = 1,2,3, ...




Theorem 3. Fermat composite number and 6n + 1

If we define Fermat number as F, = 22" + 1 and F, = 6f,, — 1.

fo= 2272 _22"-3 4 p2"-4 _p27-5 L 10423422 21420
And, if F, = PT, thatis, F, is a composite number then the following equation is satisfied.
When n is odd number,
ifP=2"1Bk+1)+1=6p—1,T =2"1(3m) + 1 = 6t + 1 then

p=2"%+ Q"1 -2"24 ... 424 -23422-21420)¢t=2"m
When n is even number,

k+1

3
iszZ”“( )+1=6p—1,T=2”+1(3m)+1=6t+1then

p=2"1k4+ (22 —2"3 ... 4242342221420t =2"m
Proof 3. Let us define F, = 22" + 1 = 6f, — 1 because F, = —1(mod 6) according to theorem .
22" 41 =6f,—1-2" +2=6f, > 22" "1 41=3f,
Because 2™ — 1 is an odd number
22771 41 = (24 1)(22"72 =223 4 22"-4 _22"-5 .4 24 23 422 211 20)=3f, >
22172 23 4 p2M=4 925 4404 23 422 21420 =,
And, Let us define E, = PT, F, be a composite number..
When n is odd number, because P = 2"*1(3k + 1) + 1 = —1(mod 6) according to theorem ,
if we define P =6p —1=2""1(3k +1) + 1 then

6p—1=2""1CBk+1)+1-3p=2"GBk+1)+1-3p=2"3k+2"+1 >
3p=2"3k+ 2+ 1)1 —-2""2 ...+ 2% —-234+22-21+20) >
p=2"k+ ("1 —2""2 4 ... 4242342221420
And, because T = 2"*1(3m) + 1 = 1(mod 6) according to theorem ,
if we define T = 6t + 1 = 2" (3m) + 1 then
6t+1=2"13Bm)+1-2t=2"(m) >t =2"m

When n is even number, according to theorem

3k+1
because P = 2"+1 (T) +1 = —1(mod 6), so,

k+1

3
if we define P = 6p — 1 = 2"*1 ( ) + 1 then

3k +1 3k + 1
6P—1=2"+1(T)+1—>3p=2”( )+1—>3p=2"-13k+2"-1+1—>

3p=2""13k+ 2+ 1) =2"3 4+ 424 =23 422 -214+20) >
p=2""1k+ ("2 =23 4 424 =23 4+ 22 - 21 +20)
And, because T = 2™*1(3m) + 1 = 1(mod 6) according to theorem
if we define T = 6t + 1 = 2""1(3m) + 1 then
6t+1=2""13Bm)+1-2t=2""(m)>t=2"mm




Theorem 4. Fermat composite number and next Fermat composite number

If we define a Fermat number as F, = 22" 4 1,
if we define the next Fermat number as F,,; = 22" + 1 then
Frp1 =F 422" (22" 1) = F2 - 22" = 2 - 2F, + 2 = Fy(F, — 2) + 2

And, when E,, F,,,, is all composite number,
If E, ="K+ 1)2"M +1),F,.1 = (2"2U + 1)(2™*2V + 1) then
22" = MR2YY 4 U +V = 20 (2MIKM + K + M)?

Proof 4.
Let us define a Fermat number as F, = 22" + 1 and
let us define the next Fermat number as F,,, = 22" + 1. And then

Fop1—F=22"+1-(27"+1)=22"" - 22" =22"(2" - 1) »
Fpyp = Fy +227(22" = 1)
Because 22" —1=22"4+1—-2=F, — 2,50
Fry1 = F +22"(22" = 1) = B, + 22" (F, — 2) = E, + 22"F, — 22"+ >
Fpiq = Fn(l + 22") — 22"+l _ E,E, — 22M+1 — Fn2 — p2"+1
Because 22" = 22" +1—-1=F, — 1,50

Fpp1=E2 =21 =F2 _2(F,—1)=F2—2F, +2=FE(F,—2)+2

And, when E,, F,,, is all composite number, according to theorem
If we define E, = 2""1K + 1)(2Q™IM + 1), Fppr = 220 + 1)(2™2V + 1) then

E, ="K+ 1DQR"™IM+1) =2"1 Q2" KM + K + M) + 1

Fopp = Q720 + 122V + 1) = 2M22"M20V + U + V) + 1
If we define Q = 2" KM + K+ M, W = 2"*2UV + U + V then
E,=2™"1Q +1,F,.; = 2™"2W + 10110 F,; = E,(E, — 2) + 2, s0,
M2+ 1= (210 + 1D +1-2)+2-2"2W + 1 =210+ DRI -1) +2 -
M2 41 = (22n+2Q2 —1)+2- M2 41 = 22n+ZQZ +1 - 2nF2) = 22n+ZQZ N

W = Zan
ANd, Fpyq = 222102 +1 5 22" 41— 1 = 2m221Q2% - 22" =2 = 12
Therefore,
22" N2 — iy L U 4V = 20 (2"HIKM 4 K + M)?

10



Theorem 5. All (n > 5) Fermat number is composite
All Fermat number for n = 5 is composite number.
Proof 5.
Let us define Fermat number as F, = 22" + 1 and F,,, = 22" + 1.
For n <5, F, isalready proved to be prime number and
for n>5, Fs = 641 x 6700417 = (2°*1(3x 3+ 1) + 1)(2>*1(3 x 34898) + 1)
3 x 350418860993 + 1
—)*1)
is already proved to be composite number. So, we finish to prove the first of the mathematical
induction. [3]

Fg = 274177 X 67280421310721 = (2"*1(3 x 714) + 1) (26+1 (

Let us suppose that F, is composite number. That is, according to theorem

E, = Q™K+ 1DR"™'M+1)=2""1Q" KM +K+M)+1
Let us define Q = 2"*1KM + K + M, if we arrange the above equation then

E, =2"1QM"IKM + K4+ M) +1=2"1Q 4+ 1 -----mmeeeeee (5.1)

Now, Let us suppose that F,,; is not composite number to show that F,,; isalso composite number.
To prove this, let us define 22UV + U + V = 2"Q? for a certain natural number U and let us
suppose that any certain natural number V(V > 0) is not exist to satisfy this equation. Because V is
not natural number , let us define a # 0, a, b is relative prime, V = b/a > 0 isan irreducible
fraction. And, let us be 2"Q? — U > 0 - 2"Q% > U for V > 0 because V(2"*2U + 1) = 2"Q? —
U in the above equation

By summarizing the above contents and applying theorem , let us suppose below equation.

2n+1_n_2

b b
2”+2UV+U+V=2”+2UE+U+E=2"Q2 =2

2n+1

b
(but,U < 2"Q? =227 "2y = o> 0,a # 0, a, b is relative prime) ------------- (5.2)

If we multiply 2"*2 and add 1 to the both sides of () and arrange then
VYV 4+ U +V =282 5 (2P U+ V) 4 1 = 202222 g
2M2OMFZYY + 202U + 27F2) 41 = 22" 1 5
22UV +1) + MV + 1) =22 4 1o
(2M20 + 1)(2M2V 4+ 1) = 2277 41 = Fpppq oemmmeeeeee (5.3)

The above equation satisfies the assumption that F,,,., is not composite number, because V is not
natural number but the left side of () is multiplication of two numbers. Therefore, () is
appropriate to satisfy the assumption. And ¥V > 0 is appropriate condition because if V = 0 then
"2U0 + D)™V +1) = 2"2U+1)(2"2 x 0+ 1) =2"2U + 1 in (), so the assumption

of that F,,,; isnot composite number become meaninglessness.

11



If we multiply a to the both sides of () and arrange then
2M20b 4+ aU + b = a22" 712 5 p(2M20 + 1) = @227 T2 = [)eemmmeeeeeee (5.4)
Let us define 22""'~"~2 _y = pk for adequate natural number k because it should be

Ged (b, (22" =2 U)) +1 why a,b is relative prime and because 22" ~""2 — U > 0 in the
condition of (5.2). That is 22""'~"~2 = U + bk. If we apply this to (5.2) then

b b b b 1 1
22—+ U+—=U+ bk » 2"2U—+ — = bk - because b # 0 » 2"2U—-+— =k -
a a a a a a

pXaEd ) SN ) — (5.5)
If we apply (5.5) to (5.3) then
b
Fpi1 = (ak)(2™"2V + 1) > Fpyq = ak (2"+2 ot 1) = Fpp1 = k(2™2b + @)----mmm-mm-- (5.6)

The assumption is inconsistency because F,,; is composite number as multiplication of k and
(2"2p + 1) in ). So,the first assumption is wrong that F,,; is not composite number.

So, F,..1 iscomposite number.

In the opposite, 2"*2UV + U + V = 2"Q2 = 22" ~"=2 of (5.2) for natural number V is concluded
according to theorem 4 because F,, F,;; iScomposite number.

Therefore, all Fermat number for n > 5 is composite number according to mathematical induction.
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