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A cone metric space is a nonempty set R endowed with a “distance” function p: Rx R — Y,
where Y is a Dedekind complete lattice group.

A function f : X — R is globally continuous on X iff there exists an (O)-sequence (0p), in Y
such that for any p € N and z € X there is a neighborhood U, of = with p(f(x), f(2)) < o, for each
z € U,.

Let X be a uniform space and ) # B C X. A function f : X — R is strongly uniformly continuous
on B iff there is an (O)-sequence (0,), in Y such that for every p € N there exists an entourage D
with p(f(8), f(z)) < o, whenever x € X, € B and (z, ) € D.

Let B be a bornology on X. We say that a function f : X — R is strongly uniformly continuous on
B iff it is strongly uniformly continuous on B for every B € B, with respect to a single (O)-sequence
independent of B.

Let (A,>) be a directed set. A filter F of A is said to be (A)-free iff My € F for each A € A,
where M)y := {¢ € A : ¢ > A}. The filter Feofin is the filter of all subsets of N whose complement is
finite.

If X is any Hausdorff topological space, F is a (A)-free filter of A, x € X and (z))xea is a net in
X, then we say that (x))\ F-converges to x € X (in brief, (F) li/{nzv)\ =z)iff {AeA:zyeU}eF
for each neighborhood U of z.

Let = be any nonempty set. A family {(z)¢)r : § € Z} (ROF)-converges to x¢ € R (as A varies
in A) iff there exists an (O)-sequence (op), in Y with {A € A: p(xy¢,2¢) < 0,} € F for each p e N
and ¢ € E.

We say that a net f) : X — R, A € A, is strongly weakly F-exhaustive on B iff there is an
(O)-sequence (0p), such that for each p € N there is an entourage D such that, for every z € X and
B € B with (z,3) € D, there is F' € F (depending on z and ) with p(fx(x), fA(8)) < 0p whenever
AeF.

Given a bornology B on X, we say that fy : X — R, A € A, is said to be strongly (weakly)
F-exhaustive on B iff it is strongly (weakly) F-exhaustive on every B € B with respect to a single
(O)-sequence, independent of B.

We say that f): X — R, A € A, is (weakly) F-exhaustive on X iff it is (weakly) F-exhaustive at

every x € X with respect to a single (O)-sequence, independent of x € X.



A family V of subsets of X is a cover of a subset A C X iff A C U V. We say that a family Z

Vey
of subsets of X refines V iff for every Z € Z thereis V € V with Z C V.

An open cover V of X is called a B-uniform cover of X iff for every B € B there is an entourage
D such that the family {D(x) : x € B} refines V. If it is possible to choose D in such a way that
{D(x) : x € B} refines a finite subfamily of V, then we say that V is a B-finitely uniform cover of X.

Anet fr: X — R, A € A, (FB)-converges to f : X — R iff there exists an (O)-sequence (0,), in
Y such that (fy)x is (ROJF)-convergent to f with respect to (0})p, and for every B € B and p € N
there is F' € F with p(f\(z), f(z)) < o, for each x € B and A € F.

A net f): X — R, X\ € A, converges F-strongly uniformly to f on B (and we write fy I;TBS f), iff
there is an (O)-sequence (o), with the property that for every p € N and B € B there exists F' € F
such that for each A € F there is an entourage D with p(f\(2), f(z)) < o, whenever z € D(B).

We say that (f\)x converges F-strongly uniformly to f (fx F f) iff there is an (O)-sequence
(0p)p such that for each p € N and x € X there is a set F' € F such that for every A € F' there is a
neighborhood U of = with p(f\(2), f(2)) < o, for each z € U.

We say that a net fy : X — R, A € A, is (FB)-Alexandroff convergent to f : X — R (shortly
(.FBL;AZ.
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infinite set Ag C F' and a B-finitely uniform open cover {Uy : A € Ag} of X with p(fa(2), f(2)) < 0y
for each A € Ag and z € U,.

We say that (fy)\ is F-Alexandroff convergent to f (f Fl f) iff there exists an (O)-sequence
(op)p such that for every p € N and F' € F there exist a set Ag C F' and an open cover {Uy: A € Ag}
of X such that for every A € Ag and z € Uy we have p(f\(2), f(2)) < op.

A net fr : X — R, A € A, is said to be (FB)-Arzela convergent to f : X — R (shortly
a (FB)zdr= [) iff there exists an (O)-sequence (0,,), in Y such that (fy)y (FB)-converges to f with
respect to (o), and for every B € B, p € N and F € F there are a finite set {A1,..., Ay} C F and
an entourage D such that for each 2z € D(B) there is j € [1, k] with p(f),(2), f(2)) < 0p.

We say that (fy)a is F-Arzela convergent to f (shortly fi FAre. f) iff there exists an (O)-sequence

iff there is an (O)-sequence (0,), in Y such that for every p € N and F' € F there are an
p)p

(op)p such that (fy)x (ROF)-converges to f with respect to (op)p, and for each z € X, p € N and
F € F there exist a finite set {\1, \a,..., A} C F and an open neighborhood U, of x such that for
every z € U, there is j € [1, k] with p(fy;(2), f(2)) < op.

Theorem 0.1. Let F be a (A)-free filter of A, X be a uniform space, B be a bornology on X,

X > R, A€A, be anet of functions, strongly uniformly continuous on B with respect to a single
(O)-sequence independent of X € A, and (FB)-convergent to f : X — R. Then the following are

equivalent:
(1) (fx)x ts strongly weakly F-exhaustive on B;

(ii) f is strongly uniformly continuous on B;
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Theorem 0.2. Let A, F, X, R be as above, f : X — R, A € A, be a net of functions, (ROF)-
convergent to f : X — R and such that the f\’s are globally continuous with respect to a single

(O)-sequence independent of X\. Then the following are equivalent:
(1) (fx)r is weakly F-exhaustive on X ;
(ii) f is globally continuous on X;
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(v) there exists an (O)-sequence (op), in'Y such that for every nonempty compact subset C' C X,
for each p € N and F € F there are a finite set {\1, Aa,...,\x} C F and an open set U D C,
such that for every z € U there is j € [1,k] with p(fx;(2), f(2)) < op;
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