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ABSTRACT. It is shown explicitly a similarity transformation to diagonalize the
rotation matrix.
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1. Introduction

The 3- space rotations can be performed with the matrix [1]:

%(a2+a,\‘2_ﬂ2_ﬂx2) _é(az_ax3+ﬁz_ﬁxz) _(aﬂ+axﬁx)

) ; 1)
1 \’2 .\72 l .X‘Z XZ . X X
R=lta?—a” —p2+p ) E(aﬂm Yy ) ~i(ap-a'p")
L aff* +a'p i(a"ﬂ—aﬂ") aa* - pp*
where @ and [ are the Cayley-Klein parameters under the condition:
ad’ + P =1, Q)
which implies the orthogonal character of (1):
RR" =1 , det R=1. 3)
The Euler-Olinde Rodrigues coefficients [2],[3] 4,,...,d, defined by:
i X 1 X i X 1 X
alzz(ﬂ—ﬁ')a a2=—5(ﬂ+ﬂ )’ a3:E(a—a )’ a4:5(0’+a )’ )
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verify:
a+a+a+a =1, ()

by virtue of (2), so that (1) adopts the form:

(I—Z(aj +a32) 2(aa, —a3a4) 2(ala3 +a2a4)
R=l2(aa,+a,a,) 1—2(a12+a32) 2(aa,—-aa,)| (6)
L2(alar3 —a,a,) 2(aa,+aya;) 1—2(6112 +a22)

The rotation matrix represents [4] a rotation of the Cartesian axes through a @ angle around the
axis defined by the unitary vector (l1 NAVA ) , such that [3]:

a, =ljSin(9j ,j=123 , a,= Cos(gj, @)
2 2
consistent with (5), since:
P+I+=1. 6
Then (6) simplifies to:
( Py +Cos® ILy—1Sin® Ly +1Sin®
R=|11v+1Sin® Ly+Cos® ILy—1Sin® |,y=1-Cos®, ®)
\ Ly = LSin®  LLy +1,Sin® Ly +Cos®

which is be studied in the present work.
In next Section, the eigenvalue problem of (9) is used to write an R as a product of three
matrices, which in turn explicitly shows the existence of a similarity transformation to
diagonalize any rotation matrices.
2. Eigenvalues and eigenvectors of R .
The relation:
Ru=nru, (10)

expresses the eigenvalue problem for the rotation matrix, such that is quite known [5] that:
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(1)

A=1, ﬁI:L[ZJ > 1)
L

ﬂz:e—i(D , A?:lzx:eitl) ,

however, it is very difficult to find explicitly u, . In fact, the eigenvector u, can be any of the

following three vectors, proportional among them:

L+ ~11, —il, —1 1, +il,
—IL +il, | I>+13 , | L -l |, (12)
11, —il, L1, +il, I +12

and it is chosen as the most convenient according to the values of /,/, and [, , for instance, if

[, =1,=0,[, =1,the second vector is the trivial solution iz, = v, and in that case it can be
used any other vector of (12). Without losing generality, here it will be used:

(2+2 ) ( 2+1
Uy =| —Uly T by | 5 Uy =iy =| =Lty —lls | - (13)
L—llé _i12J L_llé +1il,

The problem of eigenvalues of a matrix gives algebraic information if it is also solved for the
corresponding transpose matrix of (9) [6]:

R'V=1v. (14)

then getting the same eigenvalues (11), with:

10



International Journal of Mathematical Engineering and Science
ISSN : 2277-6982 Volume 1 Issue 1

http://www.ijmes.com/ https://sites.google.conysite/ijmesjournal/

[a—

1
(1) 2 2

—1 L +il, il
2(5+17) 2(5 +13)

as)

which together with (8) and (13) imply:

<}
<
=

U, =0y 16)
Then it is natural to construct the matrices:

(I, B+ P+
U=(ii i i,)=, ~LL,+il, ~L1,—il, | ,
Lg ~1l,—il, —L1, +il,
1 0 0
A=Diaol 3,2, 2,)=|0 ¢ 0|,
0 0 €°

1 1
2 2
LL+il, =11, +il,
2(2+8) 2(B+r)
Ll +il, il
25+5)  2(B+E)

v=(vv.v)=|y
13

and because the property (16) it results:

vi=uy" . (18)

11

(17)
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Notice the existence of (j_l because when choosing u, given by (13) it has been supposed

that [, and [, do not simultaneously cancel, so that det {J = —2il1? + 132) #0.

General theorems of Linear Algebra [6] lead to the following factorization of the rotation
matrix:

(18)
R=UANV' =UANU" . (19)

which is easily seen through (8), (9) and (17). From (19) it is immediate that:

U RU= A =Diaol1, e*“’,e@) , (20)

that is, the {J matrix given explicitly by (17) generates a similarity transformation which
diagonalizes R, q.e.d.
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