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Abstract. In this paper, we investigate the basic analogue of a new
hypergeometric function, which is a generalization of the basic /-function. In
this regard, the application of Riemann-Liouville and Weyl fractional g-integral
operator with new hypergeometric function has been discussed. Similar result
obtained by other authors follows as special cases of our findings.
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1 Introduction

In the past century, many authors have generalized H-function. In a recent paper,
Siidland et al. [10] have introduced a generalization of Saxena's /-function [9], which
is also a generalization of Fox's H-function. This function is known as Aleph
function. In their paper, Saxena and Pogany [7] have studied fractional integration
formulae for the Aleph functions.

Siidland et al. [11] studied the generalized fractional driftless Fokker-Planck
equation with power law coefficient. As a result a special function was found, which
is a particular case of the Aleph function. The Aleph was defined by means of Mellin-
Barnes type contour integrals as

(aj ’ Aj )1,n H [Ti (aji b Aji)]n-#l,ui;r

Nz]=N"" |z
(bjaBj)l,m7 [Ti(bji’Bii)]m+1,vi;r (11)
1
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forall z#0, where @=+—1 and
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Jj=n+1 J=m+1

The parameters u,, V, are non-negative integers satisfying the inequality

0<n<u, 1<m<v, and 7,>0;i=1--- . The parameters A4,,B;,4;,B,

are positive real numbers and aj,bj b are complex numbers. The L =L

Ji? w0

is a suitable contour of the Mellin-Barnes type in the complex ¢ -plane which runs
from y—@»o to y+wo with yell, such that the poles of
L', -B,g), j=1--- separating from those of T'(1-a;+4,{),

Jj=1,--- . All the poles of the integrand (1.2) are assumed to be simple, and empty

products are interpreted as unity. For the existence conditions, we refer to [8].

We define a basic analogue of this N -function in term of Mellin-Barnes type
contour integrals in the following manner

(aj H Aj )l,n > [Ti (aji > Aji )]n+1,ui;r

N[Z’ q] zQumvnr s Z’q
(bjij)l,m’ [Ti(bfi’Bji)]m"'I)Vi;r (13)
1 m,n
=—| Q" (&iqnztdd
2@ C U

where a)=\/—_l,
HG(qb Bg)HG( 1a+A4

Q" ($5q)= o
Z{ HG(q" "g)HG( ”””} (1.4)

Jj=n+1 j=m+1

.
G(q"*)sinzl

and

G(qg)Z{ﬁ(l—qé*j)} =ﬁ (15)

q°:9).
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The parameters u,, V, are non-negative integers satisfying the inequality

0<n<u, 1<m<v, and 7,>0; i=1,--- ; 7 is finite and A4,,B;,4;,B,

are positive real numbers and a j,b ., b ; are complex numbers. The C= CW)O is

ji>
a suitable contour of Mellin-Barnes type in the complex & -plane, which runs from

¥ —a@xo to ¥+ oo with ¥ €[] | such that the poles of G(qb’_B"{),jZI,---

separating from those of G(ql_af+A’§ ), j=1,--- . All the poles of the integrand
(1.4) are assumed to be simple and empty products are interpreted as unity. The
integral converges if R[{ log(z) —logsin 7] <0, for large value of | | on the

contour, that is if |arg(z)—m,m; log|z|<x, where 0<|ql|<1,

logg =-w =—(@, +ww,), @, @,, @ are definite quantities, @, and @,
being real.

When all 7, = 1; (1.3) yields the g -analogous of the / -function due to Saxena
and Kumar [6].

Again, when 7 =1,u;, =u,v,=v and ¢, =1; (1.3) yields the g -analogous of
the H -function due to Saxena et al. [7].

2 Preliminary Notes

In this section, we first recall some definitions and fundamental facts of basic
analogue of special function and integral operator.
The fractional g -calculus is the ¢ -extension of the ordinary calculus. Agarwal [1]

introduced, the ¢ -analogue of the Riemann-Liouville fractional integral operator in
the following form:
L7 ()= (x=1g),../(1)d(5:q), @.1)
r ( )70
and Al-Salam [2] introduced, the g -analogue of the Weyl fractional integral operator

in the following form:
—u(u-1)/2

Ky (0= qrﬁ [“t=x),. /g )d(t:q), (22)

where R(ar) >0,Re(1) >0, |g|<1. So that
12f (0= 10 =K f (). )
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The theory of ¢ -calculus for a real parameter g € , a ¢ -real number

[a]q was introduced (see [4]) as:

1 _ a
[a]q = 4 , aell 2.4)
1-¢
The ¢ -analog of the Pochhammer's symbol ( g -shift factorial) is defined by:
n—1
@0 =t @), =[0-aq’ DRI @5)
( > q)oo
where a €[] 1l .
The g -gamma function (cf. Gasper and Rahman [4]) is defined as follows:
rq (b) — : (% q)oo — — (q’ q)l;—_ll , (b + O,_I, _2,' .. (26)
(@9),0-q9) (1-9)
and
| =0/ 0"
(x=y), =x {—Hn . 2.7
1_! 1-(y/x)q

The g-binomial summation theorem is given by

Ja—sz]= Z(a 1), _(az39), Iz

(2.8)
0 (4:9), (z:9)..
The basic integration (cf. Gasper and Rahman [4]), is defined as:
[ rdq) =x1-9)Y 4" f(xg"), (29)
k=0
[“rwawe =x-9Y q" fxg™. (2.10)
k=1

For R(a) >0, using (2.6), (2.7), (2.9) in the g-analogue of the Riemann-
Liouville fractional integral operator (2 1) can be expressed as:

;’f(x):"““( o 2q< ") f (")

a a k (qa;q)k k
= 1- —_ .
-a) ;q (q:9), fea)

2.11)

Similarly, for R(z) >0 and using (2.6), (2.7), (2.10) in the g-analogue of the
Weyl fractional integral operator (2.2) can be expressed as:
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L, (1) k=0
(2.12)
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=x"(1-q) g Yy g™ =k f (g,
k=0 (q:9),

For the basic concept of g-calculus we refer the reader to [3].

3 Main Results

In this section, we will establish fractional g-integral formula for the basic
analogous of Aleph function.

Theorem 3.1. Let R(a)>0,[g[<] and T 7 be the g-analogue of the Riemann-

Liouville fractional integral operator (2.1), then following result holds:

[edpig mn | gt (@, 4, 74 4],
“17‘::” i 77 ’q
! ’ (bj’Bj)l,m’ [Ti (b]l’B]l )]m+],vi;r

(1-p,4),
(;,B)),,.
(a4 0l7(a, A,
(2.8, Bﬁ)]mﬂw (-p—a,i)
(a;, 4),,,

(p,=4),
(7,0, )]s (P + 2 =A)
(b, B)1s [0 B )i

where R[{ logn—logsinz{]<0 and p>0.

Proof. For the sake of convenience, we denote the left side of (3.1) by S and
applying the equation (2.11) and (1.3), we obtain

a+p-1 a m,n+1 1.
t 7 (l_q) Nui+l,\:+l,ri;r |:77t ’q

, for A>0 G.)

a+p-1 a m+l,n A,
t +P (l_q) z\au,-;lr,vi+],r[;r |:77t ’q

}, for A <0
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P a % (q%;q) k 1 mn Ak
S =1 1— qk—k(tq ),0 Qu ViaTis r(é’ Q)”(Ut )gdé/
(=9 kZ; (4:9), ZM’I
3.2)

Under the conditions stated above, we can interchange the order of summation and
integration. Applying g-binomial theorem (2.8) expression (3.2) reduces to

S_Mz(—lq)j Q" (Crn®) Dlq*— g7 1dS

fotP= 1(1 ) G( p+/1§)
=L o Gomon G(T%)d{

(3.3)

Depending on the sign of A, (3.3) canbe expressd as the right hand side of (3.1).

Theorem 3.2. Let R(x)>0,[g[<] and K be the g -analogue of the Weyl
fractional integral operator (2.2), then following result holds:

(a],A )]n’ [T (a]l’A]l)]l’l+1u \r

K,u Z‘p IN m,n 77 Z.
( Bj)l,m’ [Ti (bii’Bji)]n1+l,vi;)'

U, Vi, 751

t!HP*l (l—q) q —u(p=1)-p(u+1)/2 Nu”-:rl\;’:-l o
nt q /1# (a17Aj)l,n’[ri(aji’Aji)]n+1,ui;r9(1_p’ /1)’ ,fOI‘ﬂ >0
(1 P—H, ﬂ’)s (b‘aBj)l,ma[ri(bﬁaBji)]m+1,vl;r
tﬂJrP*l (l—q) qﬂt(p D—p(u+1)/2 Nur:l-ln:l-%—l o
nthfi‘u- (10+1Ll9_ﬂv)’ (aj’Aj)l,”l’[Ti(aji’A_ji)]n+la”i;r ’for Z <O
(bjaBj)l,ma[Ti(bﬁ:Bjj)]m+1,v,;ra(pa _l)
(3.4)

where R[S logr—logsinz]<0 and p>0.

Proof. For the sake of convenience, we denote the left hand side of (3.4) by U.
Applying the equation (2.12) and (1.3), we have

U'_ 7 1_ u—u(u+l)/2 ~ —uk (qﬂaq)k —u—k~Np-1
=t"(1-q)"q Dgt =g
k=0 (959,

Q" (&m(ntq ) dS

(3.5)
1

27w 7C
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Under the conditions stated above, we can interchange the order of summation and
integration. Applying g-binomial theorem (2.8) the expression (3.5) reduces to

t/frpfl (1 _ q)ﬂ qf/t(pfl)fu(/frl)/2 o -
U= S [Q G amiia ™y
X, D" =g 1dS

Pl (1-g)" —p(p=1)—p(p+1)/2 . )
- q 273(0 J‘CQM,,\;,,Ti;r(é/;q)ﬂ‘-(nth lﬂ){

G l-p—pu-2¢

Depending on the sign of A, the expression (3.6) can be reduced to the right hand
side of (3.4).

(3.6)

4 Special Cases

The g-extension of Aleph function defined by (1.3) interms of Mellin-Barnes type of
basic integrals is most general in nature, which includes a number of basic analogues

of special functions. In this section we discuss only the case involving [ p () -function

and H ()-function.
4.1 Special Case of Theorem 3.1

If we set 7, = I, i=1,--- in Theorem 3.1 we obtain the following formula for
I,(*) -function.

Corollary 4.1 Let R() > 0,| g |<1, then following result holds:
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(aj’Aj)l,n’ (aji’Aji)nJrl,ui;r
(bj s Bj)l,m > (bji9 Bji)m+1,v,-;r

(1 — P ﬂ')a (aj7 Aj)l,n’
(b_j > Bj )l,m H (bji H Bji )m+1,vl s

I a tp—l] m,n nti’q

q U;,v;3r

A=) L {ntﬂ g

(aji s Aji )n+1,u[ S

, for >0, (4.1)
(l_p_aa)“)

(aj’ Aj)l,n s (aji’ Aji)n+l,ui;r s

ta+p—1 (l_q)al m+1,n nti’q
(p’_ﬂ’)9(bj’Bj)1,m’

u;+1,v;+1r

(/0 ta, _ﬂ’)
(bji s Bji )m+1,vl-;r
where R[S logr—logsinz]<0 and p>0.

}, for A <0

If we set r =Lz, =lLu, =u,v=v,a, =a,,b,=b,,4,=4,,B, =B, in

Theorem 3.1 we obtain the following formula for H g () -function.

Corollary 4.2 Let R() > 0,| g |<1, then following result holds:

(a;,4,),,
(bJ"Bj)l,v

q

I« t,Dleurtl‘;n |:77tl,q

(l_p,//t)a(aj,Aj)l,u
(bjaBj)l,va(l_p_aaﬂ')
(Clj,Aj)l’u,(p"f—C(,—ﬂ)
(p,_l),(bj,Bj)l’v,

where R[{ logn—logsinz{]<0 and p>0.
When p =1 the Corollary 4.2 reduces to the main result due to Kalla et al. [5].

}, for A>0 (4.2)

1P (1-q) H [nt‘ :q

:I, for A <0

P 1-q) H,0 {ﬂti;q

4.2 Special Case of Theorem 3.2
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If we set 7, = I, i=1,--- in Theorem 3.2 we obtain the following formula for

1, (") -function.

Corollary 4.3 Let R() > 0,| g |[<1, then following result holds:
(aj’Aj)l,n’ (aji’ Aji)n+l,ul;r
(bJ"Bj)l,m’ (bji’Bji)m-%—l,v,;r

terp—l (l_q)a q—y(p—l)—y(y+l)/2l m+1,n

u+1,v;+1,7,5r
(a"A‘) n’(a 'i’A'i)n+ u.'r’(l_p’i)’
J Jj/1, J J Luys ,fOI‘iZO (43)
(I-p—u,4), (b_/a Bj)l,m’(bji’Bii)m+l,v,;r
t,qup—l (l_q)a q—,u(p—l)—,u(,uﬂ)/Z[ m,n+1

w+1,v+1,7;5r

(,0 + U, _i), (a_,' 5 Aj)],n ’ (aji’ A_ji)n-%—l,ui;r
,for A <0
(bj’Bj)l,m’(bji’Bji)mH,vi;r’(p? _ﬂ*)
where R[{ logn—logsin7{]<0 and p>0.
If we set r =Lz, =lLu =u,v=v,a,=a,,b,=b,,4,=4,,B, =B, in

K;l tp—ll m,n nt},,q

u;,v;3r

A=A,

nq iq

A

nt'q " q

Theorem 3.2 we obtain the following formula for A g () -function.

Corollary 4.4 Let R() > 0,| g |[<1, then following result holds:
(a,4),, }

(b,,B)),,

t/l+p—1 (1 _ q)a q—#(p—l)—ﬂ(ﬂ+l)/2

(aja Aj)],ua (1 =P l)a

(1 —P—H, ﬂ'): (bj’Bj)l,v

twpfl (1 _ q)a qfﬂ(pfl)f/t(/ﬁl)/Z

(,0 + U, _i)o (aj7 Aj)l,u

(bjaBj)l,va(pa _/1)

where R[{ logn—logsinz{]<0 and p>0.

K/t H [nt*;q

u+l,v+1

XH m+1,n |:nth—l#;q

}, for 1 >0, 44

u+l,v+l,7;5r

XH m,n+1 |:nthl,u’q

:I, for A <0
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When p=1, A =1 the Corollary 4.4 reduces to the result due to Yadav and

Purohit [12].

5

Conclusion

Since most of the special function can be expressed in term of the g-extension of

Aleph function defined by (1.3). It is useful to make tables for the g-extension of
Riemann-Liouville and Weyl fractional integral operators. In this regard we refer to
Kalla et al. in [5] [eq. no. 3.1-3.11, table 1, p. 320], Yadav and Purohit in [12] [eq. no.
1-40, table 1, p. 241].
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