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Abstract. In this paper, firstly we have defined the involute curves of the dual
spacelike curve M| with a dual timelike binormal in dual Lorentzian space ID13 We

have seen that the dual involute curve M, must be a dual spacelike curve with a dual

spacelike or timelike binormal vector. Secondly,the relationship between the Frenet
frames of couple the spacelike — spacelike involute — evolute dual curve has been
found and finally some new characterizations related to the couple of the dual curve
has been given.
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1 Introduction

The consept of the involute of a given curve is a well-known in 3-dimensional
Euclidean space IR in [7,8,12,13]. Some basic notions of Lorentzian space are given
[3,10,14]. M, is atimelike curve then the involute curve M, is a spacelike curve

with a spacelike or timelike binormal. On the other hand, it has been investigated the
involute and evolute curves of the spacelike curve A, with a spacelike binormal in

Minkowski 3-space and it has been seen that the involute curve M, is timelike. The
involute curves of the spacelike curve M| with a timelike binormal is defined in

Minkowski 3-space ]Rf, [2,4,5]. Lorentzian angle defined in [11]. W.K. Clifford,
introduced dual numbers as the set

ID={/i=/1+g/L* ALA elR, & =0 for g¢0},[6].

Addition, product, division and absolute value operations are defined on ID like
below, respectively:
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(/1+gﬂ*)+(ﬂ+gﬁ*):(/1+,B)+g(/1*+,B*)
(/1+g/1*)(ﬂ+gﬁ*)=w+g(w*M*ﬂ),
A+el” AL, A B-25

B+ef P g )
[A+e2"|=|4.

ID® = {2 =a+ea Zl,& € ]RJ} . The elements of ID’ are called dual vectors .

On this set addition and scalar product operations are respectively
Z@E:&+B+g(& +b ), AL o +g(}t;z +/1'Zz)

The set (1D3, @) is a module over the ring (ID, +, ) ) (]D — Modul ) .

The Lorentzian inner product of dual vectors A , ‘BelD’ is defined by

(4.8) =<Zz,13)+gk@,1} )+ (a ,13))

with the Lorentzian inner product a= (a,a,,a ) and b= (B>, ,b3) e IR’
(a,b)=-ab,+ab, +apb,.

Therefore, /D” with the Lorentzian inner product <2,§) is called 3-dimensional

—

dual Lorentzian space and denoted by of ID13 = {z—‘i =a+éea 21,5 € IRf} .

A dual vector A=a+ea e ID13 is called

A dual space-like vector if ZZ is spacelike vector ,
A dual time-like vector if ZJ is timelike vector,
A dual null(light-like) vector if Zl is lightlike vector .
For A#0 , the norm HZ” of A=a+¢ea e ]Dl3 is defined by
/==
4= 4. 4) ey 0

The dual Lorentzian cross-product of A, Be ID; is defined as
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ZAEzZ:ABhL:@AB +a /\I;)
with the Lorentzian cross-product a R be IR;
anb= (asb, —a,by,ab, —asb,ab, —a,b,) [17].

Dual Frenet trihedron of the differentiable curve M in dual space IDl3 and

instantaneous dual rotation vector have given in [1,16]. The dual angle between

Aand B is @ = @+ & such that
sinh @ = sinh(go+ g(p*) =sinh @+ &g cosh g
cosh ® = cosh ((p + 5(0*) = cosh @+ &g’ sinh ¢.

The dual Lorentzian sphere and the dual hyperbolic sphere of 1 radius in ]Rl3 are
defined by

S = {A =a+e¢a, ‘ |4|=(1,0);a,a, € IR}, and a is spacelike}

H; = {A =a+e¢a, ‘ |4|=(1,0);a,a, € IR}, and a is timelike}
respectively [15].

2 Preliminaries

Lemma 1 1: Let X and Y be nonzero Lorentz orthogonal vektors in 1D13 L IEX
is timelike, then Y is spacelike, [11].

Lemma 2.2: Let X,Y be positive (negative) timelike vectors in IDI3 .Then
<X, Y> < ”X””Y” with equality if and only if X and Y are linearly dependent,
[11].

Lemma 2.3

i) Let X and Y be pozitive (negative) timelike vectors in ID;. Then we ha
<X, Y> < ”X””Y” , there is a unique non negative dual number (D(X, Y) such that

<X, Y> = ”X””Y”COShCD(X, Y) where CD(X, Y) is the Lorentzian timelike dual
angle between X and Y .

ii ) Let X and Y be spacelike vectors in [Dl3 that span a spacelike vector subspace.
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Then we have |<X,Y>| < ||X||||Y|| . Hence, there is a unique dual number (D(X, Y)
between 0 and = such that <X, Y> = ||X||||Y|| COS(I)(X, Y) where CD(X, Y) is

the Lorentzian spacelike dual angle between X and Y .

iii) Let X and Y be spacelike vectors in [D13 that span a timelike vector subspace. Then
wehave |<X,Y>| > ||X||||Y|| Hence, there is a unique positive dual number
O(X,Y)such that(X,Y) =] X][|Y]|cosh®(X,Y) where ®(X,Y) is the

Lorentzian timelike dual angle between X and Y .

iv) Let X be a spacelike vector and Y a positive timelike vector in ]D13 . Then there is
a unique nonnegative dual number q)(X Y ) is the Lorentzian timelike dual angle
|Y||sinh ®(X,Y).[11].

Let {T ,N,B } be the dual Frenet trihedron of the differentiable curve M in the dual

between X and Y, such that <X, Y> = ||X||

space [D13 and T=t+¢&t ,N=n+en and B=b+¢&b be the tangent, the

principal normal and the binormal vector of M , respectively. Depending on the
causal character of the curve M , we have an instantaneous dual rotation vector:

1) Let M be a unit speed timelike dual space curve with dual curvature
K=k +8k1* and dual torsion 7 =k, +€k;. The Frenet vectors 7, N and B of

M are timelike vector, spacelike vectors, spacelike vector, respectively, such that
TAN=—-B , NAB=T , BAT=—-N. 2.1

From here ,

T 0 « O|T

N'l=|x 0 —t| N|[[18] (2.2)

B’ 0 = OB

2.2) lean:s the real and dual components
t 0 k O ||¢
n'|=\k 0 —k,||n
v |0 Kk 0|5

t 0 k o0 |[¢t]0 &k o7¢
n' =k 0 —k||n|+lk O -k ||n
p'| |0 K 0 |b] |0 &k O b
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The Frenet instantaneous rotation vector W of the timelike curve is given by

W =1T—«B,[14]. (2.3)
(2.3) leaves the real and dual components
w=k,t—kb,
w =kt+kt —kb—kb

Let =@+ 8(0* be a Lorentzian timelike dual angle between the spacelike
binormal unit vector B and the Frenet instantaneous dual rotation vector W. The
C =c+&c is aunit dual vector in direction of W :

a)If |K| > |T| , W is aspacelike vector. In this station, we can write

= Wleosh® e e s
¢ =|||sinh @
and
C =sinh ®T — cosh ®B. (2.5)
b) If |K‘| < |Z'|, W is atimelike vector. In this station, we can write
K= ||W|| sinh @ 5 ,
<[ cosh W =—(w.w)y=—(x*-7*) 6
and
C =cosh®T —sinh ®B . 2.7)

2) Let M be a unit speed dual spacelike space curve with spacelike binormal. The
Frenet vectors ', N B of M are spacelike vector, timelike vector, spacelike
vector, respectively, such that

TAN=—-B , NAB=-T , BAT=N. (2.8)
From here,
T 0 « 0O|| T
N'il=|x 0 || N|[18] (2.9)
_B' 0 OB
(2.9) leaves the real and dual components

170 &k o7t
n|=lk, 0 k,|n
_b' 0 k, O]|b
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*

Ello k offt][o k o7t

1
n|+k, 0 k,|/n
b 0 k, Ofb 0 k, O]lb

*

and the Frenet instantaneous rotation vector for the spacelike curve is given by

W =—tT +kB,[14]. (2.10)
(2.10) leaves the real and dual components
w=—k,t+kb,

W' =—kt—kt +kb+kb’

Let ® =@+ be adual angle between the B and the W . If B and W spacelike
vectors that span a spacelike vector subspace, we can write

=W )
€= |eose W =)= + 2 @1
2'=||W||smCD
and
C=—sin®7T +cosDB . (2.12)

3) Let M be aunit speed dual spacelike space curve. The Frenet vectors 7' , N and

B of M are spacelike vector, timelike vectorand spacelike vector, respectively, such
that

TAN=B , NAB=-T , BAT =—N. (2.13)
From here
T 0 « O|| T
N'|=|-x 0 z||N|,[18] (2.14)
B 0 7z O||B

(2.14) leaves the real and dual components

-t 0 k 0]t
n'|=\-k 0 k||n
bl o k ofb
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! 0 k 0]t 0 k O07¢
nl=l-k 0 k||n|+|-k O k|n
b 0 k O0]fb 0 k 05

and the Frenet instantaneous dual rotation vector W of the spacelike curve is given
by

W =1T —kB,[14]. (2.15)
(2.15) leaves the real and dual components
w=k,t—kb,
w =Kt+kt —kb—kpb'.

Let D=¢p+ 6‘(0* be a Lorentzian timelike dual angle between the B and W :

a) If |K| < |T|, W is a spacelike vector. In this case, we can write

K ||W||sthD ’ W||2 _ <W, W> _p 2 2.16)
7 =|W|cosh®
and
C =cosh ®T —sinh ®B. (2.17)
b) If |K| > |Z'| , W is a timelike vector. In this case, we can write
K= ||W||coshCI) 5 ,
< ]sinho | =—(w.w)= (r K ) (2.18)
and
C =sinh ®T —cosh ®B . (2.19)

3 The Dual Involutes of The Spacelike Curve with Timelike Binormal in ID13

Defination3.1: Let M| : [ — ID13 M, =M, (S) be the unit speed dual spacelike
curve with timelike binormal and M, : [ — ID; M, =M, (S) be the unit speed
dual curve. If tangent vector of curve M, is ortogonal to tangent vector of M, , M|
is called evolute of curve M, and M, is called involute of M| .Thus the dual
involute — evolute curve couple is denoted by (M,, M) . So the tangent vector of
M, is a spacelike curve with spacelike or timelike binormal. In this station

(M,, M,) is called “the spacelike — spacelike involut — evolut dual curve couple” .
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Theorem 3.1: Let (M,, M) be the spacelike — spacelike involute — evolute dual
curve couple. Let {T, N,B} and {V;,Vz, V3} be the dual Frenet frames of M| and

M, , respectively. The dual distance between M, and M, at the corresponding
points is
d(M, (s),M,(s))=|c,—s|+&c,, ¢ ,c, =constant.

Proof: If M2 is the dual involute of M1 , We can write

M,(s)=M,(s)+AT(s), A=A +ek €lD (3.1)
Differentiating (3.1) with respect to § we have
ds”

V—=(1+A1")T+ AN
i (1+2")T + Ak

* . . . .
where s and s are arc parameter of M , and M, , respectively. Since thedirection

of T is orthogonal to the direction of V., we obtain

A'=-1.
From here, it can be easily seen
ﬂF(C1 —s)+e;"c2 (3.2)

Furthermore, the dual distance between the points M (S ) and M, (S)

d(M,(5).M: () = (47 (5). 47 (s))
—[A|+eh
Since /11=(Cl —S), /1'* =c,, we have
d(M, (s),M,(s))=|c,—s|+ec,. (3.3)
Theorem 3.2: Let (M,, M,) be the spacelike — spacelike involut — evolut dual

curve couple. Let {7, N, B} and {V;,V,,V;} be the dual Frenet frames of M and
M, respectively, Since the dual curvature of M, is P=p+&p’, we have

(k2 —k2) 1 [ 2k, (K'k, — ki) 26, (kK -K)
(c=s) k| (a —s)2 k) (¢ —s)3 k?

where the dual curvature of M, is k =k, + &k, .
Proof: Differentiating (3.1), with respect to § , we get

P =%
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M, d—S*— dM, +ﬁT+/1£

*

ds ds ds ds ds’
ds”
V,—=AkN-
ds
From here , we can write
V.=N 3.4)
ds” . - . . :
and d_ = Ak . By differentiating the last equation and using (2.14), we obtain
S
dV, ds* _dN
——=—=—xT+1B,
ds ds ds

1
PV, =—/(-«xT +7B
2= )
From here,we have

(x* -7
Pz ) (3.5)
A K

From the fact that P=p+e&p , A=A +&A , k =k +e&k and 7=k, +¢k,
we get
(k2 =2\ [ 2k (K, — ki) 247 (k2 =k
P—F e " 12)_ j'1(312 2)
A k] L Ak Ak

From here , by using i,=(c1 —S), A, =c,, we obtain

o (k2 —k2) 1 era(kfkq—klk;)_2c2(kf—k22)
(c=s) k| (cl—s)2 k) (cl—s)3 k?

(3.6)

Theorem 3.3: Let (M,, M) be the spacelike — spacelike involute — evolute dual
curve couple. Let {T, N,B} and {VI’VZ’ V3} be the dual Frenet frames of M| and
M, , respectively. The dual torsion? =k, + Ek; of M, and the dual torsion

O=q+¢q of M, is the following equation
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k (klk;' k'K, ) Tk, (kl*kl' - kl*'kl)
> =i} ||, — s

k1k2! — k1,k2
k= k3| ke e, — 5]

+&

o
Proof: By differentiating (3.1) three time with respect to § ,we get
M, = AkN,
M," =—Ax’T +(Ak'— k)N + AkrB,
M," = (21<2 - 311(7(’) T+ (/11(2'2 - A’ =2+ ﬂ,K") N
+(—-2k7+2AK't + AkT') B.

The vectorel product of Mz, and Mz” is

M, AM," =-2k*tT +’’B=2x" (—tT +«B) (3.7)

From here, we obtain
2

LYAUNYA IEVIN N s (3.8)
and

det(Mz',Mz",Mz"') =2’k (kr' - K'7). (3.9)

det (Mz',Mz",Mz"'
Substituting by (3.8) and (3.9) values into Q = 3 , we get
HM2I /\M2"
0- (k7' —K'7) 510
|4 K‘Tz -~ K‘z‘ '

and substituting by values Q=qg+é&q, A=A +¢el , K=k +&k and

t =k, + ¢k, into the last equation, we have

bk 3 (klk;' —kl'k;)+k2 (kl*kl' —kl*'kl)
Q=—"" 21 22 te 2[72 12
|ﬂ1|k1‘k2 _kl‘ |ﬂ’l|kl ‘kz _kl‘

By the fact that /11=(cl —S) , we get
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bk kl(klkz K, k2)+k2(k1kl K kl)
Q=—"tr""2—te s .(3.11)
e, —s|k |5 = &7 e, — 5| |k — k|

Theorem 3.4: Let (M,, M) be the spacelike — spacelike involute — evolute dual
curve couple. Let {T, N,B} and {V;,Vz, V3} be the dual Frenet frames of M| and

M, , respectively and @ = ¢+ 6‘(0* be the Lorentzian dual spacelike angle between

binormal vector B and W For (M,, M) dual curve couple, the the following
equations is obtained:

DIf W spacelike ,

v, 0 1 0 T
V,|=| sinh® 0 -cosh® || N
LV —cosh® 0 sinh® || B
l_eaves the real and dual components
v, 0 1 0 t
v, |=| sinh¢p O —coshe |/ n
R —coshgp O sinhg || b
v 0o 1 0 ¢ o 1 0 ‘
v, |=¢"| coshp 0 —sinhe | n|+| sinhp 0 —coshe || n"
v, —sinhgp 0 coshe ||b| |—coshp 0 sinhg ||b°
D)If W timelike
LA 0 0 T
V,|=|—-cosh® O sinh® || N
| V;] | -sinh® 0 cosh® || N
IE:anis th(_a real and dual components
v, 0 0 0 t
v, |=| —coshg 0 sinhe || n
| v;| | —sinhgp O coshg||b

>
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V' o 1 o ¢ o o o ¢

v, |=¢ | —sinhgp 0 coshg | n|+|—coshgp 0 sinhe ||n°
12 —coshegp 0 sinhe || b —sinhgp 0 coshg || b’

Proof: 1) From the equation (3.4) and (3.8),we have,
' " 2 2
HM2 AM, | =2 |W. (3.12)

! "
M, AM,

By using (3.7) and (3.12) and from the fact that V; =
! "
HM2 AM,

we obtain

ALY

4 g

substituning (2.16) into the last equation, we obtain

V; =—cosh®T +sinh®B . (3.13)
Since V, =V, AV}, it can beeasily seen that

V, =sinh®T —cosh®B . (3.14)

Considering (3.4), (3.13) and (3.14) according to dual components, the following
equations are obtained:

V,=n+en’
V,=( sinhgt-coshgb)+ 8|:( sinht - cosh(pb*)+(p* ( cosh(pt-sinh(pb)]

V,=(-coshot+sinhgb)+¢ [(-cosh(pt* +sinhgb’ ) +¢° (-sinh(pt+cosh(pb)}

(3.15)
written (3.15) in matrix form, the prof is completed.
2) From the equation (3.4) and (3.10), we have,
T K
Vi=——=T+—B.
Il

Substituning (2.18) into the last equation, we obtain

V, =—sinh®7T +cosh @B, (3.16)

V, =—cosh®T +sinh ®B . (3.17)

Considering (3.4), (3.16) and (3.17) according to dual components, the following
equations are obtained:
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V,=n+en’

V,=(-coshgt+sinhgb)+e [(-cosh(pt* +sinhgb’ ) +¢' (-sinh(pt+cosh(pb)]

V,=(-sinhgt+cosheb)+e [(-sinh(pt* +coshgb’ ) +¢° (-cosh(pt+sinh(pb)]
(3.18)

Theorem 3.5: Let (M s M, 1) be the spacelike — spacelike involute — evolute dual

curve couple. W =w+ew and W =w+&w be the dual Frenet instantaneous
rotation vectors of M, and M, respectively. Thus,

DIf w spacelike,

— 1

W=—-—(DO'N-W).
2)If W timelike,

— 1

W=——(DO'N+W).

Proof: 1) From (2.10), we can write W= —QV, + PV, . Using the (3.4), (3.5),
(3.10) and (3.13) the equations, we have

2 2
Kkt —Kk'T ‘T _K‘
— — N+
|/1|K"K‘ -7 ‘ |/1|/c

S|

(—cosh®T +sinh ®B)

Substituning (2.16) into the last equation, we obtain

1 KT'—K'T
|| x ‘K‘z -~ z'z‘
and then, we get

w

S|

N-Ww

1
W(CD'N—W). (3.19)

Considering (3.19) according to dual components and substituting 4, = (c1 - S) into

(3.19), we leaves the real and dual components
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— 'n—w
w= 210 ,
|cl - s| k,
(3.20)

—_ on" +o ' n-w  k (¢p'n—w)

2
|c1 —S|k1 |c1 —s|k1

S

2) From (2.15), we can write W= QV, — PV,. Using the (3.4), (3.5), (3.10) and

(3.16) the equations, we have
1 k'K
|4 x ‘K2 - rz‘

Substituning (2.18) into the last equation, we obtain

I

N-— ‘TZ—KQ‘(—SinhCI)T+COSh(DB) .

1 | k' —x'r
=—| —N+W
|/1|K ‘K‘z —rz‘ "

and then, we get

S|

— 1
W=——(O'N+W). (3.21)
[4]x
Considering (3.21) according to dual components and substituting 2.1 = (C1 - S) into
(3.21), we leaves the real and dual components
_on+w

5
e, — 5|k,

= |

(3.22)

. _ o'n +o ' n+w  k (¢'n+w)
e, — 5]k, e, — 5|k}

=

Theorem 3.6: Let (M,, M) be the spacelike — spacelike involute — evolute dual
curve couple. C =c+e&c and 6 =Z’+€E be unit dual vector of W and W,
respectively. Thus,

— D’ ‘Tz —K
DIf W spacelike, C = N — C,
\l‘rz PERAPN \/‘Tz PERAPNS
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2 2
_ Q' - x|

2)If W timelike, C =

N+ C
Jrevo  rocvor

Proof: 1) From the fact that the unit dual vector of W is E =

Bl

we obtain

7
, 2_2

C= ® N-— “V K‘ C. (3.23)

Wﬁ—ﬁ+®” -+ @7

(3.23) leaves the real and dual components

Sl

_ ¢ R A
\ﬂkzz ~k + 9" \/‘k; ~k +¢"”
(3.24)
o o'n +¢'n ~ ‘kzz —klle
\/‘kzz —k +¢"” \/‘kzz ~k +¢"”
2) Substituning (3.21) into the equation (3.23) we obtain
_ e .
C= ® N+ ‘ ‘ C (3.25)
\/‘72_’(2_'_@,2‘ \/‘2_2_’(2_'_(1);2
(3.25) leaves the real and dual components
A |
JE-+@)] K-k (o)
, (3.27)
=__gnle)n Rkl
c = + .
JE - +@)| K-k +)




International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 1 Issue 5 (May 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/
REFERENCES

[1] Ayyildiz, N., Coken, A., C.: On The Dual Darboux Rotation Axis of The
Spacelike Dual Space Curve, Demonstr. Math., 37(1), 197-202 (2004)

[2] Bilici, M. and Caligkan, M.: On the Involutes of the Spacelike Curve with a
Timelike Binormal in Minkowski 3-Space, Int. Math. Forum, 4(31), 1497-1509
(2009)

[3] Birman, G.S., Nomizu, K.: Trigonometry in Lorentzian Geometry, Amer. Math.
Monthly, 91(9), 543-549 (1984)

[4] Biikcii, B., Karacan, M.K.: On The Involute and Evolute Curves of The Spacelike
Curve with a Spacelike Binormal in Minkowski 3-Space, Int. J. Contemp. Math.

Sciences, 2(5), 221-232 (2007)

[5] Biikcii, B. and Karacan, M.K.: On The Involute and Evolute Curves of The
Timelike Curve in Minkowski 3-Space, Demonstr. Math., 40(3), 721-732 (2007)

[6] Clifford, W. K.: Preliminary Sketch of Biquatenions, London Math. Soc., 4(1),
381-395 (1871)

[7] Fenchel, W.: On The Differential Geometry of Closed Space Curves, Bull. Amer.
Math. Soc., 57(1), 44-54 (1951)

[8] Hacisalihoglu, H.H.: Differential Geometry, Hacisalihoglu Published, Turkey,
(2000)

[9] Caligskan M. Bilici M.: Some Characterizations for The Pair of Involute-Evolute

Curves in Euclidean Space E3, Bulletin Pure Appl. Sci., 21E(2), 289-294 (2002)
[10] O’neill, B.: Semi Riemann Geometry, Academic Press, New York, London,
(1983)

[11] Ratcliffe, J. G.: Foundations of Hyperbolic Manifolds, Springer-Verlag New
York, Inc., New York, (1994)

[12] Millman R.S. Parker G.D.: Elements of Differential Geometry, Prentice-Hall
Inc.,Englewood Cliffs, New Jersey, (1977)

[13] Struik J. Dirk.: Lectures on Classical Differential Geometry, Second Edition
Addision Wesley, Dover, (1988)

[14] Ugurlu, H.H.: On The Geometry of Timelike Surfaces, Commun. Fac. Sci. Ank.
Series, A1(46),211-223 (1997)

[15] Yayli, Y.,Caligkan A., Ugurlu, H.H.: The E. Study mapping of circles on dual

hyperbolic an Lorentzian unit speheres /1, g and S12 , Math. Proc. R. Ir. Acad.,

102A(1),37-47 (2002)
[16] Yiicesan, A., Coken. A. C., Ayyildiz N.: On the dual Darboux Rotation Axis of
the Timelike Dual Space Curve, Balkan J. Geom. Appl., 7(2), 137-142 (2002)
[17] Akutagawa K., Nishikawa S.: The Gauss Map and Spacelike Surfaces with
Prescribed Mean Curvature in Minkowski 3-Space, Tohoku Math. J., 42, 67-82
(1990)
[18] WoestijneV.D.I.: Minimal surface of the 3-dimensional Minkowski space, World
Scientific Pub., Singapore (1990)
19] Hacisalihoglu H. H., Acceleration Axes in Spatial Kinamatics 1., Commun.S erie
A: Math’ematiques, Physique et Astronomie, A(20), 1-15 (1971)

29



