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1   INTRODUCTION 

 Mappings plays an important role in the study of modern mathematics, 

especially in Topology and Functional Analysis. Closed and open mappings are one 
such mappings which are studied for different types of closed sets by various 
mathematicians for the past many years. Norman Levine introduced the notion of 
generalized closed sets. After him different mathematicians worked and studied on 
different versions of generalized closed sets and related topological properties. In this 
paper we are going to further study weak form of closed and open mappings namely 
gpr-closed and gpr-open mappings using gpr-closed and gpr-open sets. Basic 

properties are verified. Throughout the paper X, Y means a topological spaces (X, ) 

and (Y, ) unless otherwise mentioned without any separation axioms. 

2   PRELIMINARIES 

Definition 2.01: A X is called                 

(i) closed[semi-closed; regular-closed] if its complement is open[semi-open; regular-
open]. 

(ii) g-closed[rg-closed] if cl A U whenever A U and U is open in X.           

(iii) pg-closed[gp-closed; gpr-closed] if pcl(A) U whenever AU and U is pre-

open[open; regular-open] in X.     

(iv) g-closed if cl(A)  U whenever A U and U is open in X.      
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Definition 2.02: A function f:X Y is said to be 
(i) continuous[resp: nearly-continuous; pre-continuous; g-continuous; rg-continuous] 
if inverse image of each open set is open[resp: regular-open; preopen; g-open; rg-
open].  

(ii) nearly-irresolute; [resp: g-rresolute; rg-irresolute] if inverse image of each 
regular-open set[resp: g-open; rg-open] is regular-open; [resp: g-open; rg-open].  
(iii) closed if image of each closed set is closed[resp: regular-closed; g-closed; rg-
closed]. 
(iv) open if image of each open set is open[resp: regular-open; g-open; rg-open]. 
 

Definition 2.03: X is said to be T1/2[rT1/2] if every g-[rg-]closed set is [regular-
]closed. 
 

Note 1: From Definition 2.1 we have the interrelations among closed and open sets. 
 

Closed   g-closed   g-closed   gp-closed   gpr-closed 

                     

r-closed                                   rg-closed 

 

Open   g-open   g-open   gp-open   gpr-open 

                        

r-open                              rg-open 

3  GPR-CLOSED MAPPINGS 

Definition 3.01: A function f: X Y is said to be gpr-closed if image of every closed 
set in X is gpr-closed in Y 
 
Note 2: By note 1 and Definitions 2.02(iii) and 3.01 we have the following diagram. 

  
 Closed map   g-closed map   g-closed map   gp-closed map  gpr-closed map 

                 

r-irresolute map                                          rg-closed map 

 
However, we have the following converse part: 
 
Note 3: If GPRC(Y) = RC(Y) we have the following implication diagram.  
 
 Closed map   g-closed map   g-closed map   gp-closed map  gpr-closed map 

                       

r-irresolute map                                        rg-closed map 
 

Example 1: Let X = Y = {a, b, c};  = {, {a}, {b}, {a, b}, X}. and  = {, {a}, Y} 



International Journal of Mathematical Engineering and Science 

ISSN : 2277-6982                            Volume 1 Issue 6 (June 2012)     
http://www.ijmes.com/                    https://sites.google.com/site/ijmesjournal/             
 

11 
 

and let f: X Y be defined as f(a) = b; f(b) = c; f(c) = a, then f is gpr-closed; rg-

closed but not g-closed; gp-closed; r-closed; closed; g-closed.  

 

Theorem 3.01: If (Y, ) is a discrete space, then f is  closed of all types: 
 

Example 2: Let X = Y = {a, b, c} and  = {, {b}, {a, b}, {b, c}, X};  = (Y) and 

let f:X Y be defined as f(a) = b; f(b) = a; f(c) = c, then f is gpr-closed; rg-closed; g-

closed; gp-closed; g-closed; r-closed; closed. 

 

Example 3: Let X = Y = {a, b, c} and  = (X);  = {, {b}, {a, b}, {b, c}, Y} and 
let f:X Y be defined as f(a) = c; f(b) = a; f(c) = b, then f is gpr-closed; rg-closed; but 

not g-closed; r-closed; closed. 

 
Theorem 3.02: (i) If f is closed and g is gpr-closed[ rg-closed; r-irresolute] then g•f is 
gpr-closed   
(ii) If f and g are r-irresolute then g•f is gpr-closed     
(iii)If f is r-irresolute and g is gpr-closed[r-irresolute] then g•f is gpr-closed  
 

Theorem 3.03: If f: X Y is gpr-closed, then gpr(cl{f(A)})  f(cl{A})  

Proof: Let A X and f:XY is gpr-closed gives f(cl{A}) is gpr-closed in Y and f(A) 

f(cl{A}) which in turn gives gpr(cl{f(A)})  gprcl(f(cl{A})) - - - - - - - - - - - (1) 

Since f(cl{A}) is gpr-closed in Y, gprcl(f(cl{A})) = f(cl{A})- - - - - - - - - - - -  (2) 

combaining (1) and (2) we have gpr(cl{f(A)})  (f(cl{A})) for every subset A of X. 
  

Remark 1: converse is not true in general, as shown by 
 

Example 4: Let X = Y = {a, b, c};  = {, {a}, {b}, {a, b}, X}, and  = {, {a}, {c}, 

{a, c}, Y}. f:(X, )(Y, ) be the identity map then gpr(cl{f(A)})  f(cl{A}) for 

every subset A of X but f is not gpr-closed. Since f({c}) = {c} is not gpr-closed. 
 

Theorem 3.04: If f is gpr-closed[rg-closed] and ARC(X), then f(A) is gpr-closed in 
Y. 

Proof: Let AX and f:XY is gpr-closed  gpr(cl{f(A)})f(cl{A}) which in turn 

implies gpr(cl{f(A)}) f(A), since f(A) = f(cl{A}). But f(A)gpr(cl{f(A)}). 

Combining we get f(A) = gpr(cl{f(A)}). Hence f(A) is gpr-closed in Y. 

 

Corollary 3.01: (i) If f: X Y is rg-closed, then gpr(cl{f(A)})  f(cl{A}) 

(ii) If f: X Y is r-closed, then gpr(cl{f(A)})  f(cl{A}) 

(iii)If f: XY is r-closed, then f(A) is gpr-closed in Y if A is closed[r-closed] set in X. 
 

Theorem 3.05: If gprcl(A) = rgcl(A) for every AY, the following are equivalent: 

(i) f:X Y is gpr-closed map 

(ii)gpr(cl{f(A)})  f(cl{A}) 

Proof: (i)  (ii) follows from Theorem 3.3 



International Journal of Mathematical Engineering and Science 

ISSN : 2277-6982                            Volume 1 Issue 6 (June 2012)     
http://www.ijmes.com/                    https://sites.google.com/site/ijmesjournal/             
 

12 
 

(ii)  (i) Let A be closed in X, then f(A) = f(cl{A})  gpr(cl{f(A)}) by hypothesis. 

We have f(A)  gpr(cl{f(A)}). Combining we get f(A) = gpr(cl{f(A)}) = rg(cl{f(A)})[ 

by given condition]  f(A) is rg-closed and hence gpr-closed. Thus f is gpr-closed.  
   

Theorem 3.06: f: X Y is gpr-closed iff for each subset S of Y and each open set U 

containing f 
-1

(S), there is a gpr-open set V of Y such that S V and f
 -1

(V)  U. 

Proof: If f is gpr-closed, SY and U(, f 
-1

(S)), then f(X-U)GPRC(Y) and            

V=Y-f(X-U)GPRO(Y). f 
-1

(S)U  SV and f 
-1

(V) = X–f 
-1

(f(X-U))X-(X-U)=U. 

 Conversely let F be closed in X, then f 
-1

(f(F
c
)) F

c
. By hypothesis, there 

exists VGPRO(Y) such that f(F
c
) V and f 

-1
(V)  F

c
 and so F (f 

-1
(V))

c
. Hence 

V
c
 f(F)  f[(f 

-1
(V))

c
] V

c
  f(F)  V

c
  f(F) = V

c
. Thus f(F) is gpr-closed in Y 

and therefore f is gpr-closed. 
 
Remark 2: composition of two gpr-closed maps is not gpr-closed. 
 

Theorem 3.07: Let X, Y, Z be topological spaces and every gpr-closed set is r-closed 
in Y, then the composition of two gpr-closed maps is gpr-closed. 

Proof: Let A be closed in X  f(A) is gpr-closed in Y  f(A) is regular-closed in 

Y[by assumption]  g(f(A)) = g•f(A) is gpr-closed in Z  g•f is gpr-closed. 

   
Theorem 3.08: If f is rg-closed; g is gpr-closed[ rg-closed] and Y is rT1/2, then g•f is 
gpr-closed. 
   
Corollary 3.02: If f is rg-closed; g is r-closed and Y is r-T1/2, then g•f is gpr-closed. 

 

Theorem 3.09: If f; g be such that g•f is gpr-closed[rg-closed]. Then the following 
are true 
(i) If f is continuous[r-irresolute] and surjective, then g is gpr-closed 
(ii) If f is  rg-continuous, surjective and X is r-T1/2, then g is gpr-closed 
 

Corollary 3.03: For f;g if g•f is r-irresolute. Then the following are true 

(i) If f is continuous[r-irresoloute] and surjective, then g is gpr-closed 
(ii) If f is rg-continuous, surjective and X is r-T1/2, then g is gpr-closed 
 

Theorem 3.10: If X is gpr-regular, f:XY is r-open, rg-continuous, gpr-closed 
surjection and cl{A} = A for every gpr-closed set in Y, then Y is gpr-regular. 

Proof: Let pUGPRO(Y),  xX  f(x) = p. Since X is gpr-regular and f is rg-

continuous  VRGO(X)  xVcl(V)f
-1

(U)  pf(V)f(cl(V))U- - - - - - - (1)  

Since f is gpr-closed, f(cl(V))U is gpr-closed and cl(f(cl(V))) = f(cl(V)) and 

cl{f(cl(V))} = cl{f(V)} - - - - - - - - - - - - - - - - - - -- - - - (2) 

From (1) and (2) p f(V)  cl(f(V))U and f(V) is rg-open. Hence Y is gpr-regular. 
 

Corollary 3.04: If X is gpr-regular, f:XY is r-open, rg-continuous, gpr-closed 
surjection and cl(A) = A for every rg-closed set in Y, then Y is gpr-regular. 
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Theorem 3.11: (i) If f is gpr-closed[rg-closed] and ARC(X), then fA is gpr-closed. 

(ii) If f is gpr-closed[ rg-closed], X is rT1/2 and ARGC(X), then fA is gpr-closed. 

 
Corollary 3.05: (i) If f is r-closed and A is r-closed set of X, then fAis gpr-closed. 
(ii)If f is r-closed, X is rT1/2 and A is rg-closed set of X, then fA is gpr-closed. 
 

Theorem 3.12: If fi:XiYi be gpr-closed [rg-closed] for i = 1, 2. If f:X1X2Y1Y2 

is defined as f(x1, x2) = (f1(x1), f2(x2)). Then f: X1X2Y1Y2 is gpr-closed. 

Proof: Let U1U2X1X2 where UiRC(Xi) for i = 1, 2. Then f(U1U2) = 

f1(U1)f2(U2)GPRC(Y1Y2). Hence f is gpr-closed. 
 

Theorem 3.13: Let h:XX1X2 be gpr-closed[ rg-closed]. Let fi: X  Xi be defined 

as: h(x) = (x1, x2) and fi(x) = xi. Then fi: X  Xi is gpr-closed for i = 1, 2. 

Proof: Let U1X2RC(X1X2), then f1(U1) = h(U1 X2)GPRC(X), therefore f1 is 
gpr-closed. Similarly we have f2 is gpr-closed and thus fi is gpr-closed for i = 1, 2. 

 

Corollary 3.06: (i) If fi: Xi  Yi be r-closed for i = 1, 2. Let f: X1 X2  Y1 Y2 be 

defined as follows: f(x1, x2) = (f1(x1), f2(x2)). Then f: X1 X2  Y1 Y2 is gpr-closed. 

(ii) Let h: X  X1 X2 be r-closed. Let fi: X  Xi be defined as: h(x) = (x1, x2) and 

fi(x) = xi. Then fi: X  Xi is gpr-closed for i = 1, 2. 
 
4  GPR-OPEN MAPPINGS 

 

Definition 4.01: A function f: X Y is said to be gpr-open if image of every open set 
in X is gpr-open in Y 
 

Note 4: By note 1 and Definitions 2.02(iv) and 4.01 we have the following diagram. 
  
 Open map   g-open map   g-open map   gp-open map  gpr-open map 

               

r-open map                                            rg-open map 
 
 However, we have the following converse part: 
 
Note 5: Converse is true if GPRO(Y) = RO(Y) 
 
Open map   g- open map   g- open map   gp-open map  gpr-open map 

                       

r-irresolute map                                       rg-open map 
 

Example 5: Let X = Y = {a, b, c};  = {, {a}, {b}, {a, b}, X} and  = {, {a}, Y} 
and let f: X Y be defined as f(a) = b; f(b) = c; f(c) = a, then f is gpr-open; rg-open 

but not g- open; gp-open; r-open; open; g-open. 
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Theorem 4.01: If (Y, ) is a discrete space, then f is open of all types: 
 

Example 6: Let X = Y = {a, b, c} and  = {, {b}, {a, b}, {b, c}, X};  = (Y) and 

let f:XY be defined as f(a) = b; f(b) = a; f(c) = c, then f is gpr-open; rg-open; g-

open; gp-open; g-open; r-open; open. 

 

Example 7: Let X = Y = {a, b, c} and  = (X);  = {, {b}, {a, b}, {b, c}, Y} and 
let f:XY be defined as f(a) = c; f(b) = a; f(c) = b, then f is gpr-open; rg-open; but 

not g-open; r-open; open. 
 
Theorem 4.02: (i) If f is open and g is gpr-open[ rg-open; r-open] then g•f is gpr-
open  
(ii) If f and g are r-irresolute then g•f is gpr-open     
(iii)If f is r-irresolute and g is gpr-open then g•f is gpr-open   

  

Theorem 4.03: If f: X Y is gpr-open, then f(A
o
)  gpr({f(A)}

o
)   

Proof: Let A X and f:X Y is gpr-open gives f(A
o
) is gpr-open in Y and f(A

o
) 

f(A) which in turn givesgpr(f({A}
o
))

o
  gpr({f(A)}

o
- - - - - - - - - - - - - - - - - - - - (1) 

Since f({A}
o
) is gpr-open in Y, gpr(f({A}

o
))

o
 = f({A}

o
)- - - - - - - - - - - - - - - - - - - (2) 

combaining (1) and (2) we have f(A
o
)  gpr({f(A)}

o
) for every subset A of X. 

  
Remark 3: converse is not true in general, as shown by 

Example 8: Let X = Y = {a, b, c};  = {, {a}, {b}, {a, b}, X}, and  = {, {a}, {c}, 

{a, c}, Y}. f:(X, )  (Y, ) be the identity map then f(A
o
)  gpr({f(A)}

o
) for every 

subset A of X but f is not gpr-open. Since f({a, b}) = {a, b} is not gpr-open. 
 

Theorem 4.04: If f is gpr-open[rg-open] and ARO(X), then f(A) is gpr-open in Y. 

Proof: Let A X and f:XY is gpr-open  gpr({f(A)}
o
)  f({A}

o
) which in turn 

implies gpr({f(A)}
o
)  f(A), since f(A) =f({A}

o
). But f(A)  gpr({f(A)}

o
). Combining 

we get f(A) = gpr({f(A)}
o
). Hence f(A) is gpr-open in Y. 

 

Corollary 4.01: (i) If f: X Y is rg-open, then f({A}
o
)  gpr({f(A)}

o
) 

(ii) If f: X Y is r-open, then f({A}
o
)  gpr({f(A)}

o
) 

(iii)If f: X Y is r-open, then f(A) is gpr-open in Y if A is open[r-open] set in X. 
 

Theorem 4.05: If gpr({A}
o
) = rg({A}

o
) for every AY, the following are equivalent: 

(i) f:X Y is gpr-open map 

(ii) f({A}
o
)  gpr({f(A)}

o
) 

 

Theorem 4.06: f: X Y is gpr-open iff for each subset S of Y and each open set U 

containing f 
-1

(S), there is a gpr-open set V of Y such that SV and f
 -1

(V)  U. 

Proof: Assume f is gpr-open, SY and U(, f 
-1

(S)), then f(U)GPRO(Y) and V = 
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Y-f(X-U)GPRO(Y). f 
-1

(S)U  SV and f 
-1

(V) = X–f 
-1

(f(X-U))X-(X-U) = U. 

 Conversely let F, then f 
-1

(f(F
c
))F

c 
and there exists VGPRO(Y) such 

that f(F
c
)V and f 

-1
(V)F

c
 and so F(f 

-1
(V))

c
. Hence V

c
 f(F)  f[(f 

-1
(V))

c
]V

c
  

f(F)V
c
  f(F) = V

c
. Thus f(F)GPRO(Y) and therefore f is gpr-open. 

 

Remark 4: composition of two gpr-open maps is not gpr-open. 
 
Theorem 4.07: Let X, Y, Z be topological spaces and every gpr-open set is r-open in 
Y, then the composition of two gpr-open maps is gpr-open. 

Proof: Let A be r-open in X  f(A) is gpr-open in Y  f(A) is r-open in Y[by 

assumption]  g(f(A)) is gpr-open in Z  g•f(A) is gpr-open in Z  g•f is gpr-open. 
   
Theorem 4.08: If f is rg-open; g is gpr-open[rg-open] and Y is rT1/2, then g•f is gpr-
open. 

Proof:(i) Let A be r-open in X  f(A) is rg-open in Y  f(A) is r-open in Y[since Y 

is r-T1/2]  g(f(A)) is gpr-open in Z  g•f(A) is gpr-open in Z  g•f is gpr-open. 
 
(ii) Since every g-open set is rg-open, this part follows from the above case. 

     
Corollary 4.02: If f is g-open[rg-open]; g is r-open and Y is T1/2{rT1/2}, then g•f is 
gpr-open. 
    
Theorem 4.09: If f and g be two mappings such that g•f is gpr-open[ rg-open]. Then 
the following are true 
(i) If f is  continuous[r-irresolute] and surjective, then g is gpr-open 

(ii) If f is  rg-continuous, surjective and X is r-T1/2, then g is gpr-open 
 

Corollary 4.03: If f; g be such that g•f is r-open. Then the following are true 
(i) If f is  continuous[r-continuous] and surjective, then g is gpr-open 
(ii) If f is  rg-continuous, surjective and X is r-T1/2, then g is gpr-open 
 

Theorem 4.10: If X is gpr-regular, f:X Y is r-open, rg-continuous, gpr-open 
surjection and A

o
 = A for every gpr-open set in Y, then Y is gpr-regular. 

Proof: Let pUGPRO(Y),  xX  f(x) = p. Since X is gpr-regular and f is rg-

continuous  VRGO(X)  xV
o
Vf 

-1
(U) which implies pf(V

o
)f(V)U- - - (1)  

Since f is gpr-open, f((V)
o
)U is gpr-open and {f(V

o
)}

o
 = f(V

o
) and {f(V

o
)}

o
 = 

{f(V)}
o
- - - - - - - - -- - - - - - - - - -- - - - - (2) 

From (1) and (2) p{f(V)}
o
  f(V)  U and f(V) is rg-open. Hence Y is gpr-regular. 

 

Corollary 4.04: If X is gpr-regular, f:XY is r-open, rg-continuous, gpr-open 
surjection and A

o
 = A for every rg-open set in Y, then Y is gpr-regular. 

 

Theorem 4.11: (i) If f is gpr-open[ rg-open] and ARO(X), then fA is gpr-open. 

(ii) If f is gpr-open[ rg-open], X is rT1/2 and ARGO(X), then fA is gpr-open. 
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Corollary 4.05: (i) If f is r-open and A is r-open set of X, then fA is gpr-open. 
(ii)If f is r-open, X is rT1/2 and A is rg-open set of X, then fA is gpr-open. 
 

Theorem 4.12: If fi:XiYi be gpr-open[rg-open] for i = 1, 2. If f:X1X2Y1Y2 is 

defined as f(x1, x2) = (f1(x1), f2(x2)). Then f:X1X2Y1Y2 is gpr-open. 
 

Theorem 4.13: Let h: X  X1 X2 be gpr-open[ rg-open]. Let fi: X  Xi be defined 

as: h(x) = (x1, x2) and fi(x) = xi. Then fi: X  Xi is gpr-open for i = 1, 2. 
 

Corollary 4.06: (i) If fi: Xi  Yi be r-open for i = 1, 2. Let f: X1 X2  Y1 Y2 be 

defined as follows: f(x1, x2) = (f1(x1), f2(x2)). Then f: X1 X2  Y1 Y2 is gpr-open. 

(ii) Let h: X  X1 X2 be r-open. Let fi: X  Xi be defined as: h(x) = (x1, x2) and 

fi(x) = xi. Then fi: X  Xi is gpr-open for i = 1, 2. 

References 

[1.] Andrijevic. D., Semi-preopen sets, Mat,Vesnik 38, 24-32(1986). 

[2.] Asit Kumar Sen and Bhattcharya.P., On preclosed mappings, Bull.Cal.Math.Soc.,85, 409-
412(1993). 
[3.] Balasubramanian.S., and Lakshmi Sarada.M., gpr-separation axioms, Bull. Kerala Math. 

Associataion, 8(1)157–173(2011). 

[4.] Balasubramanian.S., slightly gpr-continuous functions, Scientia Magna, 7(3)46–52(2011). 
[5.] Bhattacharya.P., and Lahiri.B., Sg-closed sets in topology, Indian J.Math.,29,375-
382(1987). 
[6.] Dunham.W., T1/2 Spaces, Kyungpook Math. J.17, 161-169(1977). 

[7.] Gnanambal. Y., On gpr-closed sets in topological spaces, I.J.P.A.M.,28(3), 351-360(1997). 

[8.] Gnanambal. Y., On gpr-continuous functions in topological spaces, I.J.P.A.M.,30, 581- 
593 (1999). 
[9.] Levine.N., Generalized closed sets in topology, Rend.Circ.Mat.Palermo,19(2)89-96(1970). 

[10.] Maki.H., Devi.R., and Balachandran.K., G-closed sets in topology, Bull. Fukuoka 
Univ.Ed.PartIII, 42,13-21(1993). 

[11.] Maki.H., Devi.R., and Balachandran.K., Associated topologies of generalized -closed 

Sets and -generalized closed sets, Mem.Fac.Sci.Kochi Univ.(Math)15,51-63(1994). 
[12.]  Maki.H., Umehara.J., and Noiri.T., Every Topological space is pre-T1/2, Mem. Fac. Sci. 

Kochi U.Ser.A, Math.,17, 33-42(1996). 
[13.]  Mashour. A.S., Abd El-Monsef. M.E., and El-Deeb. S.N., On precontinuous and weak 

Precontinuous functions Proc. Math. Phys. Soc. Egypt 53, 47-53(1982).   
[14.] Palaniappan. N., and Chandrasekharrao.K., RG-closed sets, Kyungpook Math.J.,33, 211-

219(1993).  

_____________________________________________________________________ 
Corresponding Author: S.Balasubramanian 


