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ABSTRACT
The aim of the present paper is to introduce two new subclasses of p-valent
functions with complex order. The coefficient inequalities and Fekete-Szego inequality
for the functions in these classes are also obtained.
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1. Introduction

Let 4 denote the class of all p-valent functions f of the form
f(z)=2"+> a,,z"" .. (LD
n=1
Which are regular in the open unit disc U={zeC: 7| <1{

Here A =sA andpeN.

Let M, (o) and N (o) be the classes consisting of the functions f e o4, and

satisfying the conditions
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7' (z)
Re <a zeU,a>1 and
f(z)

7" (2) .
Re | 1+ <azeU,a>1 respectively

f(z)

These classes were introduced by S.Owa and H.M.Srivastava [10] Y.Polatoglu,

M.Bolcol, A.Sen and E.Yavuz [4] have studied the subordination results, coefficient

inequalities, distortion properties, radius of starlikeness for the functions inM (a).

Several authors [3,4,5,7,9] have obtained the Fekete-Szego inequality for

functions in various subclasses of analytic, p-valent, meromorphic functions.

In this paper, we define some subclasses of p-valent functions of complex order.
We obtain the coefficient inequality and Fekete-Szego inequality, for the functions in
these classes.

Definition 1.1: Let ‘b’ be a non-zero complex number and >1. A function f (z) of the

form (1.1) is said to be in the class M (b, o) if

Re {1&{#(2)— H<oc, 7eU (1.2)

bl f(z2)
It is noted that

M (L o) =M (a) defined by S.Owa and H.M.Srivastava [10]
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M; (L o) =M (o) defined by S.Owa and J.Nishiwaki [2]

Definition 1.2: Let ‘b’ be a non-zero complex number and ez >1. A function f (z) of the

form (1.1) is said to be in the class N, (b, a.) if

Re {1&{# "(Z)H<a, zeU (1.3)

bl f'(2)

It is noted that

N, (1 o)=N, (o) defined by S.Owa and H.M.Srivastava [10]

N; (L o)=N(a) defined by S.Owa and J.Nishiwaki [2]

To prove our results we require the following lemma.

Lemma (1.1) [9]: If p(z)=1+ C,Z+C, 2% +...... is a function with positive real part

and p(O) =1 then for any complex number v, we have

‘cz —vcf‘sz Max {1| 2v—]1}

This result is sharp for the functions

1+ 22 1+7z
p(z)= - And p(z)= 12

In the next sections we obtain the coefficient inequality and Fekete-Szego inequality for

the function f in the classes M _ (b, o) and N (b, o).

2. Coefficient inequalities
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Theorem 2.1: If f(z)eM_(b,a) then

a

n+p

S%ﬁ[2[|b|(oc—l)+(p—l)]+ j] ............... (2.1)

1
* j=0

Proof: Since f(z)eM, (b,a) then from the definition (1.1), we have

Define a function p(z) such that

a{ulrf (2) —1ﬂ
bl f(z2) o
p(z)= a—{l+i(p—1)} 3 (2.2)

Here p(z) is a function with positive real part with p(0) =1.

Replacing f(z), zf'(z) with their equivalent expressions on both sides, we get
{1+ icnz"} [bo.—[b+ p—1]]{zp +ian+pz”*p}
n=1 n=1

=[ba—b+1] {z” +ian+pz”*p}—{pz” +i(n+ p)awz“*p} ............ (2.3)
n=1

n=1
Comparing the coefficient of z"" on both sides of equation (2.3),

We get,
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—na,,, =[b(a-1)+(1- p)][c +8,,,C, s +8,.,C, +...+an_1+pcl]

Taking modulus on both sides of (2.4) and applying |c,|<2 ¥n>1 we get
<2 PbKO‘_l?:( p_l)}[lﬂapﬂ

<2[p|(a-1)+(p-1)]

Thus the result holds true forn=1

+..+a

p+n p+2

‘a n— 2+p

+‘a

Forn=1

‘ p+1

Forn=2

‘a

p+2

<2 {|b|(“‘1)2+( p _1)}[1+2[|b|(0c—1)+( p-1)]]

Thus the result (2.1) is true forn = 2.
Suppose the result (2.1) is true for n = k

Now for n =k + 1, we have

‘a

<o | PV (P ey oy o1y (po2)]]+

(k+1)

p+k+1

-|b|(oc—1)2+( p—l)_ [1+2Db|(a_1)+( p—l)ﬂ+...

sl +(p-0])+ 1]

N

Kk

k+1 TT[2[0bl (1) +(p-1)]+ ]

1=

Thus the result (2.1) is true forn=k +1.

‘a

p+k+1

By mathematical induction the result (2.1) is true for all values of n.

This completes the proof of the theorem.

Theorem 2.2: If f(z)eN_(b,a) then
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SLH[Z[IbI o —1)+ (p—1)+j]] ............... (2.6)

nl(n+p)

n+p

Proof: Since f(z)eN_(b,a) then from the definition (1.2), we have

Define a function p(z) such that

a{m{zf;'mﬂ
bl f'(z) CI
p(z)= a_{“_i(p_l)} :1+chz ............... (2.7)

Here p(z) is a function with positive real part and p(0) =1.

Replacing f(z), f'(z) & f"(z) with their equivalent expressions in series on both

sides, we get

[ab—b+1- p]{pzp‘% ch z””"1+Zan+p (n+p)z" "+ {icn Hiamp n+p) nw—lﬂ

n=1 n=1

=(ocb—b)[PZ“+nZ=;an+p(n+ p)z”*pl}_|:p(p 1)z +zan+p (n+p)(n+ p-1)z n+p1}

(2.8)
Comparing the coefficient of z"*"™ on both sides of equation (2.8),

We get,
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c +a...C +1)+a +2)C, ,+...+
-n(n+p)a,,, =[ab—b+1- p]{pn poiCoa (P+1)+8,.0 (P+2)C, ]...(2.9)

a, ,,,(N-2+p)c,+a,,,,c(n-1+p)

Taking modulus on both sides of (2.9) and applying |c,|<2 ¥n>1 we get

la,..|<2 PbKO‘_l)Jr(p_l)} Pr(ptpal(PrDfayal et | (2.10)
n(n+p) (n—2+p)la,_,,|+(n-1+p)la, .,

Forn=1

o, |<o [P@-D+ (01

P (p+1)

Thus the result (2.6) is true forn = 1.
Forn=2

22| < ZPbKa s (p_l)}[p+2[lbl(a—1)+(p—l)] p]

2(p+2)

Thus the result (2.6) holds true for n = 2.
Suppose the result (2.6) is true for n = k
Now forn=k + 1

Consider
a2 B o)+ (-1
o[ BDpay (p]e
+_+%1j[2[|b|<a;1>+<p—1>]+i]
=il < e o LB 1)+ (p-1)]+ 1]

(k+1)I(k+1+ p)

Thus the result (2.6) is true forn=k +1.
By mathematical induction the result (2.6) is true for all values of n.

This completes the proof of the theorem.
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3. Fekete — Szego Inequalities

Theorem 3.1: If f(z)eMp(b,a) then for any complex number p we have

<[|b|(a.~2)+( p~1) max {L‘Z{{(l—oc)b+( p—1)}{2u—1}}_4}

And the result is sharp.

2
ap+2 —pa p+l

Proof: Since f(z)eM, (b,a) then from equation (2.4), we have
a,., =(-1)[b(a-1)+(1-p)]c,

=[(2-a)b+(p-1)]q
And

a,,, = (;)[b(a—lﬁ(l— p)][c,+a,.C ]

_[b@-0)+(p-1)]

L LR ST X

For any complex number p we have

[b(1-a)+(p-1)]

3 Al = . [c, +[(1-a)b+(p-1)]c |-n[(1-a)b+(p-1)] ¢

[b(l—oc);( p-1)] e, +[(1-)b+(p-1)]cf ~2u[(1-at)b+(p-1)] ¢ |

2
ap+2 —pa p+l —

_ [b(l‘“);( p-1)] [c, ~[(1-a)b+(p-1)][2u-1]c] ]
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[b(1-a)+(p-1)] [Cz —vcf]

2

2
ap+2 —pa pl —

Where v=[(1-a)b+(p-1)][2n-1]
Taking modulus on both sides and by applying Lemma (1.1), we get

LR

2
‘ap+2—ua p+l 2 1

<[Jb(o.—1)+(p—1) |max{1,]2v—1}
<[|bl(e—=1)+(p—12)Jmax {1[2[ (1—-a)b+(p—2)J[20-1] -1}

This proves the result (3.1). The result is sharp.

la,,, —ua®, | =[b|(a—1)+(p-1) if p(z)ziiz
= [Ibl(-1)+(p~1)][[2[ (1—)b+(p~1)][20-] 1]
if p(z)=i—§

This completes the proof of the theorem.

Theorem 3.2: If f(z)e N (b,a) then for any complex number p we have

2
ap+2 —pa p+1

< gy @D+ (p-yJmax

{1, 2[b(1—0c)+(p—1)]{2up (2+p) —1}1

(1+ p)2
and the result is sharp.

Proof: If f(z)eN,(b,a) then from equation (2.9), we have

~ —[ab—b+(1-p)]pc, _ [b(1-a)+(p-1)]pc,
p+l = (1+ p) (1+ p)

22

a

(3.5)



International Journal of Mathematical Engineering and Science
ISSN : 2277-6982 Volume 1 Issue 8 (August2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

And
_ —[ab-b+1-p]

a,,, = 22+ ) [ pc, +a,,,(p+1)c, |

_[b(A-o)+(p-1)]

a,,, = 22+ ) [pc2 +[b(1-a)+(p-1)] pcf] (3.6)

For any complex number p we have

_p[b-a)+(p-1)]

2yt = (e, +[b(1-a)+(p-2)]et]-

2(2+p) 2
u{b(l—aﬁ(p—l)} o

(p+1) ;

¢, +[b(1-a)+(p-1)]ci -

~ p[b(l—a)+(p—1)j+ { 2+p }[b(l_a)Jr(p_l)] pc;

—_ 2 —
ap+2 Ha p+1 2(2 + p) 2“ .
(p+1)

_p[b(1-0)+(p-1)] e, -ve?]

ap+2_ua2p+l 2(2+ p)

2+p
Where v=|2up -1||b(l-a)+(p-1
Taking modulus on both sides and by applying Lemma (1.1), we get

p[b(1-0)+(p-1)]|

2(2+p) \‘CZ_VCE‘

2
ap+2 —pa p+1
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oo+ (o]
< e fLlv-1)

2
ap+2 —pa p+1

max {1,

This proves the result (3.4) and is sharp, i.e.

<5 plbl(a=1)+(p-1)]

2[b(1a)+(p1)]{2pp%l}!%

:rpprKa—l)+(p—l)] if p<z>{§§

2
‘ap+2 —pa p+1

2[b<1—a>+<p—1)]{zup ) 1H

P ibi(a)a(o
_(2+p)[|b|( 1) (p 1)] (1+ p)z
if p(z):i—i

This completes the proof of the theorem.
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