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Abstract. Total colouring is a combination of vertex and edge colouring. Quasi
total coloring of a graph is an assignment of colours to vertices and edges such that
distinct colours are assigned to adjacent vertices and edges or incident vertices and
edges. This manuscript is going to count the possible number of assignments of
different proper colourings of these quasi total graphs of a  (p, ) connected graphs
with  p < 3 and 1< q < 3with given number of colours using deletion -contraction

algorithm.
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1. Introduction: G.D.Birkhoff [1912] introduced the concepts of chromatic
polynomials on maps. Afterward Whitney [1932] expanded the study of
Chromatic Polynomials from maps to graphs. Behzad and vizing [1965] have
posed independently a new concept of a graph colouring, called a total colouring
Further H.P.yap [1996] contributes on total colourings. R C. Read [1968]
wrote a survey paper on chromatic polynomials, improved interest in chromatic
polynomials of graphs. Lastly Brualadi (1999) contribute on chromatic
polynomials. In recent times J.V.Rao and R.V.N.S.Rao [2012] contributes to 1-
quasi and 2-quasi total graphs.
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2. Basic definitions and preliminaries:
2.1. Definition [West D.B.2003]: Chromatic polynomial of a graph G is a special
function that describes the number of ways we can achieve a proper colouring with
given A colours .If G is a simple graph we write P(G, A ) as the number of ways we
can achieve a proper colouring on the vertices of G with the given A colours and

Ps(A)or P(G, A) is called the chromatic polynomial.

2.2. Lemma: The Chromatic Polynomial of a cycle graph of order n is (A -1)"+
(-1)"(A-1).

The proof of this lemma is obtained by using mathematical induction.

2.3. Definition [9]: Let G be a graph with vertex set VV(G) and edge set E(G). The
1-quasitotal graph, (denoted by Q,(G)) of G is defined as follows: The vertex set of
Qi(G), thatis V(Q1(G)) = V(G) u E(G). Two vertices are adjacent if and only if they
corresponding to two adjacent vertices of G or two adjacent edges in G.

2.4. Definition [9] Let G be a graph with vertex set V(G) and edge set E(G). The
2—quasitotal graph, (denoted by Q,(G)) of G is defined as follows: The vertex set of
Q.(G), that is V(Q2(G)) = V(G) u E(G). Two vertices are adjacent if and only if they
corresponding to two adjacent vertices of G or a vertex in G incident with an edge in
G.

2.5. Deletion and Contraction Algorithm [Brualadi (1999)]: Brualadi provided a
formal algorithm known as deletion and contraction algorithm for finding a chromatic
polynomial.

2.6. Theorem [Brualadi (1999]: Let G be a graph, and G-e and G/e, be the graphs
obtained from G by deleting and contracting an edge e respectively .Then P(G, A4 )
=P(G-e, 4)-P(Gle, A).
2.7.Theorem:[ Erdos, R.J.Wilson,1977] Let G be a graph containing nonadjacent

vertices u and v and let H be the graph obtained from G by contracting u and v.

ThenP(G, A)=P(G+uv, A)+P(H, 4).
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3. Chromatic Polynomials on quasi total graphs:

Now we have to find the chromatic polynomials of quasi total graphs of the
(p, q)-connected graphs withp < 3and1 < g £ 3.

3.1. Lemma: The chromatic polynomial for 1-quasi total graph of a (p, q)-
connected graph with p < 3,1 < q <3 is AP g, AP + g, A P92 .
(-1)"*% a,., A 2, where a; is the number of edges in 1-quasi total graph.

Proof: The proof of this lemma can be come apart in to two cases with (2, 1)-

connected and (3, 3)-connected graphs.

Case.l: First we begin with (2,1) -connected graph. The following figure 1

represents a (2, 1) connected graph and its 1-quasi total graph
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Figurel: A graph G of order 2 sizel with its 1-quasi total graph

We have to find the chromatic polynomials for the quasi total graph using the

deletion-contraction algorithm. The following figure 2 represents the deletion —
contraction reduction of 1-quasi total graph. Hence P(Q1(G), 4 )=N3s-N,=A3% 1 2in
general AP +(-1) "% A P*% Hence the we get the chromatic polynomial of 1-quasi

total graph as desired in this case.
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Figure2: Deletion — Contraction reduction of 1-quasi total graph
Case2: It represents the (3, 3)-connected graph and chromatic polynomial of its 1-
quasi total graph .The following figure 3 represents (3, 3)-connected graph G with
vertices, V(G) = {vy, Vo, va}, edges E(G) = {ey, e,, €3} and its 1-quasi total graph
Qu(G).
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Figure 3: A (3, 3)-connected graph with its 1-quasi total graph

The deletion contraction algorithm for thisl-quasitotal graph as observed in figure 4
, each step to the left represents a deletion, and the step on the right represents a
contraction. After each step, if the graph is not reduced down to a null graph, the
algorithm is repeated .At the end of the algorithm, only null graphs remains(here we

eliminate numerous steps and write the final step). Since the chromatic polynomial of

a null graph of order n is A", the chromatic polynomial of 1-quasi total graph is
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P(Q«(G), A)=A°-61°+131%12 4324 %in general A" —a; AP +-eee(-1) P*

a, A P where a, is number of edges in 1-quasi total graph .

Figure4: Reduction of 1-Quasi total graph using Deletion-Contraction Algorithm.

=Ng-6N5+13N,-11Ng+2N, —A°-6 4 °+13 414121 3+2 4 %=P(Q,(G), 4).

(9,
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Hence we get the chromatic polynomial of 1-quasi total graph as desired in this case

also. Hence the chromatic polynomial for 1-quasi total graph of a (p, q)-connected

graphis AP %-a, A "%+ g, A P92 (1), A2 with p < 3,1 < q <3.

3.2.Lemma: The chromatic polynomial of 2-quasi total graph of a (p,q)-connected
graph G is P(Q,(G),A)=A(A-D[( -2+ ( A2 ifp +q > 4
and A (A -D)[( A-2)"%?] ifp+q<4,wherep <3,1<q<3.

Proof: The proof can befall spaced out in to two cases withp+q<4andp+q 2>
4 which give the following results 3.3 and 3.4respectively.

3.3. Result: The chromatic polynomial of a 2-quasi total graph of (2, 1)-connected

graph is A (A-D[( A-2)""%? in general.
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Figure5: A graph G of order 2 size 1 with its Total graph.

Since from the figure 5 the 2-quasi total graph Q,(G) is simple graph and a

complete graph on three vertices ,since we know that the chromatic polynomial of a
complete graph is on n vertices is A(A-1)( A-2).......... (A -n+1).Hence the
chromatic polynomial 2-quasi total graph Q,(G) is P(Qx(G), A)=A (A-1)( A-2)=
A(A-1)( A-2"%% Hence P (QuG), A)=A°3A%2A=A(A-1)( A-2)?

,where p + q <4.
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3.4. Result: The chromatic polynomial of a 2-quasi total graph of a graph (3,3)-
connected graph is A (A -1)[( A -2)*+ ( 4 -2)7] ,in general A (A -1)[( A -2)""2+ (
A -2)""%* . where p + q> 4.

Proof: We have prove this result by consider the 2—quasi-total graph Q,(G)of a
(3,3)-connected graph G as in figure6.
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Figure 6: A graph G with its 2-quasi total graph Q»(G)
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Since by its definition the 2-quasi total graph contains more vertices and edges
.Hence it is difficult to find the chromatic polynomial by analysis of the structure of
the graphs. Hence we use deletion- contraction algorithm to find its chromatic
polynomial. We use an equivalent form of deletion- contraction algorithm as proved
in theorem 2.7.That is if G be a graph containing nonadjacent vertices u and v and
let H be the graph obtained from G by contracting u and v. Then P(G, 4)=P(G +
uv, A) +P(H, A) .In this process we add new edges between non adjacent vertices
until the given graph translate to a complete graph .Since we know that the chromatic

polynomial of a complete graph on n vertices is with given A colours is (A )(A -1)(

A-2)..... ( A -n+1),we get the chromatic polynomial of Total graph T(G).



International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 1 Issue 9 (September 2012)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/
u
‘ + .-:" E
l U

+ K= % K, + Ka + Ka + oK o+ Ko+ Ko Kt K+ K

= Kst6Ks+8K,+2K;
Figure.7: Reduction of 2-quasi total graph
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This can be completely explained in the figure7. (To avoid the graphical confusion
we eliminate numerous steps). Hence the chromatic polynomial of 2-quasi total graph
of agraph G is P(Q,(G), A)= A°%94°+331%6143+56 41220 1=A (A-1[( A -
2)*+ ( A-2)7 ,in general A (A-D)[( A-2)"%%+ ( A-2)"**,where p + q>4 a5

desired .

3.5. Result: The chromatic polynomial for 1-quasi total graph is free from the
constant term and first degree term.

Proof: As we observed from the above results, in each result the chromatic
polynomial of 1-quasi total graph is in the form of P(Q4(G), A)=AP"%a AP
Lag A P2 (1P 4 2 where

a; is the number of edges in 1-quasi total graph. That is the chromatic polynomial
for 1-quasi total graph was ends with A2 terms only. Hence it does not contain a

constant term and first degree term.

Conclusion: The manuscript was established the chromatic polynomials of 1-quasi
and 2-quasi total graphs of (p, q) -connected graphs with p <3 and 1< q < 3, using

deletion —contraction algorithm.
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