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Abstract. This paper presents meshfree method for solving systems of linear
Volterra integro-differential equations with initial conditions. This approach is
based on collocation method using Sinc basis functions. It's well-known that the
Sinc approximate solution converges exponentially to the exact solution. Some
numerical results are included to show the validity of this method.
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1 Introduction

Integral and integro-differential equations are among an active research field for many
years. They arise in many scientific and engineering applications such as glass
forming process, nano-hydrodynamics and wind ripple in the desert [6]. Thus
applications of numerical methods for solving these equations are attractive. Systems
of Volterra integro-differential equations have been solved by several numerical
approaches such as Variational iteration method [9], Differential transform method
[1], Radial basis functions [2] and so on. Another approach is based on the Sinc
functions. In recent years, Sinc functions are used widely for obtaining the
approximate solution of ODE, PDE and integral equation [3-5, 10]. In [7], the authors
used Sinc-collocation method for solving Volterra integral equations. Also Volterra
integro-differential equations are solved by Sinc-collocation method in [11]. In this
study we present Sinc-collocation method to approximate the solution of system of
linear Volterra integro-differential equations given by

ut™ (x) = ,ﬁ.(xj+f Zki}.(x,tju}.[t] dt, a<x<bl<i<l,
a \7=1

(1.1)
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for which the initial conditions are given as the value of functions t;(x) and their
derivatives (up to 7 — 1th order derivative) at point @. The kernels k;;(x, t) and

functions f;(x) are given real-valued functions and the unknown functions it;(x)
that will be determined.

The layout of the paper is as follows. In section 2, some properties of the Sinc
function that is necessary for the formulation of the discrete system are given. Section
3 is concerned with the Sinc-collocation discretization for system (1.1). Some
numerical examples are presented in section 4. And finally the last section is a brief
conclusion.

2 Preliminaries

In this section, some properties of the Sinc function and the Sinc method are given.
They are discussed thoroughly in [4,10]. The Sinc function is defined on the whole

real line, =00 <l x < CO by
sin () )
sine (x) = { o x#0, (2.1)
1 x=10,
For each integer K and the mesh size i, the translated Sinc basis functions are
defined by

sk, ) G) = sinc (5F). (22)
The Sinc function for the interpolating points x; = jh, is given by

, 1 k=j
st R)(h) = 8y = {0 k #j. (2.3)

If a function F{x) is defined on the real axis, then for anyh = 0, the Whittaker
cardinal expansion of f(x) is as follows:

clf. h)x) = Z fkh) sine Y, (2.4)

whenever this series converges. The properties of the Whittaker cardinal expansion
have been extensively studied in [4]. These properties are derived in the infinite strip

D of the complex W-planes where ford = 0,

x —kh
( h

I
D. ={w =t+is:lsl =4 EE} (2.5)

Approximation can be constructed for infinite, semi-infinite and finite intervals. To
construct approximations on the finite interval (@, b)), which is used in this paper, we
consider the one-to-one conformal mapw = @(z) = In (%} which maps the eye-

shaped domain
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Z—a T
sz{zzx-l—r:y: |arg(b_z)|~=:ﬂ3£§}, (2.6)

onto the infinite stripDs. The basis functions on (&, b) are taken to be the
composite translated Sinc function

si(x) =5k, W) oo (x) = sinc (Mj,

h
Where s(k. h)o@(x) is defined by s(k, h}(®(x)).

Also we define the range of t,tr='3l_1 on the vreal line as

I = {y(u) € Dg:—oo < u < o0}, For the uniform grid {kh};=_..on the real
line, the image which corresponds to these nodes is denoted by

Geh) a + bhe "
k=W T 1+t

(2.7)

k=0£1,£2, -

(2.8)

For discretizing the problem we need the following definition and theorems.

Definition 2.1.Let L ,(DE) be the set of all analytic functions, for which there
exist a constant, C, such that

lp(2)1®
|u(z]| =C W »
where p(z) = e®2,

Theorem 2.1. Let w € L (D=} , N be a positive integer, and & be selected by
the Formula

z€D,, O0<a<il

. mwd 1
=({—)2
™ (2.9)
then there exists a positive constant ¢4, independent of N, such that
N
i
mszF u{z) - Z u{z;}s{j,h}ﬂ@{z} £ cle—(rrdn:.'l.f}z_
i=-N

Theorem 2.2. Let 5 € L ,(Ds), N be apositive integer, and h be selected by the

formula (2.9), and let 5kj(_1} be defined as

1 =1 gin(wt
5 _(_1} =—+ er
kJ 2 Jy Tt

then there exist a positive constant €5, independent of IV, such that

N
o u(z; 1
f w()dt—h ) 6,0 L&) | o -traam?
“ _i|-=_4l||r

r

0'(z)
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Also derivatives of composite Sinc functions evaluated at the nodes are needed. So
we recall the following theorem for this purpose.

Theorem 2.3. Let @ be a conformal one-to-one map of the simply connected
domain Dz onto Dz, Then

] 1 k= _J:-'
B = Sk(De=s; = In k% j.
0 k=],
r d 1 o
(0 _ _ I N Vi
by = dﬁ[sk{xj]L:,,j = ( .1] £},
j—k
2 -
() : 1] 3 -
S = ggr e leay; =371 _2(-1)i y
(j— k)2 =T

3 Method of solution

Consider the system (1.1) in the domain [0,1] and let u;(x) € L .(DE). In
order to discretize this system by using Sinc-collocation method, due to [8] and using
theorem (2.1) 1;(x) is approximated as follows

w,(x) = y,(x) + P,(x), 51
where
N
v (x) = Z ciw(x)s, (x), P(x)=al+alx+-—-+alx™ (3.2)
K=—N

S0
J- u,(t)dt = J- y;(x)dt -I—J- P.(t)dt,

. ’ ° (3.3)
ang ’ ’
u” (@) =y (@) + P (), -
where ™ (x) = Z¥__ ¢, %}fwm

Notice that according to the system (1.1),*4:4',E.‘ﬂ':I (0)=£.(0) so we take
w(x) = x™(x — 1)™ in order to equaling the first, second... and th derivatives of

the modified Sinc basis functions to 0 as x approaches O or 1. Now by substituting
relations __$‘3.3) and (3.4) into system (1.1), evaluating the result at the Sinc points

jh
X; = 1:? .0 =—N—1,---,N, and using theorems (2.2) and (2.3), a system of


http://www.ijmes.com/
https://sites.google.com/site/ijmesjournal/

u(x)

International Journal of Mathematical Engineering and Science
ISSN : 2277-6982 Volume 2 Issue 7 (July 2013)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/

algebraic equations is obtained. Then we can solve it to obtain unknown coefficients

-y N .
(et (),

4 Numerical Examples

In this section, some numerical examples are presented to show the validity of

Sinc-collocation method for solving systems of linear Volterra integro-differential
1 .
equations. In the following examples, we choose @ = -and d = z.

-

Example 4.1. In this example we consider the following system of Volterra
integro-differential equations on [0, 1]

wi(x)=1—x*+e*+ J. (u(®) +v())dt, u(0)=1,

v'(x) =3 —3e* +J- [:u(t]—v[t])dt , v(0)=-1,

whose exact solution is u{x) = x + e*,v(x) = x — e¥. Using the Sinc-
collocation method, the approximate solution with N = 20 and absolute error with
N = 10and N = 20 are plotted in Figure 1 and Figure 2 respectively.

09r

? Exact solution
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#  Sinc solution Ak inc solution

315

25

v ()

L L L L L L L | i L L L L L L L |
01 02 03 04 05 06 07 08 08 0.1 02 03 0.4 05 06 07 08 09
X X

Figure 1. Plot of analytic and Sinc solutions of example 4.1 with N = 20,

Example 4.2. Consider the following system of Volterra integro-differential
equations on [0, 1] with u(0) =1, »(0) =1.
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u'(x) =2x* + J. ([x —thu(t) + (x— t]iﬂ[tj)dt ,

v'(x)=—3x?— %.’J‘.’E + J:[:[x — tu(t) — (x — v(t))dt,
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Figure 2. Plot of the absolute error with N = 10 (left) and N = 20 (right) for

example 4.1.

The exact solution of this system is w(x) = 1+x% v(x)= 1—x% I

Tables 1 and 2, the results of the present method with N

10 and N = 25 are

compared with the exact solution. The absolute error is also plotted in Figure 3.

Table 1. Comparison between the exact and Sinc values of u(x) for example 4.2

x; Exact solution Sinc Sinc

u(x) solution(N=10) solution(N=25)
0.1 1.0010 1.0011 1.0010
0.2 1.0080 1.0079 1.0080
0.3 1.0270 1.0268 1.0270
0.4 1.0640 1.0642 1.0640
0.5 1.1250 1.1254 1.1249
0.6 1.2160 1.2161 1.2160
0.7 1.3430 1.3427 1.3430
0.8 1.5120 1.5119 1.5120
0.9 1.7290 1.7292 1.7290
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Figure 3. Plot of the absolute error with N=10 (left) and N=25 (right) for example 4.2.

Table 2. Comparison between the exact and Sinc values of v(x) for example 4.2

x; Exact solution Sinc Sinc
V(X) solution(N=10) solution(N=25)

0.1 0.9990 0.9989 0.9990
0.2 0.9920 0.9921 0.9920
0.3 0.9730 0.9733 0.9730
0.4 0.9360 0.9361 0.9361
0.5 0.8750 0.8752 0.8755
0.6 0.7840 0.7851 0.7848
0.7 0.6570 0.6595 0.6585
0.8 0.4880 0.4917 0.4904
0.9 0.2710 0.2758 0.2741

The above results show that the accuracy of the present method can be improved

by increasing N.
Example 4.3. As the last example, we consider the following system of linear
Volterra integro-differential equations

uw'(x) =—-1—x*—sinx+ J.x[u(t] +v(t))dt ,
u(0) = 1,4 (0) = 1,
v"(x)=1—-2sinx— cosx + jx[u[t] —v(t))dt,
v(0) = 0,v'(0) = 2.
The exact solution of  this system isu(x) = x + cosx,

v(x) = x + sinx. The absolute errors of this example with N = 10 and

N = 20 are plotted in Figure 4. Also the approximate solution is plotted in
Figure5.


http://www.ijmes.com/
https://sites.google.com/site/ijmesjournal/

International Journal of Mathematical Engineering and Science

ISSN : 2277-6982
http://www.ijmes.com/

Volume 2 Issue 7 (July 2013)
https://sites.google.com/site/ijmesjournal/

5 Conclusion

In this work we used the Sinc-collocation method to approximate the solution of
systems of linear Volterra integro-differential equations with initial conditions.
However it can be used for such systems for which the boundary conditions are given

as the values of u;(x) or its derivatives or combination of them at m points

(m = 1) in the domain [a, b]. By using the Sinc function properties the system of
integro-differential equations is reduced to a system of algebraic equations. The
obtained results show the efficiency of this method. Note that this method provides
solutions at any point not only at mesh points.

L, x10°

Absolute error of

f u(x)
Absolute error of v(x)

Absolute error of u(x)
1 Absolute error of V(x)

Figure 4. Plot of the absolute error with N
example 4.3.
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Figure 5. Plot of analytic and Sinc solutions of example 4.3 with N = 20,


http://www.ijmes.com/
https://sites.google.com/site/ijmesjournal/

International Journal of Mathematical Engineering and Science

ISSN : 2277-6982 Volume 2 Issue 7 (July 2013)
http://www.ijmes.com/ https://sites.google.com/site/ijmesjournal/
References
1. Arikoglu, A., Oskol, I.: Solution of integral and integro-differential equation
systems by using differential transform method, Comput. Math. Appl. 56, 2411-2417,
(2008)
2. Golbabai, A., Mammadov, M., Seifollahi, S.: Solving a system of nonlinear

integral equations by an RBF network, Comput. Math. Appl. 57, 1651-1658, (2009)

3.

4.

5.

Hesameddini, E., Asadolahifard, E.: The Sinc-Collocation Method for Solving the
Telegraph Equation, JCEI, 13-17, (2013)

Lund, J., Bowers, K.L.: Sinc methods for quadrature and differential equations,
PA, Philadelphia, SIAM; (1992)

Lund, J., Vogel, C.: A fully Galerkin method for the solution of an inverse problem
in a parabolic partial differential equation, Numer Solut Inverse Probl, (1990)

. Rashidinia, J., Tahmasebi, A.: Taylor series method for the system of linear

Volterra integro-differential equations, TIMCS, Vol. 4, No. 3, 331 - 343,(2012)

. Rashidinia, J., Zarebnia, M.: Solution of a Volterra integral equation by the Sinc-

Collocation method, Journal of Computational and Applied Mathematics, 801-813,
(2007)

. Saadatmandi, A., Dehghan, M.: The use of Sinc-Collocation Method for Solving

multi-point boundary value problems, Commun Nonlinear Sci Numer Simulat,
593-601, (2011)

. Saberi-Nadjafi, J., Tamamgar, M.: Variational iteration method: a highly promising

method for solving the system of integro-differential equations, Comput. Math.
Appl. 56, 346351, (2008)

10. Stenger, F.: Numerical Methods Based on Sinc and Analytic Functions, New

York: Springer, (1993)

11. Yeganeh, S., Ordokhani, Y., Saadatmandi, A.: A Sinc-Collocation Method for

Second-Order Boundary Value Problems of Nonlinear Integro-Differential
Equation, Journal of Information and Computing Science, Vol. 7, No. 2, 151-160,
(2012)


http://www.ijmes.com/
https://sites.google.com/site/ijmesjournal/

