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PREFACE

In this book authors build algebraic structures on fuzzy unit
semi open square Ur = {(a, b) | a, b € [0, 1)} and on the fuzzy

neutrosophic unit semi open square Uy = {a+ bl |a, b € [0, 1)}.

This study is new and we define, develop and describe
several interesting and innovative theories about them. We
cannot build ring on Uy or Ug. We have only pseudo rings of

infinite order.

We also build pseudo semirings using these semi open unit
squares. We construct vector spaces, S-vector spaces and strong
pseudo special vector space using Ur and Uy. As distributive
laws are not true we are not in a position to develop several
properties of rings, semirings and linear algebras. Several open

conjectures are proposed.



We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.
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Chapter One

ALGEBRAIC STRUCTURES
ON THE FUzzY UNIT SQUARE

Ur={(a,b) l a,be[0, 1)}

In this chapter we for the first time study the algebraic
structures related with the fuzzy unit square.
U ={(a b) | a, b € [0, 1)} is defined as the fuzzy unit semi
open square.

Uv={a+bl]abel0 1);1°=I; I the indeterminate} is
defined as the fuzzy neutrosophic unit square. This chapter is
devoted to the study of algebraic structures only using the fuzzy
unit semi open square.

Throughout this chapter U = {(a, b) | a, b € [0, 1)} is defined
as the half open fuzzy unit square or semi open fuzzy unit
square. For (1, 1) ¢ Ugalso (a, 1) fora < [0, 1) and (1, b) forb
€[0, 1) does not belong to Ug . That is (a, 1) and (1, b) ¢ Uk
We build algebraic structures on Ug.

DEFINITION 1.1: Let Ur ={(a, b) | a, b € [0, 1)} be the fuzzy
unit semi open square. Define x on Ur as follows for (a, b) and
(c,d) € Ug, (&, b) x(c,d) =(ac, bd) € Ug; {Ug, x} is a
semigroup called as the unit fuzzy semi open square semigroup.
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Clearly o(Ug) = oo. Further U is a commutative semigroup.
Ur has infinite number of zero divisors. Ug can never be made
into a monoid by adjoining (1, 1) to Ug for by very operation
(1, 1) ¢ Ug. Ug has subsemigroups and U has ideals.

We will illustrate how operations are performed on the fuzzy
unit semi open square Uk.

Let x = (0.3, 0.7) and y = (0.115, 0.871) € Ur.
x x y = (0.3, 0.7) x (0.115, 0.871) = (0.0345, 0.6097) e Us.

Let x = (0.7785,0) and y = (0, 0.113) € U¢
we see x x y = (0, 0).

Thus it is easily verified Ugr has infinite number of zero
divisors.

Let I = {(0,x) | x € [0, 1)} < Ug; clearly I is an ideal of U.
Consider J = {(y, 0) |y € [0, 1)} < Ug ; we see J is an ideal of
Ur.

J1=1J={0, 0)}.
We call I and J as a annihilating pair of ideals.
LetP ={(x,y) | %,y € [0, 0.5)} < Ug; P is a subsemigroup of

Ur and is not an ideal of Ug. Infact Ur has infinite number of
subsemigroups which are not ideals of Ur.

(011) """""" 1 UF

X axis

0 1,0)
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Dotted lines show they do not belong to Ug.

Further [1, a) and (b, 1] ¢ Ur forall a, b € [0, 1). Also the
element (1, 1) ¢ Ug. [1,0) ¢ Ug. (0, 1] ¢ Ug. Ug is defined as
the half open fuzzy unit square (or semi open unit square).

We can using Ug build more algebraic structures.

Let Ur be the half open fuzzy unit square. We define on U
the operation max so that {Ug, max} is a semigroup infact a
semilattice.

We see {Ur, max} is a semigroup of infinite order. Every
element is an idempotent. Infact every singleton element is a
subsemigroup of {Ug, max}.

We see every pair of elements in U need not be a
subsemigroup.

Take x =(0.3,0.71) and y = (0.8, 0.2107) € U.
max {x, y} =max {(0.3,0.71), (0.8, 0.2107)}
= (max {0.3, 0.8}, max {0.71, 0.2107})
=(0.8,0.71) #x ory.

Thus every pair in Ug need not be a subsemigroup under the
max operation. However P = {X, y, (0.8, 0.71)} < Ur is a
subsemigroup of Ur under max operation.

Let M = {x = (0.9, 0.3), y = (0.7, 0.4), z = (0.69, 0.59),
u=(0.8,0.7)} c Ur.

We see M is not a subsemigroup of Ug. M is only a subset of
Ur.

Now max {x, y} = max {(0.9, 0.3), (0.7, 0.4)} = {(0.9, 0.4)}
g M.

max {x, z} = max {(0.9, 0.3), (0.69, 0.59)} = {0.9, 0.59)} ¢ M.
max {x, u} = max {(0.9, 0.3), (0.8, 0.7)} = {(0.9, 0.7)} ¢ M.
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Now max {y, z} = max {(0.7, 0.4), (0.69, 0.59)} = {(0.7,
0.59)} ¢ M.

max {y, u} =max {(0.7, 0.4), (0.8, 0.7)}
={(0.8,0.7)} e M

max {z, u} = max {(0.69, 0.59), (0.8, 0.7)}
={(0.8,0.7)} e M

Thus
M. ={x, V, z, u, (0.7, 0.59), (0.9, 0.7), (0.9, 0.59), (0.9, 0.4)} is
a subsemigroup defined as the completed subsemigroup of the
set M < U Any subset can be completed to form a
subsemigroup under max operation.

Every subset of Ur can be completed to form a subsemigroup
and however all these completed subsemigroups cannot be
ideals of Ug.

We will now proceed onto give other algebraic structures
using UF.

Now let Ur = {(a, b) | a, b € [0, 1)} be the fuzzy unit square
set.

Define on Ug the min operation on it {Ug, min} is the
semigroup under min operation.

Letx=(0.7,0.2) andy = (0.5, 0.8) € Ug.
min {x, y} =min {(0.7, 0.2), (0.5, 0.8)}
= (min {0.7, 0.5), min {0.2, 0.8})
=(0.5,0.2) € Ug.

This is the way min operation is performed on UE.

We see if x =(0,0.9) and y = (0.8, 0) € UE.
Now min {x, y} = min {(0. 0.9), (0.8, 0)}
= (min {0, 0.8}, min {0.9, 0})
=(0,0)e U
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Thus we see {Ur , min} has zero divisors under min
operation. However {Ur , max} under max operation the fuzzy
set semigroup has no zero divisors. Only {Ug , min} be the
fuzzy set semigroup under min operation. We see {Ur , min}
has zero divisors.

Infact Ur has infinite number of zero divisors. However all
the zero divisors are of the form x = (0, a) and y = (b, 0);

min (x,y) =(0,0) € [0, 1)) be in Ug.

min {x, y} = (0, 0).

Let P = {x, y} where x =(0.3,0.9) andy = (0.6, 0.21) € P
min {x, y} = min {(0.3, 0.9), (0.6, 0.21)}
= (min {0.3, 0.6} min {0.9, 0.21})
=(0.3,0.21) ¢ P.
P.={x=(0.3,0.9),y=(0.6, 0.21), min {x, y} = (0.3, 0.21)}

c Ue
P. is the extended subsemigroup of the subset P.

Now if P is any set of cardinality two then the completion of
P, P. is a subsemigroup of order three.

Let
P={x=(0.2,0.94),y =(0.5,0.26) and z = (0.3, 0.9)} < U:.

Clearly P under min operation in Ug is not a subsemigroup
only a subset.

min {x, y} = min {(0.2, 0.94), (0.5, 0.26)}
= (min {0.2, 0.5}, min {0.94, 0.26})
=(0.2,0.26) ¢ P.

min {x, z} = min {(0.2, 0.94), (0.3, 0.9)}
= (min {0.2, 0.3}, min {0.94, 0.9})
=(0.2,09) ¢ P
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min {y, z} = min {(0.5, 0.26), (0.3, 0.9)}
= (min {0.5, 0.3}, min {0.26, 0.9})
=(0.3,0.26) ¢ P.

Now P, = {x = (0.2, 0.94), y = (0.5, 0.26), z = (0.3, 0.9),
(2,0.26), (0.2, 0.9), (0.3, 0.26)} = Uk .

P. is a completed subsemigroup of the subset P of Uk .

This is the way completion of subset in Ug is performed in
order to get a subsemigroup of U.

We can find ideals in {Ug, min}.

Let R = {[0, 0.3), min} < U¢.
R is a subsemigroup as well as an ideal of Ug.
Let M ={(0.7, 1), min} < U¢.

We see M is only a subsemigroup under min operation and M
is not an ideal for if

x=1(0.3,0.8) € Ur andy = (0.5, 0.9) € M we see
min {x, y} = min {(0.3, 0.8), (0.5, 0.9)}

= (min {0.3, 0.5}, min {0.8, 0.9})

=(0.3,0.8) ¢ M.

So M is only a subsemigroup under min and is not an ideal of
M.

We can have infinite number of subsemigroups which are not
ideals; similarly we see Ur under min operation can have
infinite number of subsemigroups which are ideals.

We will describe this by the following theorems.
THEOREM 1.1: Let {Ug, min} be a semigroup.

P ={[a, 1), min where 0 < a} < Ur ; P is a subsemigroup of
Ue. P is not an ideal of UE.
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Proof is direct so it is left as an exercise to the reader. Now in
case of {Ug, max} the semigroup we have subsemigroups which
are not ideals. This is described by the following theorem.

THEOREM 1.2: Let {Ur , max} be the fuzzy unit semi open
square semigroup under max operation.

M={kx1Y) €[0,a)J]a<b<1b=a} cUe isonlya
subsemigroup under max operation and is not an ideal of {Ug,
max}.

Proof is direct and hence left as an exercise to the reader.

THEOREM 1.3: Let {Ur, x} be fuzzy unit square the semigroup
under product x. A={(x,y) €[a, 1); 0<a, x} c{Ug, x}is
not a subsemigroup of {Ug, x}.

Proof follows from the simple fact that evena x a ¢ A.
Hence the claim.
Let A={(x,y) | X%,y e [05 1), x} < {Ue, x} we see (0.5,
0.6) x (0.5, 0.6) = (0.25, 0.36) ¢ A.

We now describe other algebraic structures by some
examples.

Example 1.1: Let M ={(a;, a, a3) | 8 € Ug; 1 <i <3, x} be
the unit fuzzy semi open square semigroup under x. M has
subsemigroups of infinite order.

Let x = ((0.3, 0.2), (0.9, 0.4), (0.7, 0.8)) and
y = ((0.4,0.7), (0.3,0.2), (0.6, 0.5)) € M

x x y = ((0.3,0.2), (0.9, 0.4), (0.7, 0.8)) x
((0.4, 0.7), (0.3, 0.2), (0.6, 0.5))

= ((0.3,0.2) x (0.4, 0.7), (0.9, 0.4) x (0.3, 0.2), (0.7, 0.8)
x (0.6, 0.5))

= ((0.12, 0.14), (0.27, 0.08), (0.42, 0.40)) € M.
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This is the way operation on M is defined.
M has zero divisors.

For take x = ((0, 0.2), (0.7, 0) (0.5, 0.2)) and
y =((0.7,0), (0, 0.9), (0, 0)) € M.

x xy=((0,0.2), (0.7,0), (0.5, 0.2)) x((0.7, 0), (0, 0.9), (0, 0))
=((0,0.2), (0.7,0), (0.7, 0), (0, 0.9), (0.5, 0.2), (0, 0))
=((0,0), (0,0), (0,0)) € M.

Thus M has infinite number of zero divisors.

Let P ={((a, b), (0,0), (0,0)) [a,be[0,1),x}cM;Pisa
subsemigroup and P is an ideal of M.

Let T= {((0,0), (&, b), (c,d)) |a b, c,d e [0,1), x} = M;
T is a subsemigroup and also an ideal; M is infinite order.

LetP ={((a, b), (c,d), (e,f) |a b, c,d, e fe]008),x}c
M; P is a subsemigroup of M as well as an ideal of M.

Thus this M has subsemigroups as well as ideals of infinite
order.

Example 1.2: Let

T=1la, || acUe={@b)labe01),x}

be the semigroup under the natural product xp.

T has infinite number of zero divisors. T has infinite order
subsemigroups and ideals.



Algebraic Structures on the Fuzzy Unit Square ... | 15

Example 1.3: Let

fa, a, a, a,|
a'5 aG a7 a'8
M=4la, a, a, a,||aecU={(@b)|label0 1)}
a13 al4 a'15 a16
_a17 dig Ay azo_

1<i<20, x,}

be the fuzzy unit semi open square matrix semigroup. M is of
infinite order.

M has several zero divisors. M has subsemigroups and
ideals of infinite order.

Example 1.4: Let

a; a, a,
a, a; a,

M=4 " 2 laeUs={(@b)|abel0,1),x}
a'31 a32 a33

be the fuzzy unit semi open square matrix semigroup under
product x,.

P has infinite number of zero divisors. P has subsemigroups
and ideals of infinite order.

Example 15 LetM = {(al | dy dz dg ds | dg d7 dg | dg djp | a]_l) | dj
e Usr={(@@ b)|a b e[0,1), x,1<i<11} be the fuzzy unit
semi open square row supermatrix semigroup under product. M
has infinite number of zero divisors.
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Example 1.6: Let

a;

a,

D
~ w

(3]

o

aeUs={(ab)|abel01)x,1<i<14}

D D D W©
©

L QO
g &

iy
[

o o
~

iy
w

QO
iy
~

be the fuzzy unit semi open square super column matrix
semigroup of infinite order. M has ideals and subsemigroups of
infinite order.

Example 1.7: Let

a, a,|a, a,
aS a6 a7 a8
a9 a10 11 a12

s A || aeUs={(ab)|a bel0 1),

Xy, 1 <i1<28}
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be the fuzzy unit semi open square super matrix semigroup
under natural product x,. T has infinite number of zero divisors.

Example 1.8: LetP ={(a;, @, as, &) |ai € Ur={(a, b) |a, b €
[0, 1), 1 <i <4, min} be the fuzzy unit square row matrix
semigroup under the min operation.

Every singleton set is a subsemigroup under min operation.
Every element x in P is an idempotent. P is a semilattice.

P has zero divisors and they are infinite in number and P has
subsemigroups which are not ideals.

Every ideal in P is of infinite order.

We have subsemigroups of order one, two, three and so on. P
has subsemigroups of infinite order also which are not ideals.

Take A = {(a1, a, a3, &) | & = (cj, dj); ¢, di € [0.3, 1), min,
1 <i <4} c Pto be asubsemigroup of infinite order.

It is easily verified A is not an ideal only a subsemigroup.

B ={(a, a2, 0,0) | a, = (c, d) a, = (b, €) where b, ¢, d, e €
[0, 0.4), min} < P is a subsemigroup of infinite order, B is also
an ideal of infinite order.

Thus P has infinite number of ideals all of which are of
infinite order. P also has subsemigroups of infinite order which
are not ideals.

P has subsemigroups of finite order which are not ideals.

T = {(0.3, 0.2), (0, 0.7), (0.9, 0.2), (0.7, (0.111)} c P is a
subsemigroup of order four and is not an ideal of P.
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Example 1.9 Let

i

[N

S

aie Ur={(a,b)|a, b e0,1), min 1<i<8}

L D v D ®
©

a

be the fuzzy unit square column matrix semigroup under min
operation.

S has infinite number of zero divisors and every element in S
is an idempotent. S has subsemigroups which are not ideals.

Take

a
P=4] 7 |lae[071),1<i<8 min}cS,
aS
P is only a subsemigroup and not an ideal of S.

a1
a, . .
B= : 3, €[0,05),1<i<8 min}cS

dg

is a subsemigroup which is an ideal of S.
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Infact S has infinite number of ideals and infinite number of
subsemigroups which are not ideals.

Example 1.10: Let

1

D

o N
D ©
%

3
~

|l aeUe={(ab)]abe[01),

©
=
o
=
[N

a
a
a
a

D QD
[So I

13

min, 1 <i <16}
be the special fuzzy unit square matrix semigroup of infinite
order. M has infinite number of zero divisors. Every element in
M is an idempotent.
M has ideals and M has subsemigroups which are not ideals.
M has both finite and infinite ordered subsemigroups. All ideals
of M are of infinite order.

Example 1.11: Let

a, a
S=4| | 20 P laeU={@b)|abe

[0, 1)}, min, 1 <i < 65}

be the fuzzy unit square semigroup of infinite order. S has
infinite number of zero divisors. Every element in S is an
idempotent.

S has infinite number of ideals all of which are of infinite
order.



20 | Algebraic Structures on Fuzzy Unit Square ...

S has infinite number of subsemigroups which are not ideals
some are of finite order and some of them are of infinite order.

Example 1.12: LetV ={(a; | a, | @z a4 as as | a7 ag ao | @10 11 |
ap) |a € U ={(a, b) | a, b e [0, 1)}, min, 1 <i <12} be the
semigroup of super row matrices built using the fuzzy unit half
open square Ug.

V too has infinite number of zero divisors. Every element in
V is an idempotent.

V has ideals all of which are of infinite order.

V also has subsemigroups of finite order which are infinite in
number.

Example 1.13: Let

<) m|m
w N -

&2
o »

T= aie Ur={(a,b)|a,b e[0,1),1<i<10, min}

D D QD
~ o

be the fuzzy unit half open square super column matrix
semigroup of infinite order.

T has infinite number of zero divisors.
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Example 1.14: Let

a1 a'2 a3
a4 a5 a6
a? a8 ag
a10 11 a'12

[s5)
s
w

L o o
<
S

%}

&

p=-J| % 7 18 aie Ue={(a,b)|a,bel0 1),

a25 a26 a27
a'28 a29 a30
aBl a32 a33
a34 a35 a36

1<i<36, min}

be the special fuzzy unit semi open square super column matrix
semigroup of infinite order. P has subsemigroup and ideals.

Example 1.15: Let

aie Ur={(a,b)|

a, J
a14

a,bel0,1),1<i<14, min}

be the special fuzzy unit semi open super row matrix semigroup.

N enjoys all properties as that of any row matrix built using
Ur.
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Example 1.16: Let

a | & 83 a; | &
g | &, 8 Ay [
Ay | 8y 3 8y | 85
A5 | 87 Qg Qg | 8y
S=1qlay |8, 8y 8y |8y||aiceUsr={(@@b)|abe

[0,1),1<i<45, min}

be the special fuzzy unit semi open super matrix semigroup of
infinite order. Almost all properties mentioned for matrices
hold good for this S.

We now give some theorems which will describe the
properties of a matrix semigroup built using fuzzy unit semi
open square.

THEOREM 1.4: Let M = {m x n matrices with entries from
Ur={(a, b) | a, b € [0, 1)}, min} be the special fuzzy semi open
unit matrix semigroup.

(i) 0 (M) = co.

(i) M has infinite number of zero divisors.

(iii) M has infinite number of idempotents.

(iv) All singleton sets are subsemigroups of M.

(V) All ideals in M are of infinite order.

(vi) All subsemigroups of finite order are not ideals.

(vii)  All subsemigroups built using
A={(a,b)|a,b e[0,a);a<b<1} cUrare
ideals of M.
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(viii)  All subsemigroups P built using elements from
B={(a,b)|a,be[a l),0<b<a} cUgare
never ideals of M

(ix) All subsets in M can be completed to form
subsemigroups which in general are not ideals
of M.

Proof follows from simple deductions and hence left as an
exercise to the reader.

We can define additive group using the unit fuzzy square Uk.

U ={(a, b) | a, b € [0, 1)}. Define ‘+’ on Ug modulo 1 as
(@ b)+(d,c)=(a+d,b+c)fora b, c,de U

(0, 0) acts as the additive identity of U.
Let x = (0.06, 0.74) and y = (0.9, 0.1) € Ug;
x+y= (0.06,0.74) + (0.9, 0.1)

=(0.96, 0.84) € UE.

Let x = (0.7, 0.81) then we have unique y = (0.3, 0.19) € Ug
such that

x +y= (0.7,0.81) + (0.3,0.19)
= (0, 0) e Ur.

We define (Ug, +) to be the special fuzzy unit semi open
square group.

Having seen such group we now proceed onto use (Ug, +) to
construct such groups which is illustrated by examples.

Example 1.17: Let W = {(a, az, a3, &4, as, a) | & € {Ur = {(a,
b) |a, b e [0, 1), 1<i<6, +} be a special fuzzy unit semi open
square row matrix group.

W has infinite order subgroups and W is abelian.
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Example 1.18: Let
a‘1
a
M=< || aeU={(ab)labe[0,1),1<i<12 +}

a'12

be the group of column matrix of the fuzzy unit semi open
square built using Ug.

M has several subgroups of infinite order.

Example 1.19: Let

a‘1 a2 a10
a'11 alZ aZO
W=<la, a, .. ayx||acUs={(@ Db)|a bel0,1),
[8g1 8y 8100 |

1<i<100, +}

be the fuzzy unit semi open unique square additive group of
infinite order. W has several subgroups.

Take
a'l a2 a'10
a‘11 a'12 a20
P=<la, a, .. a ||lacUs={(ab)labe
_a91 a'92 alOO_

{0,0.5}}), 1<i <100, +} c W
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to be the subgroup of W. W is of finite order.

We have infinite number of subgroups of finite order also.
Example 1.20: LetS={(a;|axaza4|asas | a7) | & € Ur = {(a,
b) |a, b € [0, 1)}, +, 1 <i <7, +} be the super row matrix group
of fuzzy unit semi open square.

P has subgroups of finite and infinite order.

Example 1.21: Let

o m|m
w N -

aeUs={(ab)|abel01)+1<i<12}

m|m m|m
o [ S

DD D
© © ~

£ 12
= =
[ o

<Y
N

be the special semi open unit fuzzy square super column matrix
group.

B has subgroups of finite order. B has subgroups of infinite
order.
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Example 1.22: Let

a, |a, a, a,|a; ag
a7 alZ
a13 a'18
N [ e 2 e Ur={@ab)|abe
Qog | v e e | e By
a31 a36
a37 a42
a43 a48

[0,1), +,1<i<48}
be the special semi open unit square super matrix group under
+,

Example 1.23: Let

a, a,|a;la, a; a

& || ..oa

M = ! “IlaeU={@b)|abe
Qi e | e | e Ay
By o | | e Ay

[0, 1), +, 1<i<24}

be the fuzzy semi open unit square super row matrix group
under +.

We see M has both finite and infinite order subgroups.
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Example 1.24: Let

a'1 a2 a3 a4
a5 aG a7 aS
a9 a'10 a'11 a12
a'13 a'14 a'15 alG
a17 a'18 a'19 aZO
a'21 a22 a23 a24
T=<la, a8y, a8y ay||acUs={(ab)|a bel01),

1<i<b2, +}

be the fuzzy unit semi open super column matrix square group
of infinite order.

THEOREM 1.5: Let M = {m xn matrix with entries from Ug} be
the unit fuzzy semi open unit square group under +.

(i) M has subgroups of finite order.
(i) M has subgroups of infinite order.

Proof follows from simple calculation.

Now we proceed onto describe on Ug an algebraic structure
using two binary operations.

Let Ur={(a, b) | a, b € [0, 1), min, max} be the special fuzzy
unit square semiring of infinite order.
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Ur has zero divisors. Forif x =(0,0.7)andy = (0.9, 0) € Ug
then min {x, y} = {(0, 0)}.

Infact Ur has infinite number of zero divisors.

Every element under both max and min is an idempotent. We
see all pairs of the form B = {(0, 0), (X, y) | X,y € [0, 1)} isa
subsemiring of Ug.

We can as in case of other algebraic structures complete any
subset into a subsemiring.

Let M = {(0, 0), (0.3, 0.5), (0.7, 0.01)} < Ur. Clearly M is
not a subsemiring.

min {(0.3, 0.5), (0.7, 0.01)}
= {(0.03, 0.01)}.

max {(0.3, 0.5), (0.7, 0.01)} = {(0.7, 0.5)}.
M. = {(0, 0), (0.3, 0.5), (0.7, 0.01), (0.3, 0.01), (0.7, 0.5)} =
Ur is the completed subsemiring of the set M.

In this way one can easily find the completion of a subset of
Ur.

We can using {Ug, max, min} build several semirings which
are illustrated by the following examples.

Example 1.25: Let M = {(a, &, a3, as, as) | a € U ={(a, b) | a,
b € [0, 1)}, 1 <i<5, min, max} be the special fuzzy square unit
semi open row matrix semiring.

Letx=(0,0,0,a;, a)andy = (as, a, 0,0,0) € M,
min {x, y} = (0, 0, 0, 0, 0) is a zero divisor.

Letx =(0.2,0.7,0.1, 0.3, 0.01) and
y=(0.1,0.8,05,0.2,0.4) € M;
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min {x, y}=(0.1,0.7,0.1, 0.2, 0.01) and
max {x, y} = (0.2, 0.8, 0.5, 0.3, 0.4).

P={,0,0,0,0), %y, mn{x, y}, max {x, y}} c M s a
subsemiring of M.

Let T = {0, 0.7, 0.4, 0.5, 0.2), (0.3, 0.9, 0.6, 0.8, 0.4), (0.2,
0.6, 0.7, 0.6, 0.3)}.

min {(0, 0.7, 0.4, 0.5, 0.2), (0.3, 0.9, 0.6, 0.8, 0.4)}
=(0,0.7,0.4,05,0.2) = t,

min {(0, 0.7, 0.4, 0.5, 0.2), (0.2, 0.6, 0.7, 0.6, 0.3)}
=(0.2,0.6,0.4,0.5,0.2) = t,

min {(0.3, 0.9, 0.6, 0.8, 0.4), (0.2, 0.6, 0.7, 0.6, 0.3)}
=(0.2,0.6, 0.6, 0.6, 0.3) = t;

max {(0, 0.7, 0.4, 0.5, 0.2), (0.3, 0.9, 0.6, 0.8, 0.4)}
={(0.3,0.9,0.6, 0.8, 0.4)} = ,

max {(0, 0.7, 0.4, 0.5, 0.2) (0.2, 0.6, 0.7, 0.6, 0.3)}
=(0.2,0.7,0.7,0.6,0.3) = t;

max {(0.3, 0.9, 0.6, 0.8, 0.4), (0.2, 0.6, 0.7, 0.6, 0.3)}
=(0.3,0.9,0.7,0.8,0.4) = t;

Hence T, = {(O, 0.7, 0.4, 0.5, 02), 1y, o, 13, ty, 5, L6, (02, 0.6,
0.7,0.6,0.3), (0.3, 0.9, 0.6, 0.8, 0.4)} M.

T, is the completed subsemiring of the set T of M.
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Example 1.26: Let

N = ae Ur={(a,b)|a,b e[0,1), 1<i<12, max,

D o D
©  ® ~

=
o

QD D QD
[
=

min}
be the special fuzzy unit semi open square semiring.

N has zero divisors, subsemirings of order two, order three
and so on can be found.

We can also complete subsets to form a subsemiring. N has
subsemirings which are not ideals. Also N has subsemirings
which are ideals.

Take

Ar=14 " || aeUr={(ab)|abe[0, 1)}}cN.
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A is a subsemiring and an ideal of Ur. However A; is not a
filter of U

Let

A=4]0|laeU={(ab)|abe[0 1)}}cN;

A, is a subsemiring and an ideal of U.

On similar lines we can have

0

An=4| ¢ [|aeUs={@b)labe[01)}}=N

is again a subsemiring which is an ideal of Ug and not a filter of
Ur.

In this way we can find ideals.
Now if we take
al
a
B=4| || a& =(cid)wherec;,di e [05 1);1<i<12}

a12
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then B is a subsemiring of N and is not an ideal of N. However
B is a filter of N.
We have infinite number of filters in N. Also we have
infinite number of finite subsemirings in N which are neither

ideals nor filters of N.

Example 1.27: Let

a, a, a;
a a a

M=q170 7 P lacU={@b)labelo1),
a'28 a'29 a‘30

1 <i <30, max, min}
be the special fuzzy unit square semiring.

This M also has infinite number of subsets which can be
completed to form a subsemiring. M also has infinite order
subsemirings which are ideals and not filters and has infinite
order subsemirings which are filters and not ideals.

We also have zero divisors and all subsemirings which has
zero entry in any of the places in the matrices can never be
ideals.

Example 1.28: Let

vyl B % % B e U= {@b)labe

[0, 1), 1 <i<50, max, min}
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be the special fuzzy unit semi open square semiring. V has
ideals of the form

a, O 0
00 .0

Mi=4l 0 . 7 Ul aeUs={@b)labe[0 1)}
00 .0

max, min} < V

is a subsemiring which is also an ideal.

0a 000
0 0 000

M:=4. . . . .|laeUs={@b)|abe0 1}
0 0 000

max, min} c V
is a subsemiring which is also an ideal.

0 0000

0000

Mg = af" ... .|| aseUs={@b)|abel0, 1},
0 0000

max, min} c V,

and so on;
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o= 0 00 O e =@ by lab e [0, 1),

0 00 0 a
max, min} c V

is again a subsemiring which are also ideals of V.

Take
a, a, a, a, a
Bos = af i 8 a:9 B || 4 = (c;, di) where c;, d;
8, 85 A, Ay Ag
€ [0.4,1); 1<i <50}V
and

a; = (c;, d;) wherec;, d; €

[0.72,1); 1<i <50} c V

are subsemirings which are also filters of V.

Clearly Bo4 and Bq 7, are not ideals of V.
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a‘6 a7 a8 a‘9 alO

Boi13 = a; = (c;, d;) where ¢;, d;

a46 a47 a48 a49 a50
€ [0.113,1); 1<i <50} c V

is again a subsemiring which is also a filter. However Bgiy3 is
not an ideal of V.

Example 1.29: Let M ={(a; a2 | a3 a4 85 8s | 87 ag | 9 @10 | 811 Q12
di13 | a14) | ai € Ug = {(a, b) | a, b e [0, 1), 1<i< 14, max, mln}
be the special fuzzy unit semi open square super row matrix
semiring. M is of infinite order.

Vos={(a1a,|azasas 86| a7 ag | Qg aso | 811 @1z iz | aua) @ =
(ci, d;) where ¢;, di € [0.3, 1); 1 <i<14} < M is subsemiring as
well as a filter of M however Vg3 is not a ideal of M.

Vos={(a1 8| asas8s as | a7 ag | @g 10 | 811 Q12 A13 | A14) | & =
(ci, di) where c;, di € [0.42,1); 1 <i<14} = M s a subsemiring
which is not an ideal and but is a filter. Infact M has infinite
number of filters which are not ideals.

LetT;={(a;0/0000|00|00|000]|0)|a; € Us={(a, b)
|a,b e [0, 1)} =M,

T,={(0a,|0000|00|00|000]|0)|a, e Us={(a,b)|ab
e [0, 1)} = M andsoon.

T14:{(00|0000|00|00|000|a14)|a1e Upz{(a, b)l
a, b € [0, 1)} < M are all subsemirings which are not ideals of
M. None of these ideals of filters of M.

LetA={(00|0000]|00|00|000]|0), (a1a2|aza4asas|
a7 dg | dg djo | dip dgo d13 | 3.14) | a; € Ur are fixed1<i< 14} c M.
A is a subsemiring of order two which is not an ideal or filter of
M.
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Example 1.30: Let

a |a, a;|a, a |a

V=4la, |a a,|a, a,|a,||lacU={(ab)labe
a'13 a14 a'15 alG a17 a18

[0, 1),1<i<18, max, min}

be the special fuzzy unit square matrix super row matrix

semiring. N has subsemirings of finite order which are not

ideals and which are not filters. N has infinite number of filters

which are not ideals.

Example 1.31: Let

a, a, a, a
a5 a6 a'7 a8
a

9 a'10 a'11

a
A3 8y A5 8y
a a

V=4la, ay, a, a,||acUs={(b)|abel01),

1 <i <60, max, min}
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be the special fuzzy unit semi open square semiring of infinite
order.

W has infinite number of finite subsemirings, infinite number
of subsemirings which are ideals and not filters and some

infinite number of subsemirings which are filters are not ideals.

Example 1.32: Let

a 4, |8 |38 @8 38
d; Qg |8y |y 8y ap
A3 Ay | Q5 |8y 8y Agg
Qg Ay |8y |8y By Ay
V=1la, 8y |8y |85 8y ay||acUs={(ab)|ab
A3 Ay |8g3 |8y Ay g
A3 8gg |8y |y qy Ay
Ag3 Ay |8y | Qge Ay Ay
849 850 | A5y | A5 8s3 sy

e [0, 1), 1 <i <54, max, min}

be the special fuzzy unit semi open square semiring. V has
infinite number of zero divisors. Every element is an
idempotent with respect to max and min operation.

V has infinite number of finite subsemirings.
Now we give a theorem.

THEOREM 1.6: Let S = {Collection of all m x n matrices with
entries from Ug = {(a, b) | a, b e [0, 1)}; min, max} be the
semiring.

(i) o(S) = .
(i) V has infinite number of zero divisors.
(iii) S has infinite number of finite subsemirings.
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(iv) S has infinite number of infinite order ideals
which are not filters.

(V) S has infinite number of infinite order filters
which are not ideals.

(vi) S has subsets P of finite or infinite order which
can be completed to P, to get a subsemiring of
finite or infinite order respectively.

(vii)  Every x e S is an idempotent with respect to
min or max operation.

The proof is direct, hence left as an exercise to the reader.

Now we proceed onto describe pseudo semirings built using
the fuzzy unit square UF.

Let S ={Ur={(a b)|a b € [0, 1)}, min, x} be the semiring
we see the operation min is not distributive over product so only
we define S to be a pseudo semiring of Ug.

We give the properties enjoyed by S.

Letx=(0.3,0.2) andy =(0.5,0.13) € S
min {x, y} =min {(0.3,0.2), (0.5, 0.13)}
=(03,0.13) e S
xxy ={(0.3,0.2)x (0.5, 0.13)}

=(0.15, 0.026) € S.

x x min{y, z} #min {x x y, X x z} in general for x, y, z € S.
Take x =(0.7,0.2) ,y=(0.5,0.7) and z = (0.6, 0.5) € S.

x x min {y, z} = (0.7, 0.2) x min {(0.5, 0.7), (0.6, 0.5)}
=(0.7,0.2) x (0.5,0.5)
=(0.35, 0.10) I

min {X xy, X x 2}
=min {(0.7,0.2) x (0.5, 0.7), (0.7, 0.2) x (0.6, 0.5)}
= min {(0.35, 0.14), (0.42, 0.10)}
=(0.35, 0.10) I
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For this pair distributive law is true.
Let x =(0.14,0.3),y=(0.2,0.15) and z=(0.21,0.4) € S.
x x min {y, z} = (0.14, 0.3) x min {(0.2, 0.15), (0.21, 0.4)}
=(0.14, 0.3) x (0.2, 0.15)
= (0.028, 0.045) I
min {xy, xz} = min {(0.14, 0.3) x (0.2, 0.15), (0.14, 0.3) x
(0.21,0.4)}
= min {(0.028, 0.045), (0.0294, 0. 12)}
= (0.0294, 0.045) I

Clearly 1 and Il are distinct, hence we call S to be a pseudo
semiring.

We see S has infinite number of zero divisors with respect to
min and x.

All x =(0.3,0) and y = (0, 0.9) € S then min {x, y} = (0, 0)
and x x y = (0.3, 0), (0, 0.9) = (0, 0).

Thus it is a zero divisor with x and min.
However we show that x and min are distinct.

Forifx=(0.7,0.92) andy = (0.3,0.95) € S
xxy =(0.7,0.92) x (0.3, 0.95)
=(0.14, 0.9740) I

min {x, y} = min {(0.7, 0.92), (0.3, 0.95)}
=(0.3,0.92) I

I and Il are distinct so the operations on S are distinct
S = {Ug, x, min} is a pseudo semiring of infinite order.

P={(0,a)|a e [0, 1)} = Sisa pseudo subsemiring of S.

P is also an pseudo ideal of S but P is not a filter of S.
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R={(a, 0)|a €[0, 1)} < S is a pseudo subsemiring of S. R is
also a pseudo ideal but R is not a filter of S.

Let M = {(a, b) | a, b € [0, 1)} has infinite number of pseudo
ideals and pseudo subsemirings each of infinite order.

It is left as an open conjecture whether S has finite pseudo
subsemirings.

Now using this pseudo subsemiring M = {Ug, x, min} we can
build matrix pseudo semiring of the fuzzy unit square.

Example 1.33: LetM ={(a, a2, ..., a0) |as € Ur={(a, b) |a, b
e [0, D}; 1 <i <12, x, min} be the special fuzzy unit square
pseudo semiring of infinite order. M has pseudo subsemiring of
finite and infinite order.

M has no filters however M has ideals.

P;={(a;, 0, ...,0)|a; € Us ={(a, b) | a, b € [0, 1)}, min, x}
< M be the pseudo subsemiring which is a pseudo ideal of M.

P,={(0,a,0,...,0)|a € Us={(a b) |a b e [0, 1)}, min,
x} < M be the pseudo subsemiring which is also a pseudo ideal
of M and so on.

Py, = {(0, o, ..., a12) | ap e Up = {(a, b) | a, b e [0, 1)}, min,
x} < M be the pseudo subsemiring which is also a pseudo ideal
of M.

Pl,2 = {(al, a, 0, ..., 0) | A, a e Up = {(a, b) | a, b e [0, 1)},
min, x} < M be the pseudo subsemiring which is also a pseudo
ideal of M.

Pis=9{(a;, 0,830, ...,0) | a;, a; € U ={(a, b) | a, b € [0,
1)}, min, x} be the pseudo subsemiring which is a pseudo ideal
of M.
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We have several such pseudo subsemirings which are not
pseudo ideals.
Thus we have at least 1,C; + 12C + 15C3 + 15Cs4 + 12C5 + ... +
12C11 number of pseudo subsemirings which are also pseudo

ideals.

We are not in a position to know whether we can have finite
pseudo subsemirings or finite pseudo ideals.

Consider Mos = {(a1, @, a3, as, as, ...,. a12) | a € {(a,b) |a, b
e [0, 0.5}, 1 <i < 12; x, min} be the pseudo subsemiring
which is both an pseudo ideal and pseudo filter.

It is only in the pseudo semirings we have got both to be a
pseudo ideals and a pseudo filter.

Let Mos = {(as, a2, ...., ar5) | & € {(a, b) | a, b € [0, 0.3),
1 <i<15; min, x} < M be the pseudo subsemiring which is

both a pseudo ideal and a pseudo filter. Thus M has infinite
number of subsemirings which are ideals and filters of M.

Example 1.34: Let
al
a
N = :2 aeUs={(ab)|abe[0,1),1<i<20, x, min}

aZO

be the pseudo semiring of infinite order.

N has infinite number subsemirings which are pseudo filters
as well as pseudo ideals.

This N has infinite number of zero divisors and ideals.
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Example 1.35: Let

a a, .. as
M=4la, a, .. a,||aeUs={(ab)label01),
a, 8, .. Aa;

1<i<15, x, min}
be the special fuzzy unit square semiring of infinite order.

M has atleast 15C1 + 15Co + 5C3 + ... + 15C1s number of
pseudo ideals which are not pseudo ideals which are not pseudo

filters.
Let
a a, .. a
Moo=14l8 @, .. 8, ||aeU={(ab)|abel00.2),
a,; 8y, .. A

1<i<15}cM
be a subsemiring which is a pseudo filter of M.

Likewise we have infinite number of pseudo ideals and
pseudo filters all of which are of infinite order.

Example 1.36: Let

fa, a, a, a, a, |
ag )
A e e e A
M=4la, . . .. ay||laceUs={(ab)la bel0,1),
aZl a25
a26 a30
_a31 a36

1<i<36, x, min}
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be the special fuzzy unit semi open square matrix pseudo
semiring of infinite order.

P has pseudo subsemiring of infinite order. P has also
infinite number of pseudo ideals which are also pseudo filters.
This study is important.

Example 1.37: LetR={(a;|a;|asas as as | 87 ag a9 | 810 211 |
ap) | ase Ue={(a,b)|a, b e0,1),1<i<12, x, min} be the
special fuzzy unit semi open super row matrix pseudo semiring.

We see R has infinite number of pseudo subsemirings which
are pseudo ideals and pseudo filters.

Example 1.38 Let

N=1|a [|aecU={@ahb)|abel0 1), 1<i<11, x, min}

be the special fuzzy unit semi open square super column matrix
pseudo semiring.

M has infinite number of zero divisors and idempotents.
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Example 1.39: Let

fa, a, a; a, a |
dg ayg
ay as
Ay P
P A5
EPY Ay
A3 A5

V = {| g au || aeUs={(a,b)|a bel01),

ay ay5
Ay dso
a5 855
EED Ag0
de1 Aes
8e5 dzo

| 3n s |

1<i<75, x, min}

be the special fuzzy unit square super column matrix pseudo
semiring.

M has infinite number of zero divisors.
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Example 1.40: Let

I a a, 8 (8, & 1
ag A
ay ays
A a3

V= aeUr={(ab)|a b e[0,1),

ay ays
EPY a3
a3 ass

_a36 a40

1<i<40, x, min}

be the special fuzzy unit semi open square super matrix pseudo
semiring.

We see W has pseudo subsemirings which are pseudo filters
and pseudo ideals.

Now we proceed onto describe fuzzy unit square pseudo rings
with examples.

Example 1.41: Let W = {Ug, +, x} be the fuzzy unit semi open
square pseudo ring. We call W only as pseudo ring as + and x
are distributive over each other.

Letx=(0.3,0.7),y=(0.2,0.1) and z = (0.8, 0.4) ¢ W.
Consider x x (y +z) = (0.3, 0.7) x ((0.2,0.1) + (0.8, 0.4))
=(0.3,0.7) x (0, 0.5)
= (0, 0.35) o |

X xy+xxz=(0.3,0.7) x (0.2,0.1) + (0.3, 0.7) (0.8, 0.4)
= (0.06, 0.07) + (0.24, 0.28)
= (0.3, 0.35) o

I and Il are different hence we call W only a pseudo ring.
Pseudo ring has zero divisors.
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Letx=(0,0.74) andy = (0.64,0) e W
x x y = (0, 0) hence it is a zero divisor.

x +y = (0, 0.74) + (0.64, 0)
= (0.64, 0.74) e W.

One of the open problems is that can W have finite pseudo
subrings and finite pseudo ideals?

Example 1.42: Let
M={(a;, a, a3) |ase Us={(a,b) |a,b e [0, 1), 1<i<3, x, +}
be the pseudo subring built on the fuzzy unit semi open square.

LetP;={(a:,0,0) |as € Ur={(a, b) |a, b € [0, 1), x, +}
M, is a pseudo subring as well as pseudo ideal of M.

P,={(0,a,0)|aecU={(a,b)|a,be[0,1), x,+} = Mis
a pseudo subring as well as pseudo ideal of M.

P;={(0,0,a)|as € Ur={(a,b)|a b e [0 1) x+}=Mis
the special fuzzy unit square pseudo subring which is also a
pseudo ideal.

Can we have any other pseudo ideal?

Pl,2 = {(al, do, 0) | di, dy € U|: = {(a, b) | a, be [O, 1), X, +} C
M,

Pis={(a1,0,a3)|a, a3 € Ue={(a, b)[a, b e[0,1),x +}c
M,

P23 ={(0, az, a3) | az, a3 € Ur = {(a, b) |a, b € [0, 1), x, +} <
M are all pseudo subring which are also pseudo ideals of M.
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Example 1.43: Let

s||aeUe={(@ab)|abe[0,1),1<i<9, x,+}

be the fuzzy unit semi open square pseudo ring of infinite order.
V has atleast oC; + ¢Cy + ¢C3 + 9Cy4 + oCs + 9Cs + oC7 + oCs

number of fuzzy unit square unit pseudo subrings which are

ideals.

Example 1.44: Let

a a .ooa
V= ( 1 2 10]
dyy A . Ay

ai€ Us={(a,b) |a, b e [0, 1),

1<i<20, x, +}

be the fuzzy unit square pseudo ring of infinite order.

V has atleast ,0C; + 20C; + 20C3z + ... +20Ci9 NUMber of
pseudo subrings which are pseudo ideals of M.

M has infinite number of zero divisors.
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Example 1.45: Let

a @& a3 a8, a 3
a; 8 8 a4, 8, ap
di3 Ay 85 Ay 8y Agg
Qg Qy 8y 8y Ay Ay
M=dla, 85 8y @ @y ay||acUs={(@b)]

a,bel0,1),1<i<54, + x}

be the fuzzy unit semi open square pseudo ring. M has atleast
54C1 + 54Cy + ... + 54Cs3 number of pseudo subrings which are
pseudo ideals of M. M has infinite number of zero divisors.

Example 1.46: LetM ={(a;a,as3|asas|as) |a € Ur ={(a, b) |
a,bel0,1),1<i<6, + x} be the fuzzy unit semi open square
super row matrix pseudo ring of infinite order.

M has pseudo subrings and pseudo ideals. M also has
infinite number of zero divisors.

Example 1.47: Let

[«5)
iy
[«5)
N
[«5)
[
[+
~
QD
&
QD
o
[«H)
3

a a
M= ® “I1laeU={@hb)]|ab

al5 a21

a'22 a28

€ [0,1), 1<i<28,+ x}
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be the fuzzy unit semi open square super row matrix pseudo
ring of infinite order.

M has pseudo subrings and pseudo ideals of infinite order.

Example 1.48: Let

QD
N

a
p= a_e aeU={@@b)|abe0,1),1<i<12 + x}

be the special fuzzy unit semi open super column matrix pseudo
ring of infinite order.

P has atleast 1,C; + 1,C; + ... + 1,Cy; number of pseudo
subrings which are pseudo ideals of P.
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Example 1.49: Let

al aZ
a; a,
a5 aG
a7 8
ag alO
all alZ
p=% ®llacu={@b)|abel01)1<i<28,
a15 alG
a17 alS
a19 a20
aZl a22
a23 a24
a25 aZG
a27 a28

+, x}

be the fuzzy unit semi open square super column matrix pseudo
ring of infinite order.

Thus M has atleast ,3C; + 25C, + ... + 2Cy; number of
pseudo subrings which are pseudo ideals of M.
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Example 1.50: Let

a, a,|a, a, a;|a
a'7 a8 a9 a10 all a12

a13 a14 alS alG a'17 a18
a19 a20 a'21 a22 a23 a24

p= 55 Gy |8y 8y 8y |8z acU={(@ab)|abe
d3; 83 |8y 8y 8z |8z
Ay 8y |83 8y 8y |y
a3 Qg |85 8y Ay | g
s g |85 85 g3 |8gy
ds5 85 | 85y g Ay | Agp

[0,1), 1 <i<60, + x}

be the special fuzzy unit semi open square super matrix pseudo
ring of infinite order.

This P has atleast 0C1 + C2 + ... + Cse number of distinct
pseudo subrings which are pseudo ideals of P.

Now having seen some of the properties we give the
following theorem.

THEOREM 1.7: Let
S = {m x n matrices with entries from Ug, +, x} be the special
fuzzy unit square matrix pseudo ring.

(i) o(S) =

(i) S has atleast nxCi + mw C2 + ... + ma Cinan-n)
number of pseudo subrings which are pseudo
ideals.

(iii) S has infinite number of zero divisors.

The proof is direct and hence left as an exercise to the
reader.
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Now we proceed onto define pseudo linear algebras of
fuzzy unit semi open square over the pseudo ring [0, 1) or over
the pseudo ring Ur = {(a, b) | a, b € [0, 1), +, x}.

DEFINITION 1.2: Let V = {Ug, +} be an additive abelian group
using the fuzzy unit semi open square. R = {[0, 1), +, x} be the
pseudo ring. V is a pseudo vector space over the pseudo ring R.

Letx=(0.3,0.75) € V anda=0.7 € R,
ax =0.7 x (0.3, 0.75) = (0.21, 0.525) € V.

We see in general;

a(x+y)zax+ayforallae Randx,y e V.

Also (a+ b) x#ax + bx forall a, b € Rand x € V. That is
why we call V only as a pseudo vector space over the pseudo
ring.

Leta=0.3,x=(0.7,0.1) andy =(0.31,0.25) e V
ax(x+y)=0.3x[(0.7,0.1) + (0.31, 0.25)]
=0.3[(0.01, 0.35)]
= (0.003, 0.105) v |

Nowaxx+axy=0.3x(0.7,0.1) + 0.3 x (0.31, 0.25)
=(0.21, 0.03) + (0.093, 0.075)
= (0.303, 0.105) |

Clearly I and 11 are distinct and are in V; hence the claim.

Example 1.51: Let

W={(a;, &, a3)| aeUs={(a,b)|a,be[0,1),1<i<3}be
the fuzzy unit square pseudo vector space over the pseudo ring
R ={[0, 1), +, x}. W has subspaces like;

Vl = {(al, 0, 0) | d; € UF} C W,

V>,={(0,a,0)|a; € U} c W
and V3 = {(0, 0, a3) | a3 € Ug} < W are pseudo subspaces of W
over R.
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We have W =V, + V, + V3 is a direct sum and
VinV;={(0,0,0)}ifi=j 1<ij<3.

Apart from this take
P1={((a 0),0,0)[ae [0, 1)} =W
P.={((0,a),0,0)[ae [0, 1)} =W
P;={(0,(a0),0)[ae [0, 1)} cW
P,={(0,(0,a),0)[ae [0, 1)} cW
Ps={(0,0,(a0)[ae[0,1)}cW
and Ps = {(0, 0, (0, a)) | a € [0, 1)} = W are six pseudo vector
subspaces of W and P " P;=(0,0,0) ifi#},1<i<6 and
W =P; +P,+ ... + Pgis again a direct sum of pseudo subspaces
of W.

We can also say the pseudo space P; is orthogonal with P;
withi =], 1 <i, j<6. We see P, is orthogonal with P, but P; ©
P2 = W.

Now we can have several such pseudo subspaces of W.

Let My = {(a1, a3, 0) | a1, &, € Ug} < W and

M, = {(0, 0, a3) | a3 € Ug} < W; we see M; + M, = W and
M; " M2 ={(0, 0, 0)}.

That is M; is the orthogonal pseudo subspace of M, and
vice versa.

Example 1.52: Let
a'l
a
M=<l 7|l aeU={(ab)|abe[01),1<i<15 +}

a'15

be the pseudo vector space over the pseudo ring
R={a/ae[0,1),+ x}

| 53
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M has several pseudo subspaces over R. M also has
orthogonal pseudo subspaces.

Finally M can be written as a direct sum of pseudo subspaces.
Infact dimension of M over R is infinite.

Example 1.53: Let

al a2 a3
T=4<la, a; ag||aeUs={(ab)|a bel01),
a7 a‘S a9

1<i<9,+}

be the special fuzzy unit semi open square vector space over the
pseudoringR={a|a € [0, 1), +, x}.

This T also has pseudo subspaces. However dimension of T
over R is infinite.

Example 1.54: Let

a, a, g,
a, ag ag

T=4. 7 TllacUe={@b)labe[01)
a19 aZO a21

1<i<21,+}

be the fuzzy unit semi open square pseudo vector space over the
pseudo ring R = {[0, 1), +, x}.

W has an infinite basis and has several pseudo subspaces.
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Example 1.55: Let

a

iy

m|m|m s»|
£ w N

QD
o o1

N = aeUr={(ab)|abel01),1<i<12 +}

QDD QD
~

©

QL QD
£ 2 2

[«5)

12

be the special unit fuzzy unit semi open square super matrix
pseudo vector space over the pseudo ring R = {[0, 1), +, x}.

S has pseudo vector subspaces and S is of infinite
dimension over R.

Example 1.56: LetV ={(a;|a; a3 as | as as | a7 ag | @9 a0 a1 |
ap)|ae Ue={(a,b)|a b e0,1),1<i<12, +} be the special
fuzzy unit semi open square super matrix pseudo vector space
overR={a]a € [0, 1), +, x}, the pseudo ring.

V is infinite dimensional over the pseudo field R. V has
infinite number of pseudo subspaces.

P;={(a;/000|00|00|000|0)wherea; € Us={(a, b) |
a,bel0, 1)} +}cV,

P,={(0/a,00|00|00|000|0)wherea, € Us ={(a, b) |
a,bel0, )} +}cV;
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P;={(0|0a3;0|00|00|000|0)whereaz € Us={(a, b) |
a,be[0, D} +}cV, ...,

P11={(O|000|00|00|00a11|0)Wherea11eUF:{(a,
b)la be[0, 1)} +}cVand

P12={(0|000|00|00|000|a12)Wherea12e Upz{(a,
b)|a, b e[0,1)}, +} <V be 12 pseudo subspaces of V.

PinP;={(0|000|00|00|000]0)},i=j 1<i,j<12.
V =Py +P,+ ... + Py, is adirect sum of pseudo subspaces.
V is infinite dimensional over R.

Example 1.57: Let

a, a, a,
d, 4z a4
a; 343 d
Ay Ay A
3 ay A
djg 87 Ay
M = dig Ay dy ae Us={(a,b)|a bel01),
dy, Ay Ay
dys  Ayg Oy
Ay dyy Qg
dy Ay Ay
Ay dg5 Ay
Az; Qag Qg
d,y Ay A4y

1<i<42, +}
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be the fuzzy unit semi open square special super column matrix
pseudo space over the pseudo ring R ={a|a < [0, 0), +, x}.

Thus M has several pseudo subspaces. We see M has an
infinite basis over R.

M can also be written as a direct sum of pseudo subspaces.

We can for any pseudo subspace V of M find V* such that
VeV =M.

For instance let

N =)

w

(&

D Y DO D |
o ~

a e Ur={(ab)|a b e 0, 1),

QD

[e)
O O O OO OO O O oo o o|o
O O O O/l Oolo o o olo o olo

1<i<14,+}cM

be a pseudo subspace of V over R.
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0 a a,
0 a, a,
0 a a
0 a, a,
0 a, a
O all a12
V= 8 213 :M aie Ur={(a,b)|a,be[01),

15 16
0 a;; A
0 ay ay
0 ay 22
0 A3 Ay
O a25 a26
O a27 a'28

1<i<28 +}cM,

V* is the pseudo subspace which is the orthogonal subspace
of M.
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o
o
o

o O O
o O O
o O O

ThusVO VI =MsoV V=

o O o o
o O o o
o O o o

o O
o O
o O

o O o o
o O O o
o O o o

Example 1.58: Let

a, a,|a, a, a;|a;|a, a
Qg oo | e e | e | By
M=4la; .| o || 8y ||aeU={(Db)
a5 a3
g, - ay

la,be[0,1),1<i<40, +}

be the special fuzzy unit semi open square super row matrix
pseudo vector space over the pseudo ring
R={a|a [0, 1), +, x}.

The dimension of M over R is infinite and M has pseudo
subspaces so that M can be written as a direct sum of subspaces.
Also we can build orthogonal pseudo subspaces for appropriate
pseudo subspaces of M.
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Example 1.59: Let

a, a,|a; a, a; a,|a, ag
a, a6
a'17 a'24
a25 32
T=1<|ay, a, || aeUs={(a b)|
Ay A4
Qg Asg
a57 a64
a65 a72

a,bel01),1<i<72 +}

be the special fuzzy unit semi open square pseudo vector space
over the pseudo ring R = {a | a € [0, 1), +, x} be the pseudo
ring.

Now we proceed onto define pseudo linear transformation
and pseudo linear operator on pseudo vector spaces.

Example 1.60: Let

V={(@ara..a)|aecU={(@b)|abe[01),1<i<8, +}

and
al a'2 a3

W==<la, a as|lacUs={(ab)la,be[01),1<i<9,
a7 a8 a9

+} be two special fuzzy unit semi open square pseudo vector
spaces over the pseudo ring R ={a|a € [0, 1), +, x}.
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DefineT:V > W

by T ((a1, @ ...,8)) =|a, a5 a,

For every (ay, &, ..., ag) € V.
Clearly T is a pseudo linear transformation from V to W.

Now S : W — V can also be defined as

a, a, a,
S(la, a5 a,|)=(a &, as, &, a, &, a7, 2)
a'7 a8 a‘9
a1 a'2 a3
Forevery |a, a;, a;|eW
a7 a8 a9

It is easily verified S is also a pseudo linear transformation

from W to V.
Now we can also define pseudo linear operators on V (or W)
T:V — V be amap such that
T (a1, 8, ..., @) = (a1, 0, &, 0, a3, 0, a4, 0);

T is a pseudo linear operator on V.

a1 a2 a3
LetS:W —>WhbeamapsuchthatS{|a, a, a,|}
a7 aS a9
a, 0 O
=0 a, O
0 0 a,
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S is a pseudo linear operator on W.
Example 1.61: Let
a'l
M=% ||acUr={@b)|abe01),1<i<15 +}

a'15

be a pseudo vector space over the pseudo ring
R={alae[0,1),+ x}.

Define T: M — M by

0]
a, 0
T{ ’|}= (') ,
a'15 al

122

T is a pseudo linear operator on M. One can study
Homg (M, M) and its algebraic structure.

Now we proceed onto define strong pseudo vector space built
over the pseudo ring R ={Ur={(a, b) |a, b € [0, 1)}, +, x}

DEFINITION 1.3: V is defined as the special fuzzy unit square
strong pseudo vector space defined over the pseudo fuzzy unit
semi open square pseudo ring R = {Ug, +, x} only if V is an
additive abelian group and for all a € R and v e V,
av=va eV.

We will illustrate this by some examples.
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Example 1.62: Let W = {(a;, a2, as, &) |ai € Ur ={(a, b) | a, b
e [0, 1), 1 <i <4, +} be the special fuzzy unit square strong
pseudo vector space over the pseudo ring

R={(a b)|a b e[0,1), + x} ={Ug +, x}.

W is of infinite dimension over R. W has strong pseudo
vector subspaces all of which are of infinite dimension over R.

P;={(a;,0,0,0)|a; e Us={(a,b)|a,b e [0,1), +} cWiis
a pseudo strong vector subspace of W over R.

Clearly P; = R. Likewise P, is also a pseudo strong vector
subspace of W over R given by

P,={(0,a,0,0)|a € Usr={(a,b)|a be[01),+}=W,

P;3={(0,0,a30)|az e Ur={(a,b) |a,b e [0,1), +} =W
and

P,={(0,0,0,a) |a; e Us={(a,b)|a,b e [0, 1), +} =W
are all pseudo strong vector subspace of W over R.

We see W =P; + P, + P; + P, and Pi 0 P; = {(0, 0, 0, 0)};
i=j,1<i,j<4.

Thus W is a direct sum of pseudo strong subspaces.
Interested reader can find other pseudo strong subspaces of W.
Example 1.63: Let
al
s={| % ||acUr={@b)|abe01),1<i<10,+}
a10
be the special fuzzy unit square strong pseudo vector space over

the fuzzy unit square pseudo ring R = {Ur = {(a, b) | a, b € [0,
1}
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S has several subspaces. Also S has subspaces which has
orthogonal complements.

For instance if

a
a,
a5

QD
~

o
-
1
<8
&)

aeUs={(ab)|abel01),1<i<5+}cS

o O O O o

then

O O O O o

P! acUs={(ab)|abe01),1<i<5 +}cS.

iy

N

L O QO
FNRR

(&)

We see P + P; =S and P is the orthogonal complement of
Pi.
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We can also write S as a direct sum of special strong pseudo
subspaces.

Example 1.64: Let

a a, .. a,
T=<la a .. a,|laeUs={(ab)|a bel01),
A 8 . Ay

1<i<21,+}

be the special strong pseudo vector space over {Ug, +, x} = R,
the pseudo ring.

Example 1.65: Let

al a'2 a'3
a a a

T=47 7 FllacUe={@blabelo1),
a31 a32 a33

1<i<33,+}

be the special strong pseudo vector space over the pseudo ring
R= {UF, +, X}.

We see T has atleast 33C; + 33C, + ... + 33C3 number of
pseudo strong subspaces.

Example 1.66: Let
a, a, a, a,

T=<la, a, a, ag||aeUl<i<l2 +}
a9 a10 a11 a12
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and
I a1 aZ a3 ]
a, ay as
N=4la, a, ag||aecUgl<i<15 +}
a10 a'11 a12
_a13 a'14 a'15_

be two special fuzzy unit square strong pseudo vector spaces
over the pseudo ring R ={(a, b) | a, b € [0, 1), +, x}.

T : M — N be a map such that

iy

N
QD

w

[a, a
a, a, a, a, a, a
T{|a;, a, a, a; [}={|] 0 0 O [}

~

(3]
QD

o

a‘9 a'10 a'll a'12 7 a8 a9

a
a,

all alZ |

o

Then T is a special strong pseudo linear transformation from
M to N.

We can also find special strong pseudo linear operators on M
and N.

Finally we can define strong special pseudo linear functional
f from M to R which is as follows:

fisamap fromMto R ie. f: M — R is such that
f(la; a;, a, ag|)=astag+tapeR.
ag a'lO a‘11 alZ

Thatis ifa; = (0.3, 0.75)
ag = (0.7,0.42)
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and a;; = (0.115, 0.25) then a4 + ag + a3, = (0.115, 0.42) € R.
Thus f is a pseudo linear functional.
Example 1.67: Let M = {(as, &, a3) | & € U, 1 <i < 3} be the
special strong fuzzy square unit pseudo vector space over
R ={Ug +, x}.
f: M — R given by
f(a, &, a3) =a; +a; + a3
((0.7,0.2) (0, 0.7), (0.35, 0.8))
=(0.7,0.2) + (0, 0.7) + (0.35, 0.8)
=(0.05,0.7) e R.
f is a pseudo linear functional on M.
Thus f{(a;, 0, 0)} = &,
f{(O, do, 0)} =adp
and T {(0, 0, a3) = a3

Example 1.68: Let

D
o
D
o
D ©
~ w
D QD
@ N

a, | |aieUs={(ab)|a bel0,1),

[<H)
iy
w
[«5)
iy
~
[SEI < LR < b)
) Iy
3] [N
[«5)
5

1<i<20}

be the special fuzzy unit square strong pseudo vector space over
R = {Ug, +, x} be the pseudo ring.
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Letf: T — R where

aQ a, a8 &
a 8 a; d
f{la, a, a, a,|}=a+as+tan+ae+ay
a3 Ay 8 By
d); 815 89 8y

f is a pseudo linear functional on T.

a 0 0O
0 00O
f{{0 0 0O O|}=aandso
0 00O
0 00O
0 a, 0 0
0 0 0O
f{{0 0 0 0|}=0
0 0 0O
0 0 0O
Example 1.69 Let
al
a
M=< 7 || aeUr={(@ab)|abe[01),1<i<10,+}
alO

be the special fuzzy unit square strong pseudo special vector
space over the pseudo ring R = {(a, b) | a, b € [0, 1), +, x}.
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Definef:M >R

QD
fis

f{

} =a; and so on.

O O O OO o o o o

f is a pseudo linear functional on M.
Example 1.70: Let

a, a, a, a,
S=4la;, a;, a, ay||aeU={(ab)|abel01),
a9 alO a11 a12

1<i<12}

be the special fuzzy unit semi open square strong pseudo vector

space over the pseudo ring R = {(a, b) | a, b € [0, 1), +, x}.

Definef:S—R

| 69
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a, a, a, a,
by f{(|as a, a, ag|)}=a +as+an.
8, q, a, ap

fis a pseudo linear functional on S.

Now we can define the notion of pseudo inner product on
pseudo vector space over the pseudo ring.

Example 1.71: Let

o[ 2

a, a,

be the pseudo strong vector space over the pseudo unit fuzzy
ringR={(a, b)|a b e]0,1),+ x}.

aeUs={(ab)|abel01),1<i<4}

Let X, y € V we define the pseudo inner product

4 b, b
X y)= > ab, andyz[ ' 2} eV.
= by b,

:“mﬁa maan}md_(m&m wn&]ev
(0.6,0.1)  (0,0.9) (0,0.9) (0.1,0)

(x,y) = (0.3, 0.2) (0.8, 0) + (0.8, 0.7) (0, 0.8) +
(0.6, 0.1) (0, 0.9) + (0, 0.9) (0.1, 0)
= (0.24, 0) + (0, 0.56) + (0, 0.09) + (0, 0)
= (0.24, 0.65).

( ) the pseudo inner product.

The study in this direction is innovative and interesting.
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Next we proceed onto define special fuzzy unit square
semivector space.

Let V = {(a;, a,, a3) | & € {Ur, max}, 1 <i < 3} be the pseudo
semivector space over the semiring S = {Ug, min, max}.

Letx ={(0.3,0.7), (0.1,0.02), (0.4,0.1)} e V;
fora={(0.1,0.2)} e S

min {(0.1, 0.2) x {(0.3,0.7), (0.1, 0.02), (0.4, 0.1)}}

= (min {(0.1, 0.2), (0.3, 0.7)}, min {(0.1, 0.2), (0.1, 0.02)}
={(0.1,0.2), (0.1, 0.02), (0.1, 0.1)}.

This is the way min {a, x} e V.

Likewise we can use in V instead of max operation take a
semigroup under min. Also we can have max {x, a} or
min {x, a}.

Thus for a semigroup under min we can have max or min as
operation of multiplying by the scalar from the semiring {Uk,
min, max}. Similarly for the semigroup under max we can have
max or min as operation of multiplying by a scalar.

Thus we get four types of semivector spaces over the fuzzy
unit square semiring S = {Ug, min, max}.

We will first illustrate this situation by some examples.
Example 1.72: Let
M; ={(a1, az, a3, a4) | & € {Ug}, min, 1 <i <4}
M, ={(as, a, a3, a4) | & € {Ue}, max, 1 <i<4}

Ms = {(a;, a,, a3, a4) | & € {Ug}, max, 1 <i<4}

and My = {(a1, a, as, a4) | & € {Ur}, min, 1 <i < 4} be four
semivector over the semiring S = {Ug, min, max}.
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For M, the scalar product is max.
for M, the scalar product in min.
for M; the scalar product is max.
and for M, the scalar product is min.

Let x =((0.2,0.71), (0.21, 0.1), (0, 0.5), (0.7, 0)),
y = ((0.5, 0), (0.3, 0.21), (0.8, 0.3), (0, 05) e M;, 1 <i <4
anda=(0.8,0.3) € S.

min {a, min(x, y)}

=min {a, ((0.2, 0), (0.21, 0.1), (0, 0.3), (0, 0)}

= (min {(0.8, 0.3), (0.2, 0)}, min {(0.8, 0.3), (0.21, 0.1)} min
{(0.8, 0.3), (0, 0.3)}, min {(0.8, 0.3), (0, 0)}

=((0.2,0), (0.21, 0.1), (0, 0.3), (0, 0) € M; e |

max {a, min(x, y)}
=((0.8,0.3), (0.8,0.3), (0.8,0.3), (0.8,0.3)) € M, o

min {a, max{x, y}}
=((0.5,0.3), (0.3,0.21), (0.8, 0.3), (0.7,0.3)) € M5 ... 1l

max {a, max{x, y}}
=((0.8,0.71), (0.8,0.3), (0.8,0.5), (0.8,0.5) e M; ... IV

We see all the four operations for the same set of elements
yield different elements in M;; 1 <i <4,

Hence the claim.

Thus we have four types of semivector spaces using the
special fuzzy unit square.

We will give examples of these four types of semivector
spaces over the fuzzy unit square semiring (Ug, min, max) under
min or max operation.
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Example 1.73: Let

1

D D
w N

g e Us={(a,b)|a,b e]0,1),1<i<10, max}

m|sv m|m
(2] (4] E

|svm
©

@
S

be the special unit fuzzy semi open square semivector space
over the semirings = {Ug, max, min} under min operation.

This has several subsemivector spaces over S.

We can also write M as a direct sum of subsemivector
spaces.

Now we can proceed onto describe in few words the notion
of algebraic structures built using the fuzzy neutrosophic semi
open unit square.

We see Ns = {a+ bl | a, b e [0, 1), I>=1} is the fuzzy
neutrosophic semi open unit square. Only elements of the form
x=05+05landy =1in Ns;we have x xy =0.

So a + bl where a + b = 0 (mod 1) pave way for zero
divisors when multiplied by I.

In the following chapters we will built algebraic structures
using N, the fuzzy neutrosophic semi open unit square.
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However in case of fuzzy unit semi open square Ur we have
if x=(0,a)andy = (b, 0) then x x y = (0, 0).

However we see this is not true in case of Ns. This is the
marked difference between these two new structures.

We present the following problems for this chapter.

Problems

1. Find some special features enjoyed by fuzzy semi open
unit square.

2. What is the difference between fuzzy special interval
[0, 1) and Ugr = {(a, b) | a, b € [0, 1)} as semigroups
under product?

3. Let P ={(as, a ..., a10) |a € Us={(a, b) |a, b € [0, 1),
1 <i<10, x} be the semigroup.

(i)  Prove P has infinite number of zero divisors.

(i)  Can P have finite subsemigroups?

(iii)) Can P have units?

(iv) Can P have idempotents?

(v)  Can P have subsemigroups which are not ideals?

(vi) Can P have ideals of finite order?
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Let
a

M=% |lacU={@b)labe01) 1<i<9 x}
3

be the special fuzzy unit semi open square semigroup of
infinite order.

Study questions (i) to (vi) of problem (3) for this M.

LetB = (al a, . amj

Ay A .. Ay
[0, 1), 1 <i < 20, x,} be the fuzzy unit semi open
semigroup.

aieUe={(a,b)|a,b e

Study questions (i) to (vi) of problem (3) for this B.

Let M =<| : : : ||aie Ue={(a, b)|a b e [0,1),

1 <i <60, x4} be the fuzzy unit semi open semigroup.

Study questions (i) to (vi) of problem (3) for this M.
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al a2 a'7
ey ag .. ay B
7. LetM= ) ) . aeU={(a,b)|abe
a43 a'44 a49

[0, 1), 1 <i <49, x,} be the fuzzy unit semi open square
matrix semigroup.

Study questions (i) to (vi) of problem (3) for this M.
8. LetM={(a;]|aasas|asag|as|ag) |a € Us={(a, b)|a,
b e [0 1),1<i<8, x,} be the fuzzy unit semi open

square matrix semigroup.

Study questions (i) to (vi) of problem (3) for this M.

QD
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D
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O O D
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[

9. LetB =

aeUs={(ab)|a b e [0, 1),

<5
£ Lo93 mﬂ) \IQJ

QD
-

[
N

1<i <12, x,} be the fuzzy unit semi open square matrix
semigroup.

Study questions (i) to (vi) of problem (3) for this B.
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a'1 a2 a3 a4

a5 a6 a7 aS

a9 a'10 a'11 a12
a13 a'14 a'15 a16
a17 alS alQ aZO

21 22 a23 a24
a25 a26 a'27 a28

10. LetT=<|a, @, a; a,||lacUs={@b)labe

a33 a‘34 35 a‘36
a37 a38 39 a'40

[0, 1), 1 <i <60, x,} be the super column fuzzy matrix
semigroup.

Study questions (i) to (vi) of problem (3) for this T.

a, |a, a; a, |a; a;|a, a; a
11, LetP=4{a, | . v | v | A || &

e Uer={(a,b)|a b e]0,1),1<i<27, x,} be the super
column fuzzy matrix semigroup.

Study questions (i) to (vi) of problem (3) for this P.
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12.

13.

14.

LetP =

a'l aZ a3 a4 a5 a6 a7 a8
a9 a16
Ay Ay
a25 a32
a33 a40
ay Ay

ai e Ug

={(a,b) |a, b e [0, 1), 1<i<48, x} be the super column

fuzzy matrix semigroup.

Study questions (i) to (vi) of problem (3) for this P.

Study the semigroup B = {Ug, min} of the fuzzy semi
open unit square.

(i)  Show B has infinite number of ideals.

(i)  Show B has infinite number of infinite order

subsemigroups which are not ideals.
(iii)  Show B has no ideals of finite order.

(iv) Can B have zero divisors?

(v) Prove B has idempotents of all orders.

(vi) Show B has no units.

Let M ={(ay, a, ..

Law)|aeUs={(@b)|abe[01),

1 <i <10, x} be the special fuzzy unit semi open square

row matrix semigroup under min operation.

Study questions (i) to (vi) of problem 13 for this M.
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Algebraic Structures on the Fuzzy Unit Square ... | 79

a
LetT=4 *

a
a
®1laeU={(ab)|abe
a31 a32 a
a

QD

46 Ay

[0, 1), 1 <i <60, x,} be the special fuzzy unit semi open
square row matrix of infinite order semigroup.

Study questions (i) to (vi) of problem 13 for this M.

a, a a
Let T = :4 :5 :6 aeU={@b)|abelo,

Ay Ay 8y

1), 1 <i < 45, x,} be the special fuzzy unit semi open
square column matrix semigroup of infinite order.

Study questions (i) to (vi) of problem 13 for this T.

al a2 al5
alG a17 a30
LetT= o % |l aeUr={@b)lab
A4 Qg7 g0
a61 aGZ 75
_a76 a77 a90_

e [0, 1), 1 <i <90, min} be the special fuzzy unit semi
open square matrix semigroup under min.

Study questions (i) to (vi) of problem 13 for this T.
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18.

19.

20.

LetW={(a;a|as|asasas|asas|as) | a € Us={(a, b) |
a,bel01),1<i<9, min} be the special fuzzy unit
semi open super matrix semigroup under min operation.

Study questions (i) to (vi) of problem 13 for this W.

mmm|mm
o s W N e

LetP =

m|m
(2]

N

a e Us={(a b)|a b e [0, 1),

L QO
Ll i

[
N

1 <i <12, min} be the special unit semi open square
column super matrix semigroup of infinite order.

Study questions (i) to (vi) of problem 13 for this P.

Let W = (al % a7j
aS a9 a'14

{(a,b) |a b e [0, 1),1<i<14, min} be the special unit
semi open square column super matrix semigroup of
infinite order.

a, a, a; a, a e Upe
, =

alO a'11 a'12 a'13

Study questions (i) to (vi) of problem 13 for this W.
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a'1 a'2 3 a‘4

a'5 aG 7 a‘8

a9 a'10 a'12

a
Q3 8y 5 8y
a7 A 89 Ay
a
a

21. LetS= aeUe={(a,b)|a,be

_a45 a46 a47 a48_

[0, 1), 1 <i < 48, min} be the special unit semi open
square column matrix semigroup of infinite order.

Study questions (i) to (vi) of problem 13 for this S.

Prove S has infinite number of zero divisors.

[a, |a, a,|a, a a, a, a;|a, |
A0 A
A1 a7
Az Az

22. LetM=13|az | v | v e e | Ag || g

A4 as,
A Y
a64 a72

R g |

e Us={(a,b)|a b e [0, 1), 1<ic<81 min} be the
special unit semi open square column matrix semigroup
of infinite order.
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23.

24,

25.

Study questions (i) to (vi) of problem 13 for this M.
Prove M has infinite number of zero divisors.

Let W = {Ug, max} be the special fuzzy unit square
semigroup under max operation.

(i) Can W have zero divisor?

(i)  Prove every element in W is an idempotent.
(iii)  Study the subsemirings and ideals of W.
(iv) Can W have finite ideals?

(v) Isitpossible for W to have subsemigroups which
are not ideals of infinite order.

(vi) Find infinite order subsemigroups of W.

(vii) Prove every subset of W can be completed into a
subsemigroup.

Let P={(a;, @, ...,as) |[ai € Ur={(a, b) |a, b € [0, 1),
1 <i <8, max} be the special fuzzy unit semi open square
semigroup of infinite order under max operation.
Study questions (i) to (vii) of problem 23 for this P.

a'1

a
LetM=1| 7 || a e Us={(ab)|abel0,1),

alS

1 <i <15, max} be the fuzzy unit semi open square
column matrix semigroup under max operation.

Study questions (i) to (vii) of problem 23 for this M.
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al a‘Z a'10
a, a, .. a
LetT=1¢| * % ®1laeUs={(ab)|abe
8, 8, .. ay
a31 a32 a40

[0, 1), 1 <i <40, x} be the special fuzzy unit semi open
square row matrix of infinite order semigroup.

Study questions (i) to (vii) of problem 23 for this T.

a, a, .. ap

a, a, .. a
Let W = :“ :12 fo aeUc={@b)|abe

[0, 1), 1 <i <8, max} be the special fuzzy unit semi open
square row matrix of infinite order semigroup.

Study questions (i) to (vii) of problem 23 for this W.

LetM={(a;a,|as|asasas | a7 as| ao) | & eUr ={(a, b) |
a, b e[0,1),1<i<9 max} be the special fuzzy unit
semi open square row super matrix semigroup under max
operation.

Study questions (i) to (vii) of problem 23 for this M.
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29.

30.

LetV =

o m|m ® m|m
(2] (4] S w N =

|sv m|m
[{e] (o<

[s)
iy
o

a e Us={(ab)|a b e [0, 1),

1 <i <10, max} be the special fuzzy unit semi open
square column super row matrix semigroup under max

operation.

Study questions (i) to (vii) of problem 23 for this V.

Let M =

a4 a, |83 8, a5
dg d; | 8 8 8y
ay A, (A A, 3, ||aeUs={(@Db)]
Qg Ay |8y By 8y
821 8y |8 8y 8y

a, b e[0,1),1<i< 25} be the special fuzzy unit semi
open square super matrix semigroup under max operation.

Study questions (i) to (vii) of problem 23 for this M.
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i a1 a2 a3 a4 aS ae a7 a8 ]
a9 alG
ayy Ay
LetM=qlay [ .. o | oo |8 ||8ieUe
a33 a40
a41 a'48
a49 a56

={(a, b)|a be[0,1),1<i<56, max} be the special
fuzzy unit semi open square super matrix semigroup
under max operation.

Study questions (i) to (vii) of problem 23 for this M.

_ a9 alG
LetW = ai € Ur

ayy Ay

a'25 a32

={(@, b)|a be]0,1),1<i<32 max} be the special
fuzzy unit semi open square super matrix semigroup
under max operation.

Study questions (i) to (vii) of problem 23 for this W.
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33.

34.

35.

a'l aZ a3
a4 a5 a6
a7 a8 ag
alO all a12
a'l3 al4 a15
a16 a17 alS
Letw= |0 %0 fallp Cy={@b)labe
a22 a23 24
a25 a26 27
a28 a29 a30
a3l a32 a33
a34 a35 a36
a37 a38 a39
a40 a41 a42

[0, 1), 1 <i < 42} be the special fuzzy unit semi open
square super column matrix of infinite order under max
operation.

Study questions (i) to (vii) of problem 23 for this W.

Let {Ur, +} = G be the unit semi open fuzzy square group
under +.

(i)  Find all subgroups of finite order.
(i)  Prove G has subgroups of infinite order.

Let M = {(a, a, a3, a4, as) | & € Ur = {(a, b) | a, b € [0,
1), 1 <i <5, +} be the special fuzzy unit semi open
square row matrix group under +.

(i)  Find subgroups of finite order.
(i)  Can M have infinite number of finite subgroups?
(iii) Can M have infinite number of infinite subgroups?
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LetM=<|a, ||aie U-={(a, b)|a bel0,1),

1 <i £ 17, +} be the unit fuzzy square column matrix
group under +.

Study questions (i) to (iii) of problem 35 for this M.
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©
QD
iy
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QD
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QD
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D
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D o o
5
[«5)
&

a
LetS=1la, 8, 8y 8, 8y 8y ||aieUs=

{(a,b) | a, b e[0,1),1<i<42, +} be the fuzzy unit semi
open fuzzy matrix group of infinite order.

Study questions (i) to (iii) of problem 35 for this S.
LetM={(a;, a2 | as|as asasasag) |a € Ue={(a,b) | a,b
e [0, 1), 1 <i <8, +} be the fuzzy unit semi open square

super row matrix group of infinite order.

Study questions (i) to (iii) of problem 35 for this M.



88 | Algebraic Structures on Fuzzy Unit Square ...

39.

40.

QD
iy

DD v D
% N

S

QD
3]

o

LetB = aeUs={(a,b)|a bel01),

D » D D
© =

©

D QD
= =
[ o

o o o
& 0~

iy
~

%)
&

1 <i <15, +} be the fuzzy unit semi open square super
column matrix group of infinite order.

Study questions (i) to (vii) of problem 35 for this B.

a, a,|a;|a, a; a;|a, a,
LetM=<la, .|| o o] Qg |lae
2 P L - 9

Ur={(a, b)|a b [0, 1), 1<i<24, +} be the fuzzy unit
semi open square super row matrix group of infinite
order.

Study questions (i) to (iii) of problem 35 for this M.
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[a, a,|a, a, a a;|a, a;]
a9 alG
s LeT={" | a e U
a’25 a32
a33 a40
_a41 a48_

={(a b)|a b e [0,1),1<i<48, +} be the super matrix
fuzzy unit semi open square group.

Study questions (i) to (iii) of problem 35 for this T.

1 8 8 4
a

a
45 3 7 8
a

9 a'10 11 a'12

13 a'14 15 alG

a
47 8y
a

42. LetT-= aeUc={(a,b)|abe

[0, 1), 1 <i <56, +} be the super column matrix fuzzy
unit semi open square group.

Study questions (i) to (iii) of problem 35 for this T.
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43.

44,

45.

LetT =

al a'2 a3 a4 a5 a6 a7
a'8 a‘9 a10 a‘ll alZ a13 a14
alS a16 a17 a18 a19 a20 a'21
a22 a23 a‘24 a25 a26 a'27 a'28
a29 a30 a31 a32 a33 a34 a35 ai € UF
a36 a'37 a38 a39 a'40 a'41 a'42
a'43 a'44 a45 a46 a‘47 a'48 a49
a'50 a51 a52 a53 a54 a55 a56
a57 a58 a59 a60 a61 a62 a63

={(@ b)|a be[0, 1),1<i<63, +} be the fuzzy unit
semi open square group.

Study questions (i) to (iii) of problem 35 for this T.

{Ug, min, max} be the semiring of fuzzy unit semi open

square.

(i)  Prove Ug has zero divisors with respect to min.

(if)  Every element x € Ug with {0, 0} is a subsemiring
of {Ug, max, min}.

(iii) Prove every element in {Ug, max, min} is an
idempotent with respect to max and min.

(iv) Prove {Ug, max, min} has finite subsemirings.

(v) Prove {Ug, max, min} has ideals only of infinite
order.

(vi) Prove subsets in {Ur, max, min} can be completed
to form subsemirings and the completed
subsemiring in general is not an ideal.

(vii) Prove {Ug, max, min} has infinite order

subsemirings which are not ideals of U.

Let P = {(as, @, ..., a10) | € Ur = {(a, b) | &, b € [0, 1),
1 <i <10, min, max} be the semiring on the fuzzy unit
semi open square.



46.

47.
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(i)  Study questions (i) to (vii) of problem 44 for this P.
(i) Find all filters of P.

(iii) Can a subsemiring of P be both filter and an ideal?
(iv) Can filters in P be a finite order?

(v) Obtain some special properties enjoyed by P.

(vi) Can P be a S-semiring?

1

N

w

Let M =

a
a
a
a aiGUF:{(a, b)la,bE[O, 1)1

4

alg _

1 <i <19, min, max} be the special fuzzy unit semi open
square semiring.

Study questions (i) to (vi) of problem 45 for this M.

a, a, .. a,
LetP=1a, @, .. a,||acU={@b)|abe
By By . g

[0, 1), 1 <i < 36, min, max} be the special fuzzy unit
semi open square semiring.

Study questions (i) to (vi) of problem 45 for this P.

a a
LetP = :4 :5 :6 aeUc={(@b)|abe

a'31 a32 a'33

[0, 1), 1 <i< 33, min, max}
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be the special fuzzy unit semi open square column matrix
semiring.
Study questions (i) to (vi) of problem 45 for this P.

49. LetM={(a1 @28 |aasasas|asas|aw)|a e Ur={(a
b) |a, b € [0, 1), 1 <i <10, min, max} be the unit fuzzy
semi open square super row matrix semiring of infinite
order.

Study questions (i) to (vi) of problem 45 for this M.

[ ].2
N Ll

|mm
N~ W

[«5)
&

o

50. LetT= aie Ur={(a,b)|a, b e0,1),

» o o
S.,:chu|msm\,mm

[
&

1 <i <13, min, max}

be the unit fuzzy semi open square semiring of infinite
order.

Study questions (i) to (iii) of problem 35 for this T.
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a, a, a, a,
a5 a6 a'7 a'8
a9 a'10 all 12

a
13 Ay 85 Ay
a

51. LetM=1<la, a; a3 ay,||acUs={(@b)|labe

a37 a38 a39 a40
a41 a42 a43 a44
a45 a46 a47 a48
a49 a50 a51 a52
a53 a54 a'55 a56
a57 a58 a59 a‘GO

[0,1),1<i<72, min, max}
be the special fuzzy unit semi open square semiring.

Study questions (i) to (vii) of problem 44 for this M.

52. LetT=<lag .. |.. | oo o ]8g || aieUe
VR A (T -

={(a,b) |a, b e [0, 1), 1 <i<24, min, max}

be the special fuzzy unit semi open square super row
matrix semiring.

Study questions (i) to (vi) of problem 45 for this T.
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53.

54.

55.

a, a,la; a, a |a, a, | a,
8y 6
ayy ayy
a a
25 32
LetW = dj €
33 Ay
ay Ay
Ay Ase
a57 ae4

Ur={(a,b)|a, b e]0,1),1<i<64, min, max}

be the special fuzzy unit semi open square super row
matrix semiring.

Study questions (i) to (vii) of problem 44 for this W.

Let M = {Ug, x, min} be the pseudo semiring built using
the unit fuzzy square.

Obtain the special features enjoyed by the pseudo
semiring.

Let T ={(as, a, a3, &, as, a) | & € U ={(a, b) | a, b € [0,
1), 1 <i <6, min, x} be the pseudo semiring.

(i)  Find pseudo subsemiring if any of finite order.

(i) Can T have zero divisors?

(iii) Can T have idempotents?

(iv) Can T have pseudo ideals?

(v) CanT have pseudo filters?

(vi) Can T have a pseudo subsemiring which is both a
pseudo filter and pseudo ideal?

(vii) Can T have pseudo ideals of finite order?
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LetM= 1| 7 || aeUs={(ab)|abel01),

a25

1 <i <25, min, x} be the special unit semi open fuzzy
square column matrix pseudo semiring of infinite order.

Study questions (i) to (vii) of problem 55 for this M.

a, a, .. a,
a, a a

LetV = 87 “llaeUs={(ab)|abe
a15 alG 21
8, 8y .. Ay

[0, 1), 1 <i< 28, min, x} be the special unit semi open
fuzzy square pseudo semiring of infinite order.

Study questions (i) to (vii) of problem 55 for this V.

a, a, .. a,
a, a, .. a

Letv=4| * ?llaeU={@b)labe
a9l a92 alOO

[0, 1), 1 <i <100, min, x} be the fuzzy unit semi open
square pseudo semiring of infinite order.

Study questions (i) to (vii) of problem 55 for this V.
LetW={(a1|a;a3|asasas a7 | a3 @9 aso|a11) | @i € Up=

{(a, b) |a, b € [0, 1), 1 <i<11, min, x} be the special
fuzzy unit square pseudo semiring of infinite order.
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60.

61.

Study questions (i) to (vii) of problem 55 for this W.

LetV=
al a2 a3 a4 a5 a6 a7 a8 a9 a10
all a‘ZO
a, ay || &€ Ue
a31 a40
a41 a50

={(a, b) |a b e [0,1),1<i<50, min, x} be the special
fuzzy unit semi open square pseudo semiring of infinite
order.

Study questions (i) to (vii) of problem 55 for this V.

a'1 a2 a'3
a4 a5 a6
a7 a8 a9
a'10 a11 a'12
al3 a14 a15
a16 a'17 a18
a19 aZO a21

LetN=4la,, a,, a,||acU={(ab)labe

a34 a35 a36
a37 a38 a39
a40 a41 a42
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[0, 1), 1 <i <45, min, x} be the pseudo semiring.

Study questions (i) to (vii) of problem 55 for this N.

Can a pseudo ring M = {Ug, +, x} have finite pseudo
subrings and finite pseudo ideals?

Enumerate the difference between a ring and a pseudo
ring.

LetW={(a; a2a3 asa5) |as e Us={(a, b)|a, b € [0,
1), 1 <i <5, +, x} be the fuzzy unit semi open square row
matrix pseudo ring of infinite order.

(i)  Can W have finite pseudo subrings?

(i)  Can W have finite pseudo ideals?

(iii) Can W have zero divisors?

(iv) Can W have S-zero divisors?

(v) Find those pseudo subrings which are not pseudo
ideals?

(vi) Obtain some conditions on zero divisors which are
not S-zero divisors.

(vii) Can we have finite S-subrings?

(viii) Is W a S-pseudo ring?

al
a
LetM= 1| 7 || aeUs={(a b)|abe0,1),

a15

1 <i<15, +, x} be the pseudo ring.

Study questions (i) to (viii) of problem 63 for this M.
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65.

66.

67.

[a, a, ag |
dy 8y A
a‘17 a18 a‘24
LetM;=4qla,, @, .. ay,||acU={(ab)labe
dzz Ay a4
a'41 a42 a48
_a49 a5 a56_

[0, 1), 1 <i<56, +, x} be the pseudo ring.

Study questions (i) to (viii) of problem 63 for this M.
LetT:{(al | dy dz dg ds | dg d7 dg | dg a10|a11 | alz) |ai €
Ur={(a,b)|a b el0, 1),1<i<12, +, x} be the unit

fuzzy square super row matrix semiring of infinite order.

Study questions (i) to (viii) of problem 63 for this T.

%) m|m|m
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LetD = aie Ue={(a,b) |a, b e0,1),
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1<i<13 + x}
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be the super column matrix pseudo ring.

Study questions (i) to (viii) of problem 63 for this D.

a, |a, a;la, a; a;|a,
a

©

LetB =

1

o
L v o»
N
[

a
ay

{(a,b)|a, b e[0,1),1<i<28, + x} be the fuzzy unit
semi open square super row matrix pseudo ring.

Study questions (i) to (viii) of problem 63 for this B.

a, a,|a; a, a;|a; a; | g
dq G
ay7 82
dyg Ay

LetW==<[83 .. | .. o ] o |8y a; €

41 Ay

49 Asg
as; Aeq
Ags a7,

Ur={(a,b)|a, b e[0,1),1<i<72, +, x} be the special
fuzzy unit semi open square super row matrix semiring.

Study questions (i) to (viii) of problem 63 for this W.
Let T={(a1a,a a) |a € Us={(a, b)|a b e [0,1),
1 <i <4, +, x} be the fuzzy unit square pseudo vector

space over the pseudo ring; R = {[0, 1), +, x}.

(i)  Can T have finite dimensional pseudo subspace?

| 99
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71.

72.

(i) Can T have finite dimensional pseudo vector
spaces?

(iii)  Find atleast ,C; + 4C, + 4C5 pseudo subspaces.

(iv) Can T have more than 4C; + 4C, + 4C3 number of
pseudo subspaces?

LetV = ae Ur={(a,b)|a,be[0,1),1<i<8§,

+, x} be the special fuzzy unit semi open square pseudo
vector space over the pseudo ring R = {[0, 1), +, x}.

(i)  CanV be finite dimensional over R?

(i) Can V have a pseudo subspace of finite
dimensional?

(iii) How many pseudo vector subspaces V can have?

(iv) Can every pseudo vector subspace W have an
orthogonal pseudo vector subspace W' so that

W+ W =Vv?
a1 az a8
a a .eooa
LetM=q] 7 ° SllaeUe={@b)|abe
a57 a‘58 a64

[0, 1), 1 <i < 64, +} be the special fuzzy unit semi open
square pseudo vector space over the pseudo ring
R={[0, 1), +, x}.
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74.

75.
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Study questions (i) to (iv) of problem 71 for this M.

LetV={(asaa3]|asas|a asas as | aw) |a € Ur={(a,
b) | a, b € [0, 1), 1 <i <10, +} be the special fuzzy unit
semi open square pseudo vector space over pseudo ring
R={[0, 1), +, x}.

Study questions (i) to (iv) of problem 71 for this V.

Let W =

o o
o

D

3

al

dj €

Usr={(a, b)|a b e[0,1),1<i<32 + x} be the fuzzy
unit semi open square pseudo vector space over the

pseudo ring R ={[0, 1), +, x}.

Study questions (i) to (iv) of problem 71 for this W.

LetT =

a'1 a2 a3 a4
a5 aG a7 aS
a9 a'10 a'll a12
a13 a'14 a'15 a16
a17 a18 a19 aZO
a'21 22 a23 24
a'25 a26 a'27 a'28
a29 a30 a'31 a32
a33 a‘34 a35 a36
a'37 a38 a39 a'40
a'41 a42 a43 a44
a a a a

aeUr={(a,b)|a,be
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76.

77.

[0, 1), 1 <i<48, +} be the special fuzzy unit semi open
sguare pseudo vector space over the pseudo ring
R ={[0, 1), +, x}.

Study questions (i) to (iv) of problem 71 for this T.

<
©

iy
w

LetS=q|Ay |y Qg |y A5 |y || &€ Up=
37 | 83 8z9 |8y 8y |8p
A3 |8y Qus | Qge 8y | Ayg
A9 | 8sp 8sy | A5y sz | sy
dg5 | 855 sy | Asg s | g
Ag; | Qg ez | gy Bps | Agp

{(a,b)|a, b e[0,1),1<i<66,+} be the unit fuzzy semi
open square pseudo vector space over the pseudo ring
R={[0, 1), +, x}.

Study questions (i) to (iv) of problem 71 for this S.

LetV={(a1a,a3a48s5) |a € U, 1 <i<5, +} and

a5 a6 a‘7 a8
pseudo vector spaces of over the pseudo ring
R ={[0, 1), +, x}.

ai € Ur, 1 <i <8, +} be the
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79.

80.
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(i) Find the algebraic structure enjoyed by
Homg (V, W) ={T :V — W where T is a pseudo
linear transformation from V to W}.

(i)  Find Homg (W, V) ={T : W — V, the collection of
all pseudo linear transformations from W to V.

(iii) Compare Homg (W, V) with Homg (V, W).

(iv) Find Homg (V, V) and Homg (W, W) and compare
them and find the algebraic structure enjoyed by
them.

Let V = {m x n matrices with entries from Ut} be the
special fuzzy unit square pseudo vector space over the
pseudo ring R ={[0, 1), +, x}.

(i)  Can linear functionals be defined on V?

(i) Find Homg(V,V).

(iii) Can V have the dual space?

(iv) Can we define on V an inner product?
(v) CanV ever be an inner product space?

al
a
LetV = :2 a € Ug, 1 <i<15, +} be the pseudo

a'15

vector space over the pseudo ring R = {[0, 1), +, x}.
Study questions (i) to (v) of problem 78 for this V.
LetV={(a;|axas|asas ag|asasa9 as) |a € Ug, 1 <i
<10, +} be the special pseudo vector space over the

pseudo ring R ={[0, 1), +, x}.

Study questions (i) to (v) of problem 78 for this V.
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a,
8l. LetM= a—5 aie Us={(a b)|a b el0,1),

1 <i<10, +} be the pseudo vector space over the pseudo
ring R = {[0, 1), +, x}.

Study questions (i) to (v) of problem 78 for this M.

I a'l a2 a3 a4 a5 a6 1
a? a8 a9 alO a'11 a'12
a13 a14 alS alG a17 a18

82. LetS= o |G O Oz 8 ) G ai € Ug, 1<

a'25 a'26 a'27 a'28 a29 a30
a31 a32 a33 a34 a35 a36
a'37 a38 a39 a40 a41 a42

_a43 a'44 a45 a'46 a47 a48_

< 48, +} be the special fuzzy unit semi open square super
matrix pseudo vector space over the pseudo ring
R = {[0, 1), +, x}.

Study questions (i) to (v) of problem 78 for this S.
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Obtain any special properties enjoyed by strong special
pseudo vector space over the unit square pseudo ring
R ={Ug +, x}.

[a, a, a, |
a7 a8 a'12
LetS=<la, a;, A || @€ Ug1<i<30,+} be
a19 a20 a24
_a25 a'26 a'30 i

the special fuzzy unit semi open square pseudo strong
vector space over the pseudo ring
R={(a, b)|a be]0, 1)+ x}

(i)  What is dimension of S over R?

(i)  Write S as a direct sum of subspaces.

(iii) Prove S has atleast 30Cy + 30C;, + ... + 30Cy NUmMber
of strong special pseudo subspaces.

a‘1 a2 a6
a7 aS a12
(iv)LetM=<la, a, a, | laieUs={(ab)|ab
a19 a'20 a24
a25 a'26 a'30

€ [0,0.5),1 <i <30} c S; will M be a strong pseudo
subspace of S?
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85.

86.

[(0.3,0.8) (0.1,0.9) (0.40.1) 0 0 O
0 0 0 000
(V)N = 0 0 0 00 0||c
0 0 0 000
0 0 0 00 0

S be a subset. Find N*. Is N* a pseudo strong
subspace of S?

(vi) Can S have a finite basis?

(vii) Can a strong pseudo vector space of S be finite
dimensional?

LetV={(a: a2;|asasas|as ar|ag) |a € Ur={(a, b)]a,
b e [0, 1), 1 <i <8, +} be the special fuzzy unit semi
open square strong special pseudo vector space over the
pseudo ring R ={Ur ={{(a, b) | a, b € [0, 1), +, x}.

Study questions (i) to (vii) of problem 84 for this V.

Let T=4|=|| aecU={@b)|abel01),1<ix<

a9
a10

10, +} be the special pseudo strong vector space over the
pseudo ring R = {Ug, +, x}.

Study questions (i) to (vii) of problem 84 for this T.
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90.
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LetV={(a b,c,d,e)|ab,cdeec(Xy)]|xyel01),
+} be the pseudo strong vector space over the pseudo ring
R= {UF, +, X}.

Study questions (i) to (vii) of problem 84 for this V.

a, a, .. a
a, a, .. a

LetM={| * ®1laie Ue={(@a b)|abe
a‘21 a22 a30
a31 a32 a40

[0, 1), 1 <i<40, +} be the pseudo vector space over the
pseudo ring R = {Ug, +, x}.

Study questions (i) to (vii) of problem 84 for this M.

Let Wy = {(ay, @, a3, a, a) | ai € Ur ={(a, b) | a, b € [0,
1), 1 <i<5, min} be the fuzzy unit semi open square
semivector space over the semiring S = {Ug, min, max}
with product min.

(i) Can W be finite dimensional of W, over S?
(i) Can W,; have subspaces which are orthogonal
subspaces?

Let W, = {(a, @, a3, a4, as) | & € U = {(a, b) | a, b € [0,
1), 1 <i <5, min} be the fuzzy unit semi open square
semivector space over the semiring S = {Ug, min, max}
with product min.

(i) Study questions (i) to (ii) of problem 89 for this W,.
(if) Compare W, and W, of problems 88 and 89.

Let W3 = {(a;, a2, @3, a1, @) | & € Ur = {(a, b) | a, b € [0,
1), 1 <i <5, min} be the fuzzy unit square semivector
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92.

93.

space over the semiring S = {Ug, min, max} with product
min.

(i) Study questions (i) to (ii) of problem 89 for this Wj.
(ii) Compare W, and W, with W3 given in problems 88,
89 and 90 respectively.

LetT= aie Ur={(a,b) |a, b €0, 1),

1 <i <15, max} be the special fuzzy unit square
semivector space over the semiring {Ur , min, max}.

(i)  Study questions (i) to (ii) of problem 90 for this T.
(i)  Construct four types of semivector spaces over
S = {Ug, min, max} and compare them.

a, a, a, a, ag
dg d; @3 dy Ay
LetW=qla, a, a, a, a;||acU={(@ab)]
Q5 Ay 8 8y Ay
(821 8y 8y 8y 8n |

a,b e[0,1),1<i<25, min} be the semivector space
over the semivector space {Ur , min, max} the semiring
under min.

Study questions (i) to (iii) of problem 84 for this W.
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95.
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LetW=<la, a, &, a, ay||acU={(ah)]

a,b e [0, 1), 1<i<35, max} be the special unit fuzzy
square semivector space over the semiring
{Ug, min, max} under the max operation.

Study questions (i) to (iii) of problem 84 for this W.

Let in W of problem 92 be replaced by min operation;
Study questions (i) to (iii) of problem 92 for this new
semi vector space.

a a a a a a a
LetM:{{l 2 3 4 5 6 7} a e Up =

YV

{(a,b) |a, b € [0, 1), 1 <i <14, max} be the special unit
fuzzy square semivector space over the semiring
{Ug, min, max} under the max operation.

Study questions (i) to (iii) of problem 84 for this M.
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97.

[a, |a, a, a, a;|a, a, |a, ag |
a10 a'18
dyg Ay
LetT= q{a, |« v o v | e o | o Bgg || @
a37 a45
a46 a54
a'55 a63

e Ue={(a, b)|a b e 0 1),1<i<63, max} be the
special unit fuzzy square semivector space over the
semiring S = {Ug, min, max} under the max operation.

Study questions (i) to (iii) of problem 87 for this T.



Chapter Two

FUzzY NEUTROSOPHIC SEMIGROUPS
AND GROUPS USING

Uy = {(a+bl) Ja,b € [0,1)}

In this chapter we for the first time introduce single binary
operation on the unit fuzzy neutrosophic semi open square
given by the following diagram.

Neutrosophic line

() e —— (L1

Real line

0 (1,0)

This plane will also be known as neutrosophic plane.
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Uv={a+bl|a b e [0, 1)} denotes the fuzzy neutrosophic
semi open square.

We perform algebraic operations on Uy. Other types of
operations also have been performed on Uy.

Clearly Uy = {a + bl | a, b e [0, 1); I? = | is the
indeterminate}. This Uy will be known as fuzzy neutrosophic
semi open unit square.

DEFINITION 2.1: Let Uy={a+bl|a, b [0, 1), I* =1} be the
unit fuzzy neutrosophic semi open square.

Define product x on Uy as follows for x = a + bl and
y=c+dlinUy.
X xy= (a+bl) x(c+dl)
=ac + (bc +ad + bd) I.
Ifad + bd + bc =tand ift >1 put
ad+bd+bc=t-1,

if t <1 then ad + bd + bc =t; {Uy, x} is defined as the unit
semi open square fuzzy neutrosophic semigroup.

We will illustrate this situation by some examples.

Example 2.1: Let S = {Uy, x} be the unit semi open fuzzy
neutrosophic semigroup. S = {Uy, x} is of infinite order and has
zero divisors or not is not known.

Letx = 0.31 +0.231 and y = 0.2 + 0.1671  Uy.
xx y = (0.31 + 0.231) x (0.2 + 0.161)

= (0.31 x 0.2 +0.23 x .21 + 0.31 x 0.161 + 0.231 x 0.161)
= (0.062 + 0.0461 + 0.04961 + 0.0368)

= 0.062 + (0.0460 + 0.0496 + 0.0368)|

= 0.062 + (0.1324)] € Uy

Consider x = (0.09 1 +0.01) and y = (0.11 + 0.91) € Uy
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X xy = (0.091 +0.01) x (0.11 + 0.9)
= (0.0091 + 0.0011 + 0.0811 + 0.009)
= (0.009) + (0.0911) < Uy,

I ¢ S=(Uy, x).

Study of the unit fuzzy neutrosophic semi open square is
interesting.

Using this unit fuzzy neutrosophic semi open square
semigroup under product we build more algebraic structures
which are illustrated by examples.

Example 2.2: Let
M = {(ay, ay, a3, a4) | & € Uy = {a + bl; 1 <i < 4} be the unit
fuzzy neutrosophic semigroup of row matrices under product.

Clearly M has zero divisors.
If x=(0.3+10.41,0.2 +0.31, 0, 0.5I)
andy =(0.21,0.41,0.81,0.3) € M.

X x y = (0.3 +0.41, 0.2 + 031, 0, 0.51) x (0.21, 0.41, 0.8I,
0.3)

= (0.061 + 0.081, 0.081 + 0.121, 0, 0.151)

= (0.141,0.21, 0, 0.151) € M.

This is the way product is performed on M. Let x = (0, 0,
0.41,0.2 +0.8l) andy = (0.31,0.8 + 0.51, 0, 0) € M.

Weseexxy=(0,0,0,0).
Example 2.3: Let

N = ai € {Un, x}, xn, 1 <i<6} be the unit fuzzy
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neutrosophic semi open square semigroup of column matrices.
N has zero divisors.

N is of infinite order. N has subsemigroups of infinite

order.

al
0
0 . .

P, = 0 a; € Uy} < Nis a subsemigroup of N.
0
0

Infact P; = Uy.

Likewise P, =

dy € UN} gN,

o o o o.® o

a3 € Un} <N,

o
w
1

o o op oo
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0
0
Ps= 0 as € Uy} N,
a‘4
0
_0_
0]
0
Ps = 8 as € Uy} < Nand
a5
_0_
0]
0
Ps = g as € Un} < Uy
0
L 36

be the subsemigroups of Uy each of them are of infinite order
and each Pj=z Uy for1<i<6.
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Further P n Py = { ;i#),1<10,J<6. PL+P,+P3+P,

o O O O O

0
+ Ps + Ps = Uy is the direct sum of subsemigroup of Uy.

al
aZ
0
Let W, = 0 ai, & € Uy, <o} <N,
0
_0_
0
0
a3
W, = ) as, & € Uy, xo} < N and
4
0
_0_
0]
0
0
W; = 0 as, a5 € Uy, Xy < N

D
o 3
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are subsemigroups of Uy.

Wesee W, n"W;={| |} 1#]),1<i,j<3.

o O O O O o

However N = W, + W, + W3, This semigroup have pure
neutrosophic subsemigroup and fuzzy subsemigroups which is
as follows:

a'1
a,
a
S, = a3 ae[0,1);1<i<6}cNand
4
a5
| 3
b
2
S,=4| °||bie[01);1<i<6}cN

a

UUAD'O'O'U

o

are subsemigroups of infinite order.

S; is a neutrosophic semigroup and S, is a pure real
semigroup.
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Infact S, is not an ideal of N however S; is an ideal of N.
Wy, W, and W5 are all ideals of N and Py, P, P3, P4, Ps and Pg
are all ideals of N.

Example 2.4: Let

T=<la;, a, a, ag||ae{Un x} xn 1<i<12}

ag alO all a12

be a fuzzy neutrosophic semi open unit square semigroup under
product. T is of infinite order and is commutative.

T has several subsemigroups and ideals of infinite order.

Example 2.5: Let

S= : : : : ai € Uy, xn, 1<i<32}
a‘29 a30 a31 a32

be the special unit neutrosophic fuzzy semi open unit square
semigroup of infinite order.

S has number of subsemigroups and ideals all of them are of
infinite order. S has infinite number of zero divisors and no
idempotents.

S has no unit.

Example 2.6: Let

A=1dla, a; ag||aeUy1<i<9, x}
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be the fuzzy neutrosophic unit square semigroup of infinite
order. A has no unit elements. A has no idempotents. A has
subsemigroups and ideals of infinite order.

Inview of all these study we have the following theorem the
proof of which is direct.

THEOREM 2.1: LetUy={a+bl|a b [0, 1), ?°=1, x} be
the special fuzzy neutrosophic unit square semigroup.

(i) 0 (Uy) = .

(i) Uy is commutative.

(i) Uy is of infinite order.

(iv) Uy has no unit.

(v) Uy has no zero divisors.

(vi) Uy has no idempotents.

(vii) Uy has pure neutrosophic fuzzy subsemigroup
which is an ideal.

(viii) Uy has pure fuzzy subsemigroup which is not
an ideal.

(ix) land | # Uy.

Proof is direct and hence left as an exercise to the reader.

THEOREM 2.2: Let M = {m x n matrices with entries from Uy};
{M, x} is a fuzzy neutrosophic semi open unit semigroup.

(i) M| = <.

(i) M is commutative.

(iii) M has infinite number of zero divisors.

(iv) M has no idempotents.

(v) M has no units.

(vi) M has subsemigroups which are not ideals.

The proof is direct hence left as an exercise to the reader.

We leave the following as an open conjectures.



120 | Algebraic Structures on Fuzzy Unit Square ...

Conjecture 2.1: Can Uy have subsemigroups of finite order?
Conjecture 2.2: Can M have subsemigroups of finite order?
Conjecture 2.3: Can M have ideals of finite order?
Conjecture 2.4: Can Uy have ideals of finite order?
Conjecture 2.5: Can Uy have units under x?

We now proceed onto define other types of operation max
or min.

DEFINITION 2.2: Let Uy be the special neutrosophic fuzzy semi
open unit square. Define max operation on Uy. {Uy, max} is a
semigroup, which is also a semilattice of infinite order.

We will show how operations on {Uy, max} are performed.

Letx=0.3+0.8landy =0.35+ 0.25] € Uy.
max {x, y} =0.35 + 0.8] € Uy.

This is the way max operation is performed on Uy.

We see max {x, x} = x for all x € Uy. max {x, 0} = x.
Thus Uy has no zero divisors and every element is an
idempotent.

Further Uy has subsemigroups of all orders from one to .
Every x e Uy is a subsemigroup under max operation.

Every {x, 0} where x € Uy is a subsemigroup under max
operation.

If P ={x, y} then if max {x, y} # x or y and if max {x, y} =
zand z # x and y # z then P U {z} is a subsemigroup of order
three. We call P U {z} as the completion of the set P or the
completed subsemigroup of the set P and it is denoted by Pc.

Letx=0.31+0.45andy =0.35 + 0.35] € Uy.
max {x, y} = {0.3I + 0.45}
= max {0.31 + 0.45, 0.351 + 0.35}
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= max {0.35, 0.45} + max {0.3I, 0.351}
=0.45 + 0.351.

Thus T = {X, y, 0.45 + 0.351} is a subsemigroup of order
three and T is called the completed subsemigroup of the set

{x, y} of Un.
Let P = {0.02 + 0.31, 0.4 + 0.01, 0.6 + 0.091} = Uy.

Now max {0.02 + 0.31, 0.4 + 0.01}
= {0.4+0.31}

max £0.02 + 0.31, 0.6 + 0.0091}
= {0.6 +0.31}

max {0.4 + 0.01, 0.6 + 0.0091}
= {0.6+0.01}

Thus P U {04 + 03I, 0.6 + 0.3l, 0.6 + 0.01} is a
subsemigroup of order six.

We can have subsemigroups of all orders under the max
operation.

Also if we have a subset of Uy which is not a subsemigroup
then it can be completed to form a subsemigroup.

Inview of all these we have the following theorem.
THEOREM 2.3: Let S = {Uy, max} be the special fuzzy
neutrosophic unit square semigroup under max operation. If
P={X, ... X | X €Uy, 1 <i<n} cUybe only a subset then
{P v {max {xi, x;}; i #j, 1 <i, ] <n} < Uy is the completed
subsemigroup of the set P.

Proof is direct and hence left as an exercise to the reader.

Now we give more number of semigroups using {Uy, max}.



122 | Algebraic Structures on Fuzzy Unit Square ...

Example 2.7: Let
M = {(as, az, a3, a4, @) | & € Uy, 1 <i <5, max} be the fuzzy
neutrosophic unit square semigroup under max operation. M
has no zero divisors. M has infinite number of subsemigroups.
M has also ideals.

Let P = {(0.31 + 0.2, 0.41 + 0.03, 0.331 + 0.23l, 0.315 +
0.31, 0.2015 + 0.30011)} € M. P is a subsemigroup of order
one. Clearly M is also an idempotent fuzzy neutrosophic unit
square subsemigroup of infinite order.

Example 2.8: Let

iy

N

w

a; € Uy, 1 <i <8, max}

zZ
1

D OO o ® ®»®» ® o
~N oo o s

©

L

be the special fuzzy neutrosophic semi open unit square column
matrix semigroup of infinite order.

Example 2.9: Let

a'1 a'2 a‘3
a, a, a, _

P=3l . 0 . ||aeU\1<i<48 max}
a46 a47 a48

be the semigroup matrix of infinite order. P has several
subsemigroups.
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Infact any subsemigroup

a'1 a'2 a‘3
0 0 O .

M = L a; € Uy, 1 <i <3, max}
0 0 O

is not an ideal if it contains even one zero entry in its matrix.

Thus P has several subsemigroups which are not ideals.

Let
a, a, a,
s={|% % % llacT={a+bl|abe 04 1)} max,
A, Ay A
1<i<48}cP
is a subsemigroup. S is an ideal of P.
Let
a, a, a,
v={% % %l aeB={a+tbl|abe[0,0.3), max},
Q Ay Ay
1<i<48}cP

be the subsemigroup of P. Clearly V is not an ideal of P.
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Example 2.10: Let
W={(asaas|as|asaga; | agag|an)|a e Uy 1<i<10,
max} be the special fuzzy neutrosophic unit square row super
matrix semigroup under max operation. W has several
subsemigroups which are not ideals. Also W has subsemigroups
which are ideals. We just give an one or two ideals of W.

Take My = {(a1 @2 a3 | a4 | @s as a7 | @s ag | ax0) | & = @ + byl
where a;, b; € [0.5,0.932),1<j<10,and 1 <i< 10} c W.

We see M, is a subsemigroup which is also an ideal of W.

Consider Ny = {(a1 32 a3 | a4 | as as a7 | 8s @9 | @0) | & = Ci +
dil, ¢, di € [0, 0.342), 1 <i <10} < W, N;j is a subsemigroup
which is clearly not an ideal of W.

Thus W has infinite number of subsemigroups which are
ideals and infinitely many subsemigroups which are not ideals.

Thus these infinite fuzzy neutrosophic unit square
semigroup leads to both ideals as well as subsemigroups which
are not ideals.

Example 2.11: Let

[«5)
iy

D m|m
E w N

ae Uy 1<i<12}

m|m m|su|m
o<} ~ [} (8]

©

iy
o

0 o o
=3
=

iy
N
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be the fuzzy neutrosophic unit square matrix semigroup of super
column row matrix under the max operation.

M is commutative.
M has infinitely many subsemigroups of finite order.

Let

0.01
0.21+0.3
0
0
0
0.71+0.21
0.25+0.81
0.47 +0.741
0

0
0
0

{X, max} is a subsemigroup of order one.

Infact M has infinitely many subsemigroups of order one.
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Consider
[0.31+0.2 ][ 0.21+0.1 |
0.41+0.8 || 0.041+0.08
0.3+0.71 || 0.03+0.07I
0.4+0.51 ||0.04+0.05I
0 0
T={ 0.41+0.2 | 0.21+0.1 YoM,
0 0
0 0
0.3l 0.21
0.2 0.1
0.81+0.7 0.61+0.6
10.9+0.231 ] | 0.8+0.131 |

T is a subsemigroup under the max operation.

Infact T is not an ideal. We have infinite number of
subsemigroups of infinite order in M.

Clearly none of the subsemigroups of finite order in M are
ideals of M.

Example 2.12: Let

M= : : : a; € Uy, 1 <i <15, max}
a13 a14 a‘lS

be the special fuzzy neutrosophic unit square matrix semigroup
under max operation.

M has infinite number of subsemigroups and ideals.
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Example 2.13: Let

_ al a'2 a3 a4 a5 aG ]
A, e e e Ay
Ay e e e e Agg

19 Az
a25 a30

P=4{lay . . . . 8y||aeUy1<i<66, max}
a37 42
dy3 48
a49 a54
a55 aGO
_a61 a66_

be the special fuzzy neutrosophic semigroup of infinite order.
P has infinite number of subsemigroups as well as ideals.

Example 2.14: Let B = {Uy, min} be the special neutrosophic
fuzzy unit square under the min operation. B is of infinite
order. We see B has no zero divisors and every element is an
idempotent. Every singleton is a subsemigroup and is not an
ideal of B.

Let x = {0.341 + 0.2231} < B, x is a subsemigroup of B.
Letx=0.4+0.224landy =0.3 +0.7711 < B.

min {X, y} = min {0.4, 0.3} + min {0.2241, 0.7711}
=0.3+0.2241 € B.

Hence C = {x, y, 0.3 + 0.2241} is a subsemigroup of order
three.

Letx=0.4+0.74landy = 0.3 + 0.581 € B.

min {x, y} = min {0.4, 0.3} + min {0.741, 0.581}
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see P is not an ideal. If X = {xy, X,, ..
X} # Xi for any k; 1 <k <n, {i # j} then we can define extended
or complete x to be a subsemigroup called the completed

=03+058l B
:y_

We see P = {x, y} < B is a subsemigroup of order two we

subsemigroup of the subset X.

We will illustrate this situation by some examples.

., Xn} < Uy with min {x;,

Let X = {x; = 0.1 +0.2l, x, = 0.7 + 0.004l, x3=0.61 +0.5,

Xq = 0.91 + 0.3, xs = 0.941 + 0.227} < Uy be the subset of Uy.

Clearly {X, min} is not a subsemigroup.

But we complete X into a subsemigroup.
The proof is as follows:

min {x1, X.} = min {0.01 + 0.21, 0.7 + 0.0041}
={0.0041 +0.01} =27,

min {X;, X3} = min {0.1 + 0.21, 0.61 + 0.5}
={0.1+0.21} =2,

min {Xy, X4} = min {0.1 + 0.21, 0.3 + 0.91}
={0.1+0.21} = Z;

min {X1, Xs} = min {0.1 + 0.21, 0.227 + 0.941}
={0.1+0.21} =2,

min {X,, X3} = min {0.7 + 0.004l, 0.61 + 0.5}
= {0.0041 + 0.5} = Zs

min {X,, X4} = min {0.7 + 0.041, 0.91 + 0.3}
={0.3 +0.0041} = Z;

min {X,, Xs} = min {0.7 + 0.004l, 0.941 + 0.227}
=0.0041 +0.227} = Z;
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min {Xs, Xs} = min {0.61 + 0.5, 0.3 + 0.91}
={0.3+0.61} =24

min {Xs, Xs} = min {0.5 + 0.61, 0.941 + 0.227} and
=0.227 +0.61} = Zg

min {X4, Xs} = min {0.3 + 0.91, 0.941 + 0.227}
= {0227 + Ogl} = ZlO-

Thus y = {Zl, Zy, ..., Zlo, X1, X2, X3, Xa, X5} C Uy is the
completed subsemigroup of X. This is the way subsets are
completed into subsemigroups.

Example 2.15: Let

V = {(X1, X2, X3, X4, Xs) Where X; eUy ; 1 <i <5} be the special
fuzzy neutrosophic unit square semigroup under the min
operation. 'V is a semigroup of infinite order which is
idempotent and has zero divisors.

Every singleton element is a subsemigroup of V and is not
an ideal of V. Subsets in V can be completed to get
subsemigroups. If T are of finite order certainly T is not an
ideal of V.

Let
S = {(X1, X2, X3, X4, Xs5) | X; € [0, 0.5), min, L <i<5}c V be the
subsemigroup of V. Certainly S is of infinite order. Further S
is an ideal of V.

Let
Sa = {(X1, X2, X3, X4, Xs5) | Xj € [0, @), 0 <a<0.7 <1, a, a fixed
value 1 <i <5, min} < V, clearly S, is a subsemigroup of
infinite order which is also an ideal of V. We have infinitely
many such ideals in V.

Consider P = S = {(X1, X2, X3, X4, X5) | X; € [0.3, 0.5), min,
1<i<5}c V. Pisonly asubsemigroup of V and is not an
ideal of V. Infact V has infinitely many subsemigroups which
are not ideals of V.
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Example 2.16: Let

FS

&

<

D Y Y D D D D
© o

©

g € Uy, 1 <i <9, min}

be the special fuzzy neutrosophic unit square semigroup under
min operation of infinite order.

{S, min} is a semilattice, that is {S, min} has zero divisors,
ideals and subsemigroups which are not ideals.

Letx =

0.3+0.4l
0
0.1
0.7+0.6l
0.51+0.9
0
0.3l

andy =

0.3l
0.21
0.3+5I
0.7+0.21
0
0
0
0.71+0.9
0
0

beinS.
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We see min {x, y} ={

O O O O O O o o o o

Thus S has infinitely many zero divisors.

Now every singleton element in S is a subsemigroup and is
not an ideal of S.

Consider Py = g e Uy, 1<i<3, min}cS;

P, is a subsemigroup of infinite order.



132 | Algebraic Structures on Fuzzy Unit Square ...

L o o o

ae Uy, 1<i<3, min}cS;

O
N
1
D
[AREEENY

o O O

be a subsemigroup of infinite order.

a3 e Uy, 1<i<3, min}cS

O O O O o o

O o
K

N

I
QD
w

be a subsemigroup of infinite order.
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Piﬁpjz{ },1Si,j$3.

O O O O O o o o o

Forevery x e Pyandy € P, we see min {X, y} =

O O O O O o o o o

For every x € P, andy € P; we see min {x, y} =

O O O O O O o o o

T
L
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min{x,y}={|0|}forx e P,andy € P,.

O O O O O O o o o

Thus we have zero divisors we call these types of
subsemigroups or ideals as annihilating ideals of S.

We see S = P, + P, + P3 is a direct sum.
al
a
TakeRy={| || a =bi+cil;b,cie[031),1<i<9}cS,

ag

R is only a subsemigroup but is not an ideal of S.

We have infinite number of subsemigroups which are not
ideals of S.

al
a
W, =171 ae[0,07),1<i<9 min}cS;

dy

W; is a subsemiring which is also an ideal of S.

We have infinite number of ideals of S each of infinite
order.
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[+
~

ai =by+dl, b, di e [03, 08), 1<i<4,

o O o o

[«5)
~

as=a+bla,be[0,04)}cS;
V1 is a subsemigroup under min operation.

Clearly V1 is not an ideal of S.

o O

D
N [is

V, = a, a =by+dl, b, di e [02, 07), 1<i<3,

o O O

[+
~

as=a+blabel0 08)}cS; V,is asubsemigroup of S
which is not an ideal of S.

We see S has infinite number of subsemigroups which are
not ideals of S.



136 | Algebraic Structures on Fuzzy Unit Square ...

Example 2.17: Let

S=4la, a; a;||aeUy1<i<9 min}
a, a, a,

be the special fuzzy neutrosophic semi open unit square
semigroup under min operation.

S has infinite number of zero divisors. Has no units. Has
several ideals and several subsemigroups which are not ideals.

For

A=4la, a, a;||a=bi+clb,ciel051),1<i<9}cS

be a subsemigroup of S. A is only a subsemigroup and is not an

ideal.
0 0 0
Forify = 0.1 0.2+03l 0.1+0.1| €S.
0.3+0.41 0.3l 0.2
al az a3
andx=|a, a; a;| €A
a7 a8 a9

min{X,y}=y ¢ A.

So Ais not an ideal of S only a subsemigroup of S.
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Let
al a2 a3
B=<la, a a,||a=ci+dl c,de]l00.6),
a7 aS a9

1<i<9, min}cS.
Clearly B is a subsemigroup as well as an ideal of S.
Infact S has infinite number of ideals.

Example 2.18: Let

al a2 a3
a, a; ag
a'7 a‘S a'9

ke
o

iy
w

;7 A || @€ Uy 1<i1<33 min}

=
o

N
N

L D D v O D D
IN] =
a ©
QY D D D D ®»
3
N
=

N
©

<5
w
®
5
8
<5
&8

be the special fuzzy neutrosophic unit square matrix semigroup
under min operation. H is of infinite order. H has infinite
number of subsemigroups which are not ideals and also H has
infinite number of ideals.

Example 2.19: LetM = {(al | dy d3 | d4 ds dg | ay agl ag) | ai € Uy,
1 <i <9, min} be the special fuzzy neutrosophic semi open unit
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square super row matrix semigroup under the min operation. M
is of infinite order. M has ideals and subsemigroups.

Infact all ideals of M are of infinite cardinality however M
has subsemigroups of order 1 or 2 or 3 or 4 and so on.

Example 2.20: Let

D
N [Ss

m|sv m|m|m
(2] (8] E w

]

pP= ai € Uy, 1 <i <14, min}

D ©
© ©

iy
o

QD D QD
& =
N [

iy
w

QD
s
IS

be the special fuzzy neutrosophic semi open unit square
semigroup of super column matrices.

P is of infinite order. P is a semilattice.

P has infinite number of finite subsemigroups which are not
ideals of P.

Infact all ideals of P are of infinite order. P has infinite
number of zero divisors and idempotents.
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Example 2.21: Let

a, a, |a, a, as
aG a‘7 a‘B a9 alO

all

a; € Uy, 1 <i <50, min}

be the special fuzzy neutrosophic unit semi open square super
matrix semigroup of super matrices under min operation of
infinite order.

M has infinite number of zero divisors and idempotents.
Every ideal of M is of infinite order.

M has subsemigroups of finite order as well as infinite
order.

Now having seen all types of special neutrosophic fuzzy
unit square semigroups under different operations we now
proceed onto define the notion of groups under addition.

We will also illustrate this situation by some examples.

Let Uy={a + bl |a b e [0, 1)} be the fuzzy neutrosophic
unit square.

We define addition modulo 1 and | on Uy as follows:

Letx=0.3+0.5landy=0.7 + 0.5] € Uy.



140 | Algebraic Structures on Fuzzy Unit Square ...

x+y=(0.3+0.51)+ (0.7 + 0.51)
=(0.3+0.7) + (0.51 + 0.51)
=1.0+1.0(mod 1andl)
=0+0l € Uy.

This is the way “+’ operation is performed.

Let x = 0.001 + 0.0321 and y = 0.216 + 0.6011 € Uy
X +y = (0.001 + 0.0321) + (0.216 + 0.6011)
= 0.217 +0.6331 € Uy.

Let x = 0.61 + 0.884

andy =0.7341 + 0.652 € Uy
X+y=0.884 + 0.6 + 0.652 + 0.734l
= (0.884 + 0.652) + (0.61 + 0.734l)
=1.536 (mod 1) + (1.3341) (mod I)
=0.536 + 0.334l € Uy.

It is easily verified Uy under + is closed and + is an
associative operation on Uy.

Further for every x € Uy we have a unique y € Uy such
that x + y = 0. Thus every x € Uy has a unique inverse with
respect to + modulo 1 and I.

(Un , t) is defined as the special fuzzy neutrosophic unit
square group under addition.

Gn = {Un, +} is a commutative group of infinite order.

We see 0 = 0 + 0l acts as the additive identity.

It is an interesting problem to find finite order subgroups in
Gy for in our opinion all subgroups in Gy are of infinite order as

well as finite order.

We see A = {0.5 + 0.51, 0} < Gy is a subgroup of order
two. B ={0.5, 0} < Gy is subgroup of order two.
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P={0, 01,02, 03, 04,05, 06, 0.7, 0.8, 0.9} < Gy is
again a subgroup of order 10.

R = {0, 0.01, 0.02, ..., 0.99} < Gy is again a subgroup of
Gy of order 100.

Thus Gy has infinite number of subgroups of finite order.
Take S; = {0.51, 0} < Gy is again a subgroup of order 2.

Let S, = {0, 0.1, 0.21, 0.31, 0.41, 0.51, 0.61, 0.71, 0.81, 0.91} c
Gy is a subgroup of order 10.

S; = {0, 0.21, 0.41, 0.61, 0.81} < Gy is a subgroup of Gy of
order 5 and so on.

Now having seen examples of finite subgroups of Gy we
proceed onto construct more groups using Gy

Example 2.22: Let S ={(a;, a, a3) |a € Uy ; +, 1 <i <3} be
the special fuzzy neutrosophic group of row matrices with (0, 0,
0) as the additive identity.

Letx=(0.3+0.51,0.8+0.71,0.11 +0.371) € S
Xx+x =(0.6+0,0.6+0.41,0.22 + 741} € S.

The inverse of x isy = (0.7 + 0.51, 0.2 + 0.31, 0.89 + 0.63I)
e S.

Weseex +y=(0,0,0).
Clearly every x in S has a unique inverse in S.
S has subgroups of infinite order as well as finite order.

Take Hy = {(a;, @, a3z) |a € {0.5,0},1<i<3}c S, H;isa
subgroup of finite order.

H, = {(a1, @, a3) | & € {0.5,051,0},1<i<3}cSisa
subgroup of finite order.
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H; ={(a;, a», a3) | & € {0,0.2,0.4,0.6,0.8}, 1<i<3}cS
is a subgroup of finite order.

H, = {(a1, a2, a3) | & € {0, 0.2 + 0.21, 0.4 + 0.41, 0.6 + 0.6,
0.8+ 0.81},1<i<3} c Sisasubgroup S of finite order.

We have several such subgroups.

1

N

w

~

Example 2.23: LetP = ai € Uy, 1 <1 <9, min} be the

(3]

o

g

a
a
a
a
a
a
a
a

8
a9

special fuzzy neutrosophic group of column matrices.

P is of infinite order; e P acts as the additive identity of P.

O O O O O O o o o
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[ 0.314+0.7 |
0
0.2+0.51
0.8l
Letx = 0.5 e P.
0.71+0.1
0.85+0.16l
0.12+0.071
0.91

We have a uniquey € Psuchthat x +y = we see

O O O O O O o o o

[ 0.71+0.3 |
0
0.8+0.51
0.2l
y= 0.5 e P.
0.31+0.9
0.15+0.84l
0.88+0.93I
0.1
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Let
2]
a'2
a3
a4
M=<la; || ae{05005l,05+051}1<i<9,+}cP
aG
a‘7
a8
L3
be the subgroup of P.
Cleary |M| < 0.
Let
2]
0
0
0
M;=13]0]||a;eUy+}cP,
0
0
0
_0_

M; is a subgroup of infinite order.
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2]
aZ
a3
a'4
M,=<la, || a € {0,0.2,0.2I,0.4,0.4l, 0.6, 0.61, 0.8, 0.8,
aG
a7
a8
[ 2o
0.2+0.41, 0.2+0.21, 0.2 + 0.61, 0.2 + 0.8I, ..., 0.8 + 0.8l,

1<i<9, +} <P, M, is a subgroup of finite order in P.
We can have several such subgroups of finite order in P.

Example 2.24: Let

_ 2 a, a, _
d, d; a4
a; dg a
M= |30 B Be b e +}
di; Ay Qg
dig Ay Qg
dig Ay Ay
@y Ay Ay |

be the fuzzy neutrosophic unit square matrix group of infinite
order.

M has subgroups of finite order as well as infinite order.
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a, a, a, a,
5 aG a7 a8
Example 2.25: LetT = ai € Uy,
9 a10 all‘ a12
al3 a14 a15 a16

1 <i <16, +} be the group of infinite order.

0 00O
0 00O
is the additive identity in T.
0 00O
0 00O

T has infinite number of subgroups of both finite and
infinite order.

Example 2.26: Let

D
iy
o))
[N
o))
w
D
=S

W=<la, a;, a, ag||aeUy1<i<12 +}

)
©o
4}
S
)
2
=
<)

12

be the group of infinite order.

o O O
o O O
o O O

0
0 | be the additive identity of W.
0

Example 227 LetM = {(a1 dy | dz d4 ds dg | dy dg dg | djo A1 | alz)
| & € Uy, 1 <0 <12, +} be the fuzzy neutrosophic unit square
super row matrix group of infinite order.
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(00]0000]000|00]|0)is the additive identity in M.

M has infinite number of subgroups of both finite order as
well as infinite order.

Example 2.28: Let

a

T=1]a, Qy |35 |8, 8y || aeUyl<i<35+}
a
a

be the special fuzzy neutrosophic super matrix group of infinite
order.

acts as the additive identity of M.

Ol O O O O|lOo o
OoO|lO0O O O Oo|lOo o
OoO|lO0O O O OO O
oO|lO0O O O OO O
oOlOoO O O Oolo o
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Example 2.29: Let

a 4, a; a,
a5 8 &; 8
4y dy a; 8y
w= |8 B G el <32 4}
A7 5 8 Ay
A, Ay Ay Ay
Q5 8y 8y Ay
(829 83 g 3y

be a special fuzzy neutrosophic super column matrix group of

infinite order.

W has subgroups of finite order given by

a'l a'2 a3 a'4
a5 a6 a? a‘8
a9 alO a'11 alZ
V= a13 a14 a'15 a16
a'17 alS a19 a'20
aZl a'22 a23 a24
a25 a'26 a27 a28
a29 a30 a'31 a32

a e {0.2, 0.4, 0.6, 0.8, 0} < Uy,

1<i<32, +} < W is a subgroup of infinite order.
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a a, a; a,
0 0 0
0 0 0

B=4% % % %4 1005 050,05+051}

4y 8y ay ap

a3 Ay Q5 Qg
0 0 0 0

0 0 0 o]

c Uy, 1<i<16, +} < W be the subgroup of W of finite order.

Example 2.30: Let

a, a, a; a
M = 1 2 3 4
d; 8 4d; 4ag

be the group of infinite order.

P:OOalaz
00 0 O

is a subgroup of infinite order.

aiEUN,].SiS8,+}

alageUN,+}gM

THEOREM 2.4:. Let Gy = (Uy, +) be the special fuzzy
neutrosophic unit square group of infinite order.

(i) Gy has finite order subgroups.
(i) Gy has infinite order subgroups.

The proof is direct hence left as an exercise to the reader.
THEOREM 2.5: Let

M = {n x s matrices with entries from Uy, +} be the special
fuzzy neutrosophic unit square matrix group.
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Q) M has infinite number of subgroups of finite order.
(i) M has subgroups of infinite order.

Proof is direct hence left as an exercise to the reader. Group

homomorphism can be defined for these groups as in case of
usual groups.

As all these groups are of infinite order several properties of

finite groups cannot be extended to these class of groups.

We present the following problems for this chapter.

Problems

1.  Find some special and interesting properties enjoyed by
the unit semi open fuzzy neutrosophic square Uy.

2. (Un, x) is a semigroup; enumerate all the special
properties associated with it.

3. Prove (Uy, x) the semigroup has all its subsemigroups to
be of infinite order.

4.  Prove (Uy, x) the semigroup has subsemigroups generated
by a single element.

5. Let (Un, x) be the semigroup. Prove P = {{0.3)} is a
subsemigrousp of (Uy, x).

6. Is (0.31 + 0.21) = R < {Un, x} generate a subsemigroup
of infinite order?

7. Is R in problem (6) cyclic?

8.  Prove P in problem (5) is cyclic and is of infinite order?

9.  Prove P in problem (5) is not an ideal of {Uy, x}.

10. IsRin problem (6) an ideal of {Uy, x}?



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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Prove {Un, x} has infinite number of subsemigroups
which are cyclic.

Can a cyclic subsemigroup in (Uy, x) be an ideal of
{UN, X}')

Let A = (0.3 + 0.2I, 0.7 + 0.4l) < {Uy, x} be the
subsemigroup.

(i)  Can A be a cyclic subsemigroup?
(i) Can A be an ideal of {Uy, x}?

Can {Uy, x} have zero divisors?

Can {Uy, x} have idempotents?

Can {Uy, x} be a Smarandache semigroup?
Can {Uy, x} have S-ideals?

Can {Uy, x} have S-subsemigroups?

Obtain any other special or interesting property enjoyed
by {UN, X}.

Can {Uy, x} have units?

Let M = {(a;, az, ..., a10) | & € {Un, x}, 1 <i <10} be the
fuzzy neutrosophic unit semi open square row matrix
semigroup of infinite order.

(i)  Prove M has zero divisors.
(i)  Can M have S-zero divisors?
(iii) Can M have idempotents?
(iv) Can M have S-idempotents?
(v) Can M have units?

(vi) Can M have S-units?
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(vii) Can M have finite order subsemigroups?

(viii) Is every subsemigroup of M is of infinite order?

(ix) Can M have ideals of finite order?

(X) Isevery subsemigroup of M an ideal of M?

(xi) Does there exists subsemigroup in M which are not
ideals of M? Justify with examples.

(xii) If Uy is replaced by the subsquare of the unit square
P={a+bl|abe[0,08)}cUyisPa
subsemigroup?

22. Prove M = <| a, a; € Uy, 1 <i <15} under x, isa

23.

24.

special fuzzy neutrosophic unit square semigroup.

Study questions (i) to (xii) of problem (21) for this M.

a, a, .. &
LetT=4la, a, .. a;]| &€ Uy 1<i<24} bethe
a; Qg .. Ay

special fuzzy neutrosophic unit square semigroup under
product x,.

Study questions (i) to (xii) of problem (21) for this T.

Prove Uy ={a+bl|a, b € [0, 1)} can have infinite number
of subsquares and subrectangles.



25.

26.

27.

LetT=<la;
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a5 | | @ € Uy, 1 <1 <25} be

the special fuzzy neutrosophic unit square semigroup under

product x,.

Study questions (i) to (xii) of problem (21) for this S.

LetV =

special fuzzy
product x.

a, .. a
alO a16
alB a24
s B2l g Uy 1<i<72} bethe
ag, Ay
a42 a48
a50 a64
aGG a72

neutrosophic unit square semigroup under

Study questions (i) to (xii) of problem (21) for this V.

LetW={(a;|aasas|asas|arasag)|a € Uy, 1 <i <72}
be the special fuzzy neutrosophic unit square semigroup

under product

X,

Study questions (i) to (xii) of problem (21) for this V.
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28. LetP = a; € Uy, 1 <i <12} be the special fuzzy

neutrosophic unit square semigroup under product x.

Study questions (i) to (xii) of problem (21) for this P.

29. LetL=14|ag [ a9 .| .| .o oo @y || &€ Uy, xp

1 <i < 21} be the special fuzzy neutrosophic unit square
semigroup under product x.

Study questions (i) to (xii) of problem (21) for this L.
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a'1 a2 a3
a4 a5 a6
a7 a8 ag
alO a’ll alZ
a13 al4 alS
30, Letz={| 26 %7 %s ai € Uy, %, 1 <1 <36} bethe

alg a20 a’21
a22 a23 a24
a25 a26 a27
a28 a29 a30
a31 a32 a33
_a34 a'35 a36_

special fuzzy neutrosophic unit square super row matrix
semigroup of infinite order.

Study questions (i) to (xii) of problem (21) for this Z.

i a‘l a2 a'3 a'4 a5 a‘G a'7 1
a8 a9 a'10 all a12 a'13 a'14
a'15 a16 a17 a18 a19 a‘ZO a21
a'22 a23 a24 a25 aZG a27 a28

31 LetY = a29 a30 a31 a'32 a33 a34 a35 a e UN,

a36 a37 a38 a39 a40 a41 a42
a43 a44 a45 a46 a47 a48 a49
aSO a51 a'52 a53 a54 a55 a'56
a'57 a58 a59 aGO a61 a62 a63

_a64 a65 a66 a67 a68 a69 a70

1 <i <70} be the special fuzzy neutrosophic unit square
super row matrix semigroup of infinite order.
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32.

33.

34.

Study questions (i) to (xii) of problem (21) for this Y.

Let {Un, max} be the fuzzy neutrosophic unit square
semigroup under max operation.

(i) Show every singleton element is a subsemigroup of Uy.

(if) Show every subsemigroup of finite order in Uy is not an
ideal of Uy.

(iii) Prove for every integer n, n=1, 2, 3, ..., m, we have
subsemigroup of ordern=1, 2, 3, ....

(iv) Prove every subset M of Uy which is not a
subsemigroup can be completed to get a subsemigroup
of Un.

(v) Prove every ideal of Uy is of infinite order.

(vi) Prove Uy has infinite number of ideals under max
operation.

(vii) If I ={a + bl in Uy are such that a, b € [0.7, 1)}, then |
is an ideal of Uy.

(viii) Obtain any other interesting property associated with
the semigroup{Uy, max}.

Let M = {(ay, &, ..., @) | & € Uy, max} be the special fuzzy
neutrosophic semigroup under max operation.

(i) Study questions (i) to (viii) of problem (32) for this M.

(if) Compare the semigroup {Uy, max} with M.

LetW =</ a, a; € Uy, 1 <i <18, max} be the special

fuzzy neutrosophic unit square semigroup under max.
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(i) Study questions (i) to (viii) of problem (32) for this W.

a, a, .. 4,
a a a .

35. LetS=4| * ¥ %11 a e Uy, 1 <i<40, max}
Ay, dyy .. Ay
a31 a32 a'40

be the special fuzzy neutrosophic unit square semigroup
under max.

Study questions (i) to (viii) of problem (32) for this S.

al a2 a9
a10 all alS
alg a‘20 a27 H
36. LetP = ai € Uy, 1 <i <81, max} be
a28 a29 a36
_a73 a74 a'81_

the special fuzzy neutrosophic unit square semigroup under
max.

Study questions (i) to (viii) of problem (32) for this P.

d; a

a5 aG -
37. LetZ= : : a; € Uy, 1 <i <80, max}

a77 a78 a79 a80

be the special fuzzy neutrosophic unit square semigroup
under max.



158 | Algebraic Structures on Fuzzy Unit Square ...

Study questions (i) to (viii) of problem (32) for this Z.

38. LetP1={(a1a2|a3a4a5|a6a7|a8)|ai e Uy, 1Si£8, max}
be the special fuzzy neutrosophic unit square semigroup
under max.

Study questions (i) to (viii) of problem (32) for this P;.

QD
iy

mmm|m
(&2 B N N S

39. Let M; = a; € Uy, 1 <i <12, max} be the special

m|su m|m
[oe] ~ (2]

i
= o ©

D
iy
[N}

fuzzy neutrosophic unit square semigroup under product x.

Study questions (i) to (viii) of problem (32) for this M.

QD
o
QD
o N
QD
w
D
K
D
(é2)
QO
[e2]
g P

40. LetS=

IS )
N )
N o
D
N =
w o
D
N N
@ [
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1 <i < 28} be the special fuzzy neutrosophic unit square
super row matrix semigroup of infinite order.

Study questions (i) to (viii) of problem (32) for this S.

[a, |a, a;|a, a | ag]
a, ay,
a, ol A
Ay Ay

41. LetS=3[8p | oo e | oo . |8 || & € Uy,

a3 Agg
37 Ay
dys A Ay

| Y48 54 |

1<i<54, max}

be the special fuzzy neutrosophic unit square super row
matrix semigroup of infinite order.

Study questions (i) to (viii) of problem (32) for this S.
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42.

43.

al aZ a3 a4 a5
aG a10
a'll alS
al6 a'20
a'21 a'25
a'26 a30
Letw = 4| & % a e Uy, 1<i<70,
a36 a‘40
a41 a45
g dso
a51 a55
a56 aBO
a61 a65
_a66 a'70 ]

max} be the fuzzy neutrosophic special unit square super
column matrix semigroup under max operation of infinite
order.

Study questions (i) to (viii) of problem (32) for this W.

Let S = {Uy, min} be the special fuzzy set neutrosophic unit
square semigroup under min operation of infinite order.

(i) Prove S has infinite number of subsemigroups.
(i) Find all ideals in S.

(iii)  Can S have ideals of finite order?

(iv) Can S be a Smarandache semigroup?

(v) Can S have S-ideals?

(vi) Can S have S-subsemigroups?

(vii)  Can S have S-units?

(viii)  Prove every element in S is an idempotent.
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44, LetV={(a1 a3 a5 a a7) | & € Uy, 1 <i <7, min} be the
special fuzzy neutrosophic unit square row matrix
semigroup under min of infinite order.

Study questions (i) to (viii) of problem (43) for this V.

45. LetM = {| a, || a € Uy, 1 <1 <19, min} be the fuzzy

neutrosophic special unit square column matrix semigroup
under min operation.

Study questions (i) to (viii) of problem (43) for this M.
46. LetR = (al o al*”]
A, 8y ... Ay

the fuzzy neutrosophic special unit square matrix semigroup
under min operation.

a; € Uy, 1 <i <30, min} be

Study questions (i) to (viii) of problem (43) for this R.
ai € Uy, 1 <i<92, min}

a a
47 LetT=4| 7 °°

be the special fuzzy neutrosophic unit square matrix
semigroup under min operation.
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48.

49.

50.

51.

Study questions (i) to (viii) of problem (43) for this T.

Let (U, +) be the special fuzzy neutrosophic unit square
group of infinite order.

Study the special features associated with this new
structure.

Let M = {(a;, @, ..., @) | 8 € Uy, 1 <i <9, +} be the
special fuzzy neutrosophic unit square row matrix group.

(i Find at least 6 finite subgroups of M.

(i) Find 8 infinite subgroups of M.

(iii) ~ Find an automorphismn : M — M so that
kern=(000000000)

(iv) Can M have a subgroup of order 2°?

(V) Can M have subgroup of prime order?

LetP=<|a, || & € Uy, 1 <i<12, +} be the special fuzzy

neutrosophic unit square column matrix group.

Study questions (i) to (v) of problem (49) for this P.

a, a, a, a,
a5 a6 a7 a8 -

LetP = a e Uy, 1<i<16, +}
a9 a'10 a1l alZ
a'13 a'14 a15 a16

be the special fuzzy neutrosophic unit square matrix group
under + modulo (1 and I).
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Study questions (i) to (v) of problem (49) for this P.

a4 5 a6 -
52. LetW = : : : a; € Uy, 1 <i <63, +} be the

aGl a62 a63

special fuzzy neutrosophic unit square matrix group under
addition modulo (1 and ).

Study questions (i) to (v) of problem (49) for this W.

53. LetT={(as|axasas|as|asar|ag) |a € Uy, 1 <i<8, +}
be the fuzzy neutrosophic unit square super row matrix
under addition modulo (1 and I).

Study questions (i) to (v) of problem (49) for this T.

o m|m
w N -

54. LetS = a; € Uy, 1 <i <11, +} be the fuzzy unit

sv|m|s» su|m
~ o [ N

QD
© [«

| QD
iy
S

jo8)
iy
=

square super column matrix group under addition modulo (1
and I).
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Study questions (i) to (v) of problem (49) for this S.

a, a,|a;|a, a5 as|a, ag
a

55. Let M = ’ 11 a e Uy,
a17 24
a'25 a32

1 <i <32, +} be the fuzzy neutrosophic unit square super
row matrix group under +.

Study questions (i) to (vii) of problem (49) for this M.

fa, a,|a, a, a; a;|a, ]

a8 a'14

a'15 a21

By oo | e e | By

56. LetV =1<la,; ... | .. o .| 8g || @ €Uy,

a36 a42

a3 49

a50 a56

a57 a63

1 <i <63, +} be the fuzzy neutrosophic unit square super
matrix group under +.

Study questions (i) to (v) of problem (49) for this V.
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I a1 a2 a‘3 a4 a5 ]
ag a,
all a'15
a16 a20
a'21 a25
a26 a30

57. LetM = {| a,, Ay || @€ Un 1<i<65,+}
a36 a40
a41 a45
a6 A
a51 a55
g gy
_aGl g5

be the special fuzzy neutrosophic unit square super column
matrix under + modulo 1 and I.

Study questions (i) to (v) of problem (49) for this M.

58. Obtain some special and distinct features enjoyed by groups
built using (Uy, +).

59. Let G = {Uy, +} be the group.

(i) CananysetL={a+bl|ae[0,0.3)andb e [0, 0.5)}
< Uy be a group?
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60. Prove P ={a|a € [0, 1)} < Uy is a subgroup of G given in
problem 59 under +.

61. Prove T = {al | a € [0, 1)} < Uy is also a subgroup of G
given in problem 59 under +.



Chapter Three

FUzzy NEUTROSOPHIC SEMIRINGS AND
PSEUDO RINGS ON
Unv={(a+bl) |a, b e [0,1)}

In this chapter we build semirings and pseudo rings using the
fuzzy neutrosophic unit square Uy. We study some properties
associated with them. This study is new and innovative. We
define first fuzzy neutrosophic unit square semirings.

DEFINITION 3.1: Let

Sn= {a+1Ib]a b e][0, 1) min, max} = {Uy, min, max}.
Clearly Sy is a semiring defined as the fuzzy neutrosophic unit
square semiring.

Sy is of infinite order. Sy is not semifield as 1 & Uy.
Sy IS a commutative semidomain.

Letx=0.3+8llandy=0.71 + 0.8 € Sy.
min {x, y} = min {0.3 + .81l, 0.7 + 0.8}
=min {0.3, 0.8} + min {0.71, 0.811}
=0.3+0.71 € Sy.
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max {x, y} =max {0.3 + 0.811, 0.71 + 0.8}
= max {0.3, 0.8} + max {0.71, 0.811}
=0.8+0.81l  Sy.

Thus {Uy, max, min} is a semiring of infinite order. Every
singleton set A = {x} where x e Sy with {0} is a semiring.
That is A w {0} is a subsemiring of order two.

We have infinitely many subsemirings of order two.
We can have subsemirings of order three and so on.

Let P = {0, 0.34 + 0.61, 0.85 + 0911} < Sy. P is a
subsemiring of order three.

Let T = {0, 0.34 + 0.621, 0.28 + 0.311, 0.16 + 0.161} < Sy.
T is a subsemiring order four.

Infact we have subsemirings of all possible orders. Further
we can make a subset of Sy which is not a subsemiring into a
subsemiring by completing that subset.

This is illustrated in the following.

Let P ={0, 0.2+ 0.71, 0.6 + 0.31} = Sn. Clearly P is not a
subsemiring so we have to complete P into subsemiring.

min {0.2 + 0.71, 0.6 + 0.3I}
=min {0.2, 0.6} + min {0.71, 0.31}
=0.2+03l ¢P.

Now max {0.2 + 0.71, 0.6 + 0.31}
=max {0.2 + 0.6} + max {0.31, 0.71}
=0.6+0.71 ¢ P.

Thus P, ={0, 0.2+ 0.71,0.6 + 0.31,0.2 + 0.31 0.6 + 0.71}
is the completion of P is a subsemiring of Sy.
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Infact P. is a distributive lattice given by the following
Hasse diagram. P, is of order 5.

{0.6+0.71}

0.2+0.71 0.6+0.31

0.2+0.3I
0

Let T={0,03+0.2l,06+0.151,01+041} cSy. Tis
only a subset and is not a subsemiring of Sy. We now complete
T into a subsemiring.

min {0.3 + 0.21, 0.6 + 0.151}
=min {0.3, 0.6} + min {0.21, 0.151}
=0.3+0.151 ¢ T.

min {0.3+0.21, 0.1 + 0.41}
=min {0.3, 0.1} + min {0.21, 0.41}
=01+02l¢T.

min {0.6 + 0.151, 0.1 + 0.41}
=min {0.6, 0.1} + min {0.151, 0.41}
=0.1+0.151 ¢ T.

We find max {0.3 + 0.2l, 0.6 + 0.151}
=max {0.3, 0.6} + max {0.21, 0.151}
=06+02l¢T.

max {0.3 + 0.21, 0.1 + 0.41}
=max {0.3, 0.1} + max {0.21, 0.41}
=03+041¢T.

max {0.6 + 0.151, 0.1 + 0.41}
=max {0.6, 0.1} + max {0.151, 0.41}
=06+041¢T.
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Now T, = {0, 0.3+2l, 0.21, 0.6 + 0.15I, 0.1 + 0.4l, 0.3 +
0.151,0.1 + 0.2, 0.1 + 0.151, 0.6 + 0.21, 0.3 + 0.41, 0.6 + 0.41}
is the completed subsemiring of the subset T. Infact T. is a
distributive lattice and the Hasse diagram of T is as follows:

{0.6+0.41}

0.6+0.21 0.3+0.41

0.3+0.21

$0.6+0.15I 0.1+0.41

0.3+0.15 0.1+0.21

0.1+0.15
o0

Clearly order of T, is 10. Thus we can construct any

number of finite distributive lattices which are subsemirings of
S

LetP={0,0.1+0.21,0.2+0.1,0.3+0.2l,0.15 + 041} c
Sn. Clearly P is only a subset of Sy.

max {0.1 + 0.21, 0.2 + 0.1}
=0.2+0.2l,

max {0.1 +0.21, 0.3 + 0.2}
=0.3+0.2I,

max {0.1 + 0.21, 0.15 + 0.41}
=0.15 + 0.4l

max {0.2 + 0.1, 0.3 + 0.21}
=03+0.2l eP,
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max {0.2 + 0.1, 0.15 + 0.41}
=0.2+ 0.4l and

max {0.3 + 0.21, 0.15 + 0.41}
=0.3+0.4l.

min {0.1 + 0.21, 0.2 + 0.1}
=0.1+0.,

min {0.1 + 0.21, 0.3 + 0.2}
=0.1+0.2l,

min {0.1 + 0.21, 0.15 + 0.41}
=0.1+0.2l,

min {0.2 + 0.1, 0.3 + 0.21}
=02+0.leP,

min {0.2 + 0.1, 0.15 + 0.41}
={0.15 + 0.1},

min {0.3 + 0.21, 0.15 + 0.41}
=0.15+0.21.

Now P, = {0, 0.1 + 0.2I, 0.2 + 0.1, 0.3 + 0.2I, 0.15 + 0.41,
0.15+0.11,0.1 + 0.21, 0.2 +0.21, 0.1 + 0.41, 0.2 + 0.41, 0.3 +
0.41,0.1 + 0.1, 0.15 + 0.21} is a subsemiring.

Thus we can complete a subset even if two elements are
comparable.

Here we use the term comparable in the following way.
Letx=a+Ilbandy=c+1d, a, b,c de][0,1)wesayxis
comparable with y if a < c and b < d or (or used in the mutually

exclusive sense) c <aand d <h.

We will first illustrate this by the following example.
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Letx=0.31+0.7landy =0.84 + 0. 98] € Sywe see X <y
as 0.31<0.84 and 0.7 <0.98

Here if x =0.81 + 0.5l and y = 0.98 + 0.4l € Sy, we see X is
not comparable with y as 0.81 <0.98 and 0.5 « 0.4 (0.4 <0.5)

S0 X and y are not comparable.

If x=0.38+0.8land y = 0.15 + 0.911 € Sy then also x and
y are not comparable.

Thus even if a subset has some elements to be comparable
and some other elements to be not comparable still we can
complete the set to give us a subsemigroup.

If T is finite certainly the completion of T viz T, is also
finite. If on the other hand T is infinite so is T..

Inview of this we have the following theorem.

THEOREM 3.1: Let Sy = {Uy, min, max} be the fuzzy
neutrosophic unit semi open square semiring. If T is a subset of
Sy and if T is not a subsemiring T can be completed to T to
form a subsemiring.

Proof : Consider T = {Xy, X, ..., Xn} @ proper subset of Sy
which is not a subsemiring of the semiring Sy.

Take T, = {T U {max {x;, x}} U {min {x;, x}}; i =],
clearly T. is subsemiring {T n max {xi, X}} = ¢ if no x; is
comparable with x;.

Likewise {T m min {x;, X;}} = ¢ if x; is not comparable with
Xj. If some of x; is comparable with x; then {T N {xi, X}} # ¢
likewise {T N min {x;, Xj}} # ¢.

Thus T, can be completed always to get a subsemiring. We
can define ideals of the semirings Sy = {Uy, max, min}.

Let A < Sy, A is a subsemiring of Sy. If for every x € A
and y e Sy; min {x, y} € A then we define A to be an ideal of
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Sn. If on the other hand max {x, y} € A then A will be defined
as the filter of Sy. To this end we will supply some examples.

LetA={a+bl|a b e ][0 057} c Sy, Aisan ideal of Sy.
However we see A is not a filter as y = 0.9 + 0.8 € Sy and
x =0.4 +0.31 € A then max{x, y} = max{0.9 + 0.81, 0.4 + 0.31}
=0.9+0.81 ¢ A.

Thus A is only an ideal of Sy and is not a filter of Sy.

LetB={a+bl|a be[04 1)} c Sy. WeseeBisa
subsemiring of Sy.

However B is not ideal of Sy for take x = 0.2 + 0.15] € Sy
andy = 0.6 + 0.4l € B.

We see min{x, y} = min{0.2 + 0.15l, 0.6 + 041} =
{min{0.2, 0.6} + min{0.151, 0.41} = 0.2 + 0.15] ¢ B.

Thus B is not an ideal of Sy. We see in Sy an ideal in
general is not a filter and a filter in general is not an ideal.

Sy has infinite number of ideals and filters.

Now using Sy = {Uy, max, min} we construct more and
more semirings which is illustrated by examples.

Example 3.1: Let M ={(a;, @, az) |ai =¢; +dil e Uy; 1 <i<3}
be the special fuzzy neutrosophic unit square semiring of
infinite order under the max and min operation.

Wesee P; ={(a1,0,0)|a; € Uy} = M,
P,={(0, a;, 0) | a; € Un} = M and
P;={(0,0,a)|as e Un} =M

are special fuzzy neutrosophic unit square row matrix
subsemirings of M. Clearly M has zero divisors and every
element in M is an idempotent of M.
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Letx={(0.31,4+2l,0)}andy = {(0, 0,0.8 + 0.741)} € M;
min {X, y} = (0, 0, 0). Thus M has zero divisors. Infact M has
infinite number of zero divisors and idempotents.

Every P = {(0,0, 0), (X, ¥, 2)} where X, y, z € Uy is a
subsemiring of order two.

We can as in case of usual semirings define the notion of
ideals and subsemirings. P;, P, and P; are also ideals of M.
However P4, P, and P3 are not filters of M.

Let
L={(a;, a, a3)|ai=citdilandc;, di€[04,1);1<i<3}cM
be the subsemiring of M.

Clearly L is a subsemiring and not an ideal of M. But L is
also a filter of M.

Now we see M has infinite number of filters which are not
ideals and infinite number of ideals which are not filters.
Further M has infinite number of subsemirings of finite order
which are not ideals or filters.

Example 3.2: Let

N = a; € Uy, 1 <i <10, max, min}
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be the special fuzzy neutrosophic unit square column matrix
semiring of infinite order.

This semiring has several ideals which are not filters and
several filters which are not ideals. Let

a

P, = a; € Uy, max, min} < N,

P,=<| 0 || a € Uy, max, min} c N,

Ps= az € Uy, max, min} < N,

Ps=4la, || a e Uy, max, min} c N
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and so on
0
0
Py = 0 ag € Uy, max, min} = N
a9
_O_
0
and Py = 0 a; € Uy, max, min} < N are 10 distinct
a'10

subsemirings of N.

Clearly all these 10 subsemirings are also ideals of N and
none of them is a filter of N.

Let

iy

N

w

S

a; = ¢; + dil where di, i€ [0.2,1);1<i<10}cN

D O o L Y D D ©
o N o »

©

Y
S

be a subsemiring which is also a filter of N.
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To=<| 7 || a=ci+dlwhere djcie[031);1<i<10}cN

alO

is a subsemiring of N which is also a filter of N. Clearly both
T, and T, are not ideals of N.

We observe if any matrix has zeros even in one position
then that subsemiring can never be a filter of N.

Example 3.3: Let

a1 a2 a3
a, a; a, ) )

W= ) ) . | |ai € Uy, max, min, 1 <i <30}
a28 a29 a'30

be the special fuzzy neutrosophic unit square semiring.

W has subsemirings of finite order. Infact W has
subsemirings of order two, three and so on. W has also
subsemirings of infinite order which are ideals and some of
them are not ideals.

a, a, a,
a, a; a,

N = . . . a;=c¢; +dil, a=c, +d,l and
a28 a29 a30

az = Cg + d3l where ¢y, C;, dy, dy, C3, d3 € [0.9, 1) and a; € Uy,
4 <j <30, max, min} c W is a subsemiring of infinite order.
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It is easily verified N is not an ideal but N is a filter of N.

Now suppose we take

R=4 . . . ||a=ci+dil wherec,di €[0.3, 1) and

8 € Uy, 2 <) <30, max, min} = N

to be a subsemiring of N.
Clearly R is not a filter of N. Further R is not even as ideal
of N. This subsemiring R is of infinite order which is not an

ideal and not a filter.

Infact N has infinitely many subsemirings of infinite order
which are not ideals and not filters of N.

It is important to note that N has no subsemiring which is
both an ideal as well as a filter of N.

Example 3.4: Let

o [al a, a, .. ag}

alO a'll a‘12 alS
be the special fuzzy neutrosophic unit square semiring of
infinite order.

a; € Uy, 1 <i<18, max, min}

T has ideals and filters of infinite order. T has infinite
number of zero divisors. T has finite order subsemirings which
are not ideals.

Infact T has also infinite order subsemirings which are not
both ideals or filters.
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Every element x € T is an idempotent with respect to both
max and min operation.

Example 3.5: Let

T= a; € Uy, 1 <i <16, max, min}

be the special fuzzy neutrosophic unit square matrix semiring of
infinite order. S has ideals and filters of infinite order.

All infinite subsemirings of S can be given a Hasse
diagram.

We see S has chain lattices if every element in S is
comparable as subsemirings. Also S has finite distributive
lattices and subsemirings.

Also for any finite or infinite subset T of S we can complete
T to T, so that T, is a subsemiring.

Certainly if T, is of finite order then T, is not an ideal or a
filter only a finite subsemiring.

aa 0 0O

P, = 0 000 a; € Uy, max, min} < S
0 00O -
0 00O

is a subsemiring which is an ideal but P, is not a filter.
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Example 3.6: Let

a'l
2
a‘3

a,

QO
&)

a; € Uy, 1 <i <12, max, min}

<

1
su|m
~ o

[oS I < }]
St P

s}
N

be the special fuzzy neutrosophic unit square semiring of super
column matrices. M has infinite number of subsemirings of
finite order.

M also has infinite number of subsemirings which are ideals
and every ideal of M is of infinite order.

We see M has filters of infinite order and none of them are
ideals. M has infinite number of zero divisors. Every element
in M is an idempotent with respect to both max and min
operation.

Example 3.7: Let W ={(a; @, | a3 | as a5 as | a7 ag | 89 @10 811 | a12
a3 | a14) | & € Uy, 1 < i <14, max, min} be the special fuzzy
neutrosophic unit square super row matrix semiring under max,
min operation.

W is of infinite order. W has infinite number of ideals. W
has infinite humber of subsemirings which are not ideals or
filters of W. W has infinite number of zero divisors.
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Example 3.8: Let

a, a,
a3 a'4
a5 a6
a'7 a'8
a9 a10
a11 a12
W=485; 8y ||a e Uy 1<i<26, max, min}
a'15 a16
a‘l? a'18
a19 a20
a21 a22
a'23 a24
_a25 aZG_

be the special fuzzy neutrosophic unit square super column
matrix semiring. T is of infinite order. T has infinite number of
subsemirings of finite order none of them are ideals.

T has infinite number subsemirings of infinite order which
are ideals and not filters. T has infinite number of subsemirings
of infinite order which are filters of T and not ideals of T. T has
infinite number of idempotents and zero divisors.

Example 3.9: Let
a, a,|a;|a, a ag|a,
M=3lag .|| o wo]ay||laeUy1<i<2],

O O O -

max, min}
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be the special fuzzy neutrosophic unit square semiring of super
row matrices.

M has infinite number of zero divisors and idempotents.

a, a,

iy

P,= ai, ap € Uy, max, min} c M

o O O
o O O
o O O
o O O
o O O

0 O
0 O

be the subsemiring of infinite order. Clearly P is also an ideal
of M and is not a filter.

0 0]a
P, = 00 a,
0] a,

o O o
o O O
o O o

=

b
bz aiGUN,].SiS:g,
b

by = d; + ¢, di, ¢ € [0.7, 9), 1 <] < 3, max, min} be the
subsemiring of infinite order. Clearly P, is not an ideal or filter

of M.
O 0j0|0 O O]O
Py = O 0|0|0 O O]O a=ci+dl,cde
a, a,|a; |0 0 0]a,

[07,1);1<i<4}cM

is a subsemiring of M of infinite order. P, is not a filter or ideal
only a subsemiring.

0 0|04
Ps,=4/0 0|0]a, a as;|0||a=hi+cil bycie
0 0(0|a

[05,1); 1<i<9, max, min}cM
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be the subsemiring of infinite order. P, is not an ideal or a filter.

Example 3.10: Let

a'1 a'2 a3 a‘4 a5

a6 a'10

a11 a'15

alG aZO

S=4lay | |85 || &€ Uy 1<i<45 max, min}

Ay s

a'31 a‘35

a36 a'40
_a41 a45_

be the special fuzzy neutrosophic unit semi open square super
matrix semiring of infinite order.

[P I «V)
W =)
D Q@
~ IN)

ay, 8, a3, & € Uy, max, min}

Ol O O O/l o o o
Ol O O Olo o o
OO O OO O olo o
OO O OO O olo o
ol O Olo O olo o

be the subsemiring of S. T is also an ideal of S. Clearly T is
not a filter of S. S has infinite number of idempotents and zero
divisors.

Next we proceed onto define special pseudo fuzzy
neutrosophic semiring with operation min and x.
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Let Py = {Un, min, x} be the special fuzzy neutrosophic
unit square quasi semiring of infinite order.

Letx=a+bl andy=c+1d € Py
xxy=(a+hl)x(c+dl)

=ac + bcl + dal + bdl

=ac + (bc + ad + bd)l € Py.

Thusifx=03+0.2landy =0.9 + 0.7] € Py
Thenx xy =(0.3+0.21) x (0.9 +0.71)
=0.27 + 0.181 + 0.211 + 0.14l

=0.27 + 0.53I € Py.

min {x, y} =min {0.3+0.21,0.9 + 0.71}
=min {0.3, 0.9} + min {0.21, 0.71}
=0.3+0.2l.

Let x=0.7 + 0.4l
y=0.6+05landz=0.4+0.9l € Py.

x x min {y, z} =xxmin {0.6 + 0.5, 0.4 + 0.91}
=xx 0.4+ 0.5l

= (0.7 + 0.41) (0.4 + 0.51)

=0.28 + 0.161 + 0.351 + 0.20I

=0.28 + 0.711 e |

Consider min {x x y, X x z}

=min {0.7 +0.41 x 0.6 + 0.51,0.7 + 0.4l x 0.4 + 0.91}

= min [0.42 + 0.241 + 0.35] + 0.201, 0.28 + 0.161 + 0.631 +
0.361}

=min {0.42 + 0.791, 0.28 + 0.151}

=0.28 +0.15 |

Clearly | and Il are distinct so the operation x and min are
not distributive.

That is why we have define Py to be a pseudo semiring.
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This semiring has pseudo subsemirings, pseudo ideals and
pseudo filters defined in a very special way.

Let Ty = {(0, 0.5), x, min} be the pseudo subsemiring.
Clearly Ty is not a filter Py for any x € Pyand y € Ty we see
XxygTy.

Ty is not an ideal for min{x, y} ¢ Ty for all x € Py.
Thus only in this pseudo subsemiring we see it is not a filter.

Distributive laws in general are not true in Py = {Uy, min, x}
the semiring that is why we use the term pseudo semiring.

Letx=0.9 +0.41,y=0.6 + 0.6l and z= 0.2 + 0.81 € Py.
x x min {y, z} = 0.9 + 0.4l x min {0.6 + 0.61, 0.2 + 0.81}
=0.9+0.41 x {0.2 + 061}
= 0.18 + 0.541 + 0.081 + 0.24I
= 0.18 + 0.861 o

min {x x y, X x z}
=min {0.9+0.41 x 0.6 + 0.61,0.9 + 0.41 x 0.2 + 0.81}
=min {0.54 + 0.241 + 541 + 0.241,
0.18 + 0.081 + 0.721 + 0.321}
=min {0.54 + 0.021, 0.18 + 0.121}
=0.18 + 0.21 o

I and 11 are distinct.

x x min {y, z} # min {x x y, X x 2} in general.

So Py is a pseudo semiring. We construct several such
pseudo semiring using Py.

Example 3.11: Let

M = {(a;, ay, a3, a4) Where a; € Py, 1 <i <4, min, x} be the
special fuzzy neutrosophic unit square row matrix pseudo
semiring.

M has several pseudo subsemirings some of which are
pseudo ideals.
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We see M has no pseudo subsemiring of finite order say
order two order three and so on.

P, ={(a1, 0,0, 0) | a; € Py; min, x} < M is a special fuzzy
pseudo subsemiring which is also an ideal of M.

Example 3.12: Let

N = ai € Py, 1 <i <4, min, x}

be the special fuzzy neutrosophic unit square pseudo semiring
of infinite order. N has pseudo subsemirings which have no
proper pseudo ideals.

Take B, = . a; € Py, min, X} c N,

B, = . a, € Py, min, ><} c N,
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B3 = . dz € PN, min, X} C N,

B, = a, as € Py, min, X}QN,...,

Bis = a5 € Py, min, x} < N

are all pseudo subsemirings which are also pseudo ideals of
infinite order.
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Take

[0.2+0.31]
0

0.4+0.51
0

- O O O O

O O O O o o

0.951

: 0.91
0]]0.7+0.21
0 0

T, is only a subset however if we generate (T;) we see |Ty| = .
Now no finite subset can be an pseudo subsemiring of N.

Example 3.13: Let

al a2 a3
a, a; as ) )

W = ) ) ) a; € Py ={Uy, x, min}; 1 <i <30}
a28 a29 a30

be the special fuzzy neutrosophic pseudo semiring of infinite
order.

We see W has no subsemirings of finite order. Inview of
this we give the following theorem.
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THEOREM 3.2: Let Py = {Uy, x, min} be the special fuzzy
neutrosophic unit semi open square pseudo semiring.

@ All subsemirings of Py are of infinite order.
2 Py has subsemirings which are not ideals.

The proof is direct and hence left as an exercise to the
reader.

Example 3.14: Let

a'l az a10
V=43la, a, .. ay||aePny={Uy x, min}; 1<i<30}
a'21 a'22 a'30

be the special fuzzy neutrosophic pseudo semiring.

V has infinitely many pseudo subsemirings and ideals. All
of them are only of infinite order.

Example 3.15: Let

M= : . : , a; € Py ={Uy, x, min}, 1 <i <64}

be the special fuzzy neutrosophic matrix pseudo semiring.

This M has infinite number of zero divisors and
idempotents.

M has several pseudo subsemrings of infinite order which
are not ideals. M also has pseudo ideals of infinite order.
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Example 3.16: Let

T={(aiax|azasas | ag) | & € Py = {Un, x, min} 1L <i <6} be
the special fuzzy neutrosophic unit open square super matrix
pseudo semiring of infinite order.

Wesee Py ={(a;a,|000]0)|ay, a € Py ={Uy, x, min}}
< T is a pseudo subsemiring which is also a pseudo ideal of T.

M={(a1a,]000|0)|a;=cy+dil, a,=Cy+dyl, Cy, Cp, dy,

d> € [0, 0.5)} < T is not a pseudo subsemiring of infinite order
so naturally is not a pseudo ideal of T.

If (0.3+041,02+031]000]|0)=xandy = (0.3 +0.4l,
0.21+0.451|1000|0) € M, consider

xxy=(0.3+0.41,02+031[000]0)x (0.3 + 0.4l, 0.21
+0.451100010)

= (0.09 + 0.121 + 0.121 + 0.16l, 0.42 + 0.091 + 0.063I +
12511000 0)

=(0.09 +0.51,0.42 +0.2781 {000 0)
¢ M so M is not even closed under x.

Example 3.17: Let

D D
|w NlH

~

ai € Py ={Up, xp, min}, 1<i<9}

<
1
P D e

©
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be the special fuzzy neutrosophic semi open unit square super
matrix pseudo semiring of infinite order.

V has infinite number of zero divisors and idempotents. V
has several pseudo subsemirings and ideals all of which are of

infinite order.

Example 3.18: Let

al a2 a3
a, a; a,
a7 a8 a9

V= 19 8y a8y || & € Py={Uy, xp min}1<i<39}
a22 a23 a24
a25 a26 a‘27
a'28 a29 a30
a31 a32 a33
a34 a35 a36
a37 a38 a39

be the special fuzzy neutrosophic unit semi open square super
matrix pseudo semiring of infinite order.

V has infinite number of zero divisors and idempotents. V
has infinite number of pseudo subsemirings of infinite order.

V has also pseudo ideals of infinite order. V has no pseudo
subsemirings of finite order.
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Example 3.19: Let

a. a
>0 ai € Py = {Uy, x, min}

a7j
a'14
1 < i < 14} be the special fuzzy neutrosophic unit semi open
square pseudo semiring of infinite order.

T has infinite number of zero divisors and idempotents. T
has infinite number of pseudo ideals of infinite order and
pseudo subsemirings of infinite order which are not ideals.

Take
M= %
0

M is a pseudo subsemiring of infinite order which is not a
pseudo ideal of T.

a, a, a,

a; € Py ={Uy, x, min
0 0 0 1€N{N>< }}

0 0]0
0 0]0

and ay, a3, a4, € [0,1) } T,

We now proceed onto describe pseudo ring using the fuzzy
neutrosophic unit square.

Example 3.20: Let Ry ={a+ bl |a b e [0, 1), +, x} be the
special fuzzy neutrosophic unit semi open square pseudo ring of
infinite order.

Rn has pseudo subrings of infinite order. Ry has pseudo
ideals of infinite order.

P,={al|a € [0, 1), +, x} = Ry is a pseudo ideal of Ry.

To={a|a e [0, 1), + x} is a pseudo subsemiring of Ry
which is not an ideal of Ry.
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Letx=0.3+0.71l,y=0.2+ 0.5l and z=0.21 + 0.2 € Ry.

Consider x x (y + 2)

=(0.3+0.71) x [0.2+ 0.51 + 0.21 + 0.21]
=(0.3+0.71) x (0.41 + 0.71)

=0.123 +0.2871 + 0.211 + 0.2871
=0.123 + 0.784l v |

Consider x xy + X x z
=03+0.71x0.2+0.51+0.3+0.71 x0.21 + 0.2
= (0.06 + 0.141 + 0.151 + 0.351) +

(0.063 + 0.1471 + 0.061 + 0.141)
=0.123 + 0.059I |

Clearly I and Il are distinct hence X x(y + z) # Xy + Xz in
general for all x,y, z € Ry.

That is why we call Ry as the pseudo ring.

LetN={a+bl|a be[02),x +} = Ry. Nisonlya set
and is not a pseudo ring.

For N is not even closed under + as if x = 0.1 + 0.12] and
y=0.15+0.18lin N

x+y=0.1+0.12] + 0.15 + 0.18I
=0.25+0.301 ¢ N.

Hence the claim.

Now we build other pseudo rings using the pseudo ring Ry
which is illustrated by the following examples.

Example 3.21: Let

R ={(a, a», a3, &) | a € Uy, 1 <i <4, %, +} be the special
fuzzy neutrosophic unit semi open square row matrix pseudo
ring of infinite order.
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R has infinite number of zero divisors. R has pseudo ideals
of infinite order.

Example 3.22: Let S= ai € Uy, 1 <i <10, xp, +}

be the special fuzzy neutrosophic unit semi open square column
matrix pseudo ring of infinite order under the natural product x,
of matrices.

S has atleast 10 pseudo subrings which are also pseudo
ideals.

S has infinite number of zero divisors.

Example 3.23: Let

al a2 a3 a4
a; 3 a, a [
s= % % % T g e Uy 1<i <16, %y +}
49 a4y a4y dp
A3 Ay A5 Ay

be the special fuzzy neutrosophic unit semi open square pseudo
ring.

S has infinite number of zero divisors, no idempotents and
no units.

All pseudo subrings of S are of infinite order. All ideals in
S are also of infinite order.
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P1: aiEUNl Xy +}gs

o O o o
o O o o
o O o o
o O o o

is a pseudo subring which is also a pseudo ideal. Infact P has
atleast 16C; + 16C, + ... + 15Cy5 number of pseudo subrings
which are pseudo ideals of S.

Example 3.24: Let

al az a3 a4
a; 8 a; a4
dg 8y a; 8
a a a a ;
M = BT s T8 g e U, 10 <16, xp, +}
A7 5 8y Ay

be the special fuzzy neutrosophic unit square matrix pseudo
ring.

M has atleast 3,C; + 3,C, + ... + 3,C3; number of distinct
pseudo subrings which are pseudo ideals of M.

Inview of all these we have the following theorem.

THEOREM 3.3: Let M = {Collection of all m x n matrices with
entries from Uy = {a + bl | a, b € [0, 1)}, +, x,} be the special
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fuzzy neutrosophic unit semi open square m x n matrix pseudo
ring.

M has atleast nwCi + mxnC2 + ... + manCmsn-t NUMber of
distinct pseudo subrings which are pseudo ideals.

The proof is direct hence left as an exercise to the reader.
However we leave the following open problem.
Can M in theorem have any other pseudo ideals?
Example 3.25: Let
S=(a1a|azasas|ag) | a € Uy, +, x, 1 <i <6} be the special
fuzzy neutrosophic unit semi open square super row matrix

pseudo ring.

S has atleast §C; + ¢C, + ¢C3 + ¢C4 + ¢Cs pseudo subrings
which are pseudo ideals.

N={(asa|asasas|ag) |aaxaze Uy={a+bl|abe
[0, 1), a4, a5, a5 € [0,1), +, x} < S be a special fuzzy
neutrosophic unit semi open square pseudo subring.

Clearly N is not an ideal of S.

LetM={(aax|azasas|0)|asa,asa, € Uy={a+bl|ab
e [0, 1), a4, a5, ag € [0, 1); +, x} < S be a special fuzzy
neutrosophic unit semi open square pseudo subring.

Clearly N is not an ideal of S.

LetM={(ayax|azasas|0)|asa,a3a, € Uy={a+bl|ab
€[0, 1)}, as € [0, I); +, x) = S be the pseudo subring.

Clearly M is not a pseudo ideal of S.
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Example 3.26: Let

m|sv m|m|m
(2] £ w N -

QD
o

]

aeUy={a+bl|a be[0, 1)}

)

1
[SS R
©

QD QD
£ 2 2

QD Q |
e
N)

iy
w

QD
=
IS

1<i<14, x,+}

be the special fuzzy neutrosophic unit semi open square super
column matrix pseudo ring.

P has several pseudo subrings which are pseudo ideals.

P also has pseudo subrings which are not pseudo ideals of
P.
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Example 3.27: Let

I a'l a2 a3 ]
a4 a5 a6
a7 aS a9
alO all a12

M=% e Sl Cu =ga+blfabe [0, 1)},

alG a17 a18
a19 a20 a21
a22 a23 a24
a25 a26 a27

_a28 a29 a30_

1<i<30, x, +}

be the special fuzzy neutrosophic unit semi open square super
column matrix pseudo ring.

Clearly M has infinite number of zero divisors. M has
pseudo ideals and pseudo subrings.

We as in case of usual rings study several properties about
pseudo rings.

The only problem in case of pseudo rings is that they do not
in general obey the distributive law.

Homomorphism and other properties are defined for pseudo
rings also.

We suggest several problems some are simple and some are
really difficult.

We have given every type of pseudo ring in the exercise.
However several properties can be derived provided they are not
dependent on the distributive laws.
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Problems:

1. Enumerate any of the special properties enjoyed by
Sy = {Un, max, min} the special fuzzy neutrosophic
unit semi open square semiring.

2. Prove Sy has infinite number of finite subsemirings
which are not ideals or filters of Sy.

3. Can Sy have filters of finite order?

4, Can Sy have ideals of finite order?

5. Prove Sy has several distributive lattices.

6. Can Sy have as subsemirings which are isomorphic to

Boolean algebras of all orders?

7. Prove Sy cannot have subsemirings isomorphic to
Boolean algebras of order greater than or equal to four.

8. Can we say Sy has a subsemiring whose lattice diagram
is given below? (a; € Sy; 1 <i<4).

1
az do
a
0
9. Can Sy have a subsemiring which is isomorphic to the

distributive lattice; whose Hasse Diagram is given in
the following?
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10.

11.

(where a; € Sy; 1 <i<8)

Can Sy have subsemiring of finite order which is
isomorphic to a distributive lattice of order 2"+1?

Let

M ={(ay, a, ..., a10) | & € Uy, 1 <i <10, max, min} be
the special fuzzy neutrosophic unit square semiring of
infinite order.

(i)  Show every element x with (000000000 0)
is a subsemirings of order two.

(i)  Show M has subsemirings of every order.

(iii)  Show M has subsemirings of infinite order.
(iv) Show no ideal of M can be of finite order.

(v) Show M has zero divisors under min operation.

(vi) Can a subsemiring in M be both an ideal and
filter?

(vii) Show no filter of M can be of finite order?



12.

13.
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(viii) Prove every subset of M can be completed to a

subsemiring.

a'l

aZ

a3

a, ) .

LetN = a; € Uy, max, min, 1<i <8} be the

a5

a6

a'7
| ds |

special fuzzy neutrosophic unit square column matrix
semiring of infinite order.

Study questions (i) to (viii) of problem 11 for this N.

Let
a1 a2 a9
alO all a18
a, a, .. a _
p=q 0 7% 7| a e Uy, max, min,
B, By .. g
a37 a38 a45
845 84 as,

1 < i <54} be the special fuzzy neutrosophic unit semi
open square column matrix semiring.

Study questions (i) to (viii) of problem 11 for this P.
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14.

15.

16.

a, a, a, a,
a; a, a, ag .
Let X = aie Uy 15116,
a'9 a'10 a'11 a'12
al3 a14 alS a'16

min, max} be the special fuzzy neutrosophic unit semi
open square matrix semiring.

Study questions (i) to (viii) of problem 11 for this X.
LetY:{(alaz|a3a4|a5aea7|aga9|alo)|ai e Uy, 1<i
<10, min, max} be the special fuzzy neutrosophic unit
semi open square semiring.

Study questions (i) to (viii) of problem 11 for this Y.

Let

| o
£

v
W N

|s:> m|m
(2] (4] =

a; € Uy, 1<i<11, min, max} be the

D O D
© ~

iy
o

D QO

L1 ]

special fuzzy neutrosophic unit semi open square
semiring.

Study questions (i) to (viii) of problem 11 for this W.



17.

18.

19.
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Let
a (a, a;|a, a; | a
a? a’8 a9 alO a’ll a'12
Ay, o A
a .. |a
W = 19 # a; € Uy,
Qg | vr | v | Agg
a31 a36
a37 a42
a3 o g

1 <i<48, min, max}
be the special fuzzy neutrosophic unit semi open square
super matrix semiring.

Study questions (i) to (viii) of problem 11 for this W.

a, |a, a, a, [a; ag|a,| a
LetV=1lay [ .. | . |ag|laie
Ay | e | e e | | Ay

Uy, 1 < i £ 24, min, max} be the special fuzzy
neutrosophic unit semi open square super matrix
semiring.

Study questions (i) to (viii) of problem 11 for this V.

Distinguish between pseudo semiring
Pn = {Uy, %, min} and semiring Sy = {Uy, min, max}-.
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20.

21.

22.

23.

24,

25.

26.

a1 a2 3 a4

a'5 a6 7 a8
aQ alO

a13 a14

11 a12

15 a16

a
a
a; A3 A Ay
a
a

LetS=<|a, a, a, a,||aecUy1<i<h2,

min, x, +} be the special fuzzy neutrosophic unit semi
open square semiring.

Study questions (i) to (viii) of problem 11 for this V.
Distinguish between pseudo semiring

Pn = {Un, %, min} and semiring pseudo ring {Uy, +, x}.
Characterize those filters in Sy = {Uy, min, max}.

Can Py = {Uy, %, min} have pseudo filters?

Can the pseudo semiring Ty have finite order pseudo
subsemiring?

Can pseudo semiring Py has finite order pseudo filters?

Let Py = {Uy, min, x} be the pseudo fuzzy neutrosophic
unit semi open square pseudo semiring.



27.

28.

(i)

(i)
(iii)
(iv)
(v)
(vi)

Let
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Can a pseudo filter be a pseudo ideal and vice
versa?

Can Py have finite pseudo subsemirings?

Can Py have cyclic pseudo subsemirings?
Can a pseudo cyclic subsemiring be an ideal?
Can Py have zero divisors?

Can Py have finite pseudo filters?

V = {(ay, @, a3, &4, 8s, 8, a7) | & € Uy, max, x, 1 <i <
7%} be the special fuzzy neutrosophic unit square pseudo
semiring.

Study questions (i) to (vi) of problem 26 for this V.

Let

D
= W N e

(&)

a; € Uy, min, x, 1 <i <13} be the

LoD v o D D WD
rE &85 © o©o ~N o

iy
N

QD
iy
w

special fuzzy neutrosophic unit square pseudo semiring.

Study questions (i) to (vi) of problem 26 for this W.
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a, a, a, a, as
a6 a'7 aS aQ alO
all 12 a13 a'14 a15

29. LetS=4la, a5, a5, a, ay||ae Uy min x,

1<i<35}
be the fuzzy neutrosophic unit square pseudo semiring.

Study questions (i) to (vi) of problem 26 for this S.

a, a, .. a,
30. LetS=4qla,; a, .. a, || a e Uy min,x,
Qs By .. Agg

1<i<36}
be the fuzzy neutrosophic unit square pseudo semiring.
Study questions (i) to (vi) of problem 26 for this S.
31. LetB={(a;a,|asas|asasas | agas | aw) | & € Uy, min,
x, 1 <i < 10} be the fuzzy neutrosophic unit square

pseudo semiring.

Study questions (i) to (vi) of problem 26 for this B.
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0
a3 a‘4
a'5 a‘G
a'7 a8
a9 a‘lO
a11 a'12
32, Letm= ]| m G a; € Uy, min, x, 1 <i < 28} be
a'15 a‘lG
a17 a'18
a19 a20
a‘Zl a22
a23 a24
a25 a26
_a27 a28_

the special fuzzy neutrosophic unit square super column
matrix pseudo semiring.

Study questions (i) to (vi) of problem 26 for this M.

a, a, a, a,
a, a, a, ag

33. LetT= a; € Uy, x} be a fuzzy
a9 a10 a'11 a'12
a13 a14 alS a16

neutrosophic pseudo semiring.

Study questions (i) to (vi) of problem 26 for this T for
any special fuzzy neutrosophic unit square super square
matrix pseudo semiring.
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Study questions (i) to (vi) of problem 26 for any special
fuzzy neutrosophic unit square rectangular super matrix
semiring.

Obtain any special properties associated with special
fuzzy neutrosophic unit square pseudo ring.

Can a pseudo ring Ry = {a + bl | a, b € [0, 1), x, +}
have idempotents?

Can the pseudo ring Ry in problem 36 be a S-pseudo
ring?

Can the pseudo ring Ry in problem 36 have S-units?

Can the pseudo ring Ry in problem 36 have finite
pseudo subrings?

Can the pseudo ring Ry in problem have pseudo ideals?

Can the pseudo ring Ry in problem 36 have subring
which satisfy the distributive law?

Can the pseudo ring Ry in problem 36 have S-zero
divisors?

Let M = {(ay, ay, ..., a15) | 8 € Un, +, x, 1 <i < 15} be
the special fuzzy neutrosophic unit semi open square
row matrix pseudo ring of infinite order.

(i)  Can M have finite pseudo subrings?

(i)  Can M have finite pseudo ideals?

(iii) Can M have infinite number of pseudo ideals?

(iv)  Find those pseudo subrings which are not pseudo
Ideal.

(v)  Prove M has infinite number of zero divisors.

(vi) Prove M has no idempotents.

(vii) Can M have units?

(viii) Can M have S-zero divisors?



44,

45,

46.
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(ix) Can M be a pseudo Smarandache ring?

LetT=4/a, ||aeUy={a+bl|a bel01),

1<i<15,+ x}

be the special fuzzy neutrosophic unit square pseudo
ring.

Study questions (i) to (ix) of problem 43 for this T.

a  a, . a
LetW=4la, a, .. ay,||aeUv={a+bl|ab
8y Ay . Ay

e[0,1), 1<i<30,+ x}

be the special fuzzy neutrosophic unit square pseudo
ring.

Study questions (i) to (ix) of problem 43 for this W.

a'1 a‘Z a3
a, a, a,

LetP = ) . . aeUy={a+bl|abe
a31 a32 a33

[0,1), 1<i<33,+,x}
be the special fuzzy neutrosophic unit semi open square
pseudo ring.
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Study questions (i) to (ix) of problem 43 for this P.

[ al a2 a6 ]
a7 a8 alz
47, Letm= % B Bl y=qa+bl|ab
3.19 3.20 e Ay,
a25 a26 a30
_a3l a32 a36_

€[0,1), 1<i<36, + x}
be the special fuzzy neutrosophic unit semi open square
pseudo ring.

Study questions (i) to (ix) of problem 43 for this M.

a, a, .. ag
48. LetN=13|a, a, .. a5 || acUy={a+bl|ab
a37 a38 a54

e [0,1), 1<i<54,+ x}

be the special fuzzy neutrosophic unit semi open square
pseudo ring.

Study questions (i) to (ix) of problem 43 for this N.

49, LetW={(aya,|azasas|asar|ag) |as € Un={a+ bl |
a, be[0 1), 1<ic<8, + x} be the special fuzzy
neutrosophic unit semi open square pseudo ring.

Study questions (i) to (ix) of problem 43 for this W.



50.

51.

52.
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a, a,la, a, a;|a; a, a| a
dyg A
alg a27
Letp= |2 s
a'37 a'45
a46 a'54
a55 a63
a64 a'72

aeUy={a+bl|a bel01), 1<i<72, + x} bethe
special fuzzy neutrosophic unit semi open square
pseudo ring.

Study questions (i) to (ix) of problem 43 for this P.
LetT =

{al ag}
a'10 a18
Uv={a+bl|a bel0 1), 1<i<17, +, x} be the

special fuzzy neutrosophic unit semi open square
pseudo ring.

a, a,|a, a; a; |a, a

dj €

a13 a14 a15 alG a17

all a12

Study questions (i) to (ix) of problem 43 for this T.

a, a,|a a, a;|a a @

LetL= q|a,; . | v o | oo Ay
Ay, S a0
a41 a48




212 | Algebraic Structures on Fuzzy Unit Square ...

53.

54.

55.

aeUy={a+bl|abel0 1), 1<i<56,+, x} bethe
special fuzzy neutrosophic unit square pseudo ring.

Study questions (i) to (ix) of problem 43 for this L.

a, a, a,

a, a; a,

a7 a8 a9

a'10 a11 a‘12

a'13 a14 a15
LetM=<|a, a; ag||aeUy={a+bl|abe

19 a'20 21

a22 a23 a24

a‘25 a26 a'27

a

[0,1), 1 < i < 33, +, x,} be the special fuzzy
neutrosophic unit semi open square pseudo ring.

Study questions (i) to (ix) of problem 43 for this M.
LetW=(UyxUyxUy)| Uy ={a+bl|a be[0,1),
+, x} be the special fuzzy neutrosophic unit semi open
square pseudo ring.

Study questions (i) to (ix) of problem 43 for this W.

Obtain some special features enjoyed by fuzzy
neutrosophic unit semi open square pseudo rings.
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