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Abstract
( MSC=11D04) We begin with Catalan equation Y? = X7 4 1 and solve it.

(Keywords : Diophantine equations, Catalan equation ; Approach)
Resolution of Catalan equation

Let Catalan equation :
YP=X7+1

We have
X93y2 —yP2x3 =4

And
YP2y?2 — X9 3X3=yP - X9=1

If A= 0then X% % = YP~* leads, as GCD(X,Y) = 1,to p = 4 and q = 6. This
case has been studied by Lebesgue in the XIX century, it has no solution. Thus
A #0.

And if A = £1 then it means that both

X71Y? = £+ 4+ X?YP?and

YP3X3 = ¥4 4+ X973Y are rationals

it means that ¢ = 3 and p = 2.

We have » .
XZ YZ - YZ X3 =1=yP?%y? _ x13x3
And we have simultaneously
Xq—3 Yp—2
(VP2 - )y?= (X793 - T)X3
Or
(AYP~2 - X973)Y2 = (AX93 —YyP X3
And 5 )
X Y
Y24 T )yr 2 = (X34 ) X173
¥+ =) (X" +—)
Or

(AY? + X3)YP~2 = (AX3 + Y2 x93

1



We have four cases with v and v integers

y?2 ypr—2 X3 X493
A U(Xqig A ); A u(— + Yp72)
yP—2 Y2 X3 X3
1 =T T = YY)
Or
p—2 3 q—3
“YZ =X YA : “XZ - _XA +yP
ypr—2 v?2 xa-3 X3
— X - . _ Y2
A A "A A
Or Y2 Xq73 Yp—2 X3 Xq—3 Yp72
p—2 Y2 Xq—3 X3
= X34+ = 4+Yy?
VA T vx a4t
Or Y2 Xq Yp72 X3 X(I*g -2
i -3 _ . - yP—
YA 40 %A 4 "
ypr—2 Y2 x93 X3
— (X3 4+ — = (= +Y?
A 'U( A )7 A U( A + )
First case
YP = uv(AX9 —YP 4+ A(Y2X973 — YP2X3))
= uv(A2X7 —YP 4 A(A)) = wo(A2XT + A% —YP) = un(A*YP — YP)
Thus
w — 1
VT2

As uv is integer, it means that it is impossible thus u = 0 and A? = 1or A = +—1
(A is an integer and can not equal to V2)

it means that ¢ = 3 and p = 2.

Second case

yP YyP  Y2X93 _ypr2Xx3
w—5 = X1 — — +
A2 A? A
yP yr A2 -1
Thus
ww = A% — 1
And

uv(Y2X973 — X3YP72) = ywd = u(X20 0 — Y2 HA = (X5 —vhHA

Thus
u=X0-YY ov=x%0_y»+

uv = A% —1 = (X6 —y*)(Xx%6 _yZ4



— (YQqu?) . X3yp72)2 1= X2q + Y2p _ Y4X2q76 . Xﬁy2p74
=Y*x2070 4 X0yt _2x9yP — 1

And

X% 4y 4 oX9yP = oy4 X246 4 oy2r—4x6

= (YP 4+ X9)%2 = (2YP — 1) =4Y% —4YP + 1

If p > 3 then

L _ysxu-s + Y2 5x6 oyl L oyr-l ey

Y
And It is impossible ! It means that p = 2.
Third case :
We have here

V2= u(AXT3 —YP?), X3 =q(—XT3 4 AYP?)
VYP 2 = AX3 4+ Y2 oX93 = X3 4 AY?

And

vYP = u(A2X9 - YP 4 A?) = u(A% - 1)Y?P
v=u(A? - 1)
v(Y2X973 - X3YP72) = yA = wwA(X?70 — Y2~ = A(X% - YY)
_ uzA(qufﬁ . Y2p74)2 — 2A

Thus
v=1=u(A*-1)

With u and A% — 1 integers, it means A% = 2 : Impossible ! Fourth case :

Y2 _ 3 Yp72. X3 B Xq73

I e = ypr—2
Uq A " a
y»r—2 Y2 X3 X3
= 0(X° + —); =v(— +Y?)
A A A A
We have here
wY? = AX93 —yP=2, X3 - AyP 2= x93
And
YP72 = AX973 Y% = (Y2X973 - X3YyP2) XT3 — yY?
Hence y? v )
’U/E = U(Xq — E + 1) = U(l — P)Yp
Thus
u=v(A% - 1)

w(Y2X93 - X3YP72) = yA = A(X275 —y2~) = (X6 - Y1) A
u= X0 y» = (X - V) = (X - Y



Thus v = 1 and v(A2? — 1) = 1 with v and A% — 1 integers, it means A2 — 1 = 2:
Impossible !
The only solution, in all cases, in p = 2 and ¢ = 3.
And Y? = X3+1 whose solutionis (X,Y) = (2,43).

Conclusion
Catalan equation Y? = X9 + 1 has solutions only for ¢ = 3 and p = 2. We have
shown a way to solve it.
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