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DEFINITION 1. Let a:N* — N’ be a numerical function defined by a(n) = k where k

is the smallest natural number such that nk is a perfect square: nk =s*, seN', which is
called the Smarandache square's complementary function.

PROPERTY 1 Foreveryne N'a(nz) =1 and for every prime natural number a(p)=p.

PROPERTY 2. Let n be a composite natural number and n= p:" . p;:" p:”,

14

0<p, <P, < <P A Tysenn eN it'’s prime factorization. Then

1if g is an odd natural number

a(n)zpf‘l.pfz---pf"' whereﬂ,jz j=r’:-

0ifa, is an even natural number

If we take into account of the above definition of the function a4, it is easy to prove both
the properties.

a(n)

n

<1, foreveryn N where a is the above defined function.

PROPERTY 3. - <
n

Proof. It is easy to see that 1 < a(n) <n forevery n € N, so the property holds.

CONSEQUENCE. 5 3(n)

nzl N

diverges.

PROPERTY 4. The function aN" - N’ is multiplicative:
a(x-y)=a(x)-a(y) for every x,y &N’ whith (x,y) =1

Proof For =1=y wehave (x,y)=1 and a(l-1) =a(l)-a(l). Let
x=pt-pot ~p.r and y= qjyl’1 q/7--q;”  be the prime factorization of x and y,
respectively, and x -y # 1. Because (x,y)=1wehavep, #q; for every h—l r and & —1 s.

Then,
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1if o, is odd

a(x):pf’l.pf’l...pf" whereﬁ,,= nJ.:i—,;v
0if g iseven
Lif y, isodd

ia(y):qjll qinqi” where é:,. = , k 23 and

. B, B & 5, &
a(y)=p* ol P 4 g7 g =a(x)-a(y)

Property 5. If (x,y)=1. x and y are not perfect squares and x,y>1 the equation
a(x)=a(y) has not natural solutions.
Proof It is easy to see that x=y Let x=[]p™ and y=]]q}*. (where
A=1 k=1
P, *#9,, Vh=1Lrk=1s be their prime factorization.
Then a(x) =[] p™* and a(y)=[]4** . where B, for h=1r and 5 for k =15
=1

k=1

have the above signi;iecance, but there exist at least B, =0 and &, # 0. (because x and y are
not perfect squares). Then a(x) za(y) .

Remark. If x=1 from the above equation it results a(y) =1, so y must be a a perfect
square (analogously for y=1).

Consequence. The equation a(x) = a(x +1) has not natural solutions, because for x>1 x
and x+1 are not both perfect squares and (x, x+1)=1.

Property 6. We have a(x-y')=a(x), forevery x,yeN .

Proof. If (x, y)=1, then (x,y*)=1 and using property 4 and property 1 we have
a(x-y*)=a(x)-a(y’)=a(x). If (x,y)1 we can write: x:i{p:"-f_'ld:“ and

=I£I ﬂk'ﬁdﬂl where , 2d . ¢d,,P‘ zq,, Vh:l,_r’ k:ﬁ,t:i,—n, but this
y=1lg, -1l4a, by, 9 > Py “p

F 4 Ty 2
lmplies (IF_IP:& li[q]z:,‘t , Izld:'g’zn ): 1 and
P =1 =1
[I:Ip:‘ , f[qj:" ) =1> a(xyz) = a(r’-[p:'i . lilqj;’lt . I:Id;:l.*z’u )=
=1 k=1 A=l k=t t=1

Mo [1a ol TTa™ )= [Te> ol ITar )o{ 1)

k=l
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s ol 1) o ) et e

2 2 1 if o, +2y, is odd
d™ d¥ = ( 1:) — b -
a[l;l : ) H ¢ . Where B, 0 if a, +2y, is even

{1 if a, is odd

0 if o, is even

1 if n is even

C |. Forevery xeN" and neN, "= .
onsequence orevery xeN and n a(x") {a(x) £ 1 is odd

-

Consequence 2. If . m_z where Z isa simplified fraction, then a(x)=a(y). It is easy
n n

to prove this, because x=4km* and y=kn® and using the above property we have:
a(x)=a(km*) =a(k) =a(kn*)=a(y).

Property 7. The sumatory numerical function of the function a s

Fln)= H(H(a o, +n+ 0

—_—) where  the prime factorization of n is

n= p’l . p‘z R pq" and H(a) is the number of the odd numbers which are smaller than o.

Proof. The sumatory numerical function of a is defined as F(n)= Za(d) because

din

(p, 1'1 p,t)=l  we cari use the property 4 and we obtain:
=2

F(n)= Za(d )|'|  Dla(d,)| and so on, making a finite number of steps we obtain

dllp dzfp:z...p:‘

F(n)= H F( p:" ) . But we observe that

J=1

E(p+1)+1 if a is an even number

F(p%)=
([%:l+l)(p+l) if o is anodd number

where p is a prime number.
If we take into account of the definition of H(a) we find

o if a is even L+ (< 1)"
H(a)= a2 so we can write F(p*)=H(a) (p+))+—— ,
|: ]+1 if o is odd 2

£ N

therefore: F(n)=[ [(H(a,)(p, +1) +%9—.
J=t

In the sequel we study some equations which involve the function a .
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1) Find the solutions of the equation: xa(x)=m, where x, meN".

If m is not a perfect square then the above equation has not solutions.

If misa perfect square, m=z',z €N’, then we have to give the solutions of the
equation xa(x) =z’

Letz=p’-p¥---p™ be the prime factorization of z. Then xa(x) = p,f“‘ p;“’ p,.“' ,
SO taking account of the definition of the function a, the equation has the followmg solutions:

D=t p (because a(r”’) =D, xV=pT.pep™ (because
a(x,‘") 2.) xD=pin.piatpin.. pin (because  a(x’)=p.) ..,
L2
x) = pi*-pr... pi! (because  a(x{")=p,), then x? = ,
P, P,
h#Ehs Jih E{il ----- ik}r 1= ch (because a(x(@)):p,‘ 'pi,, ), and, in an analogue way,
— z Y T
x?, tel,C} has as values —————, where i, j..J, efiy...i,}
Py " Pi, P,
2 2
Ji® ok ® Jyfs # iy andsoon, x¥=—32 =% _; S0 the above equation has

P,p,p, =
1+C, +C+- —C; =2" different solutions where k is the number of the prime divisors of
m.

2) Find the solutions of the equation: xa(x)+ ya(y)=za(z), x,y,zeN".
Proof. We note xa(x) = m?, ya(y)= n® and za(z) =52, X, Y,Z € N° and the equation
m+n =5, mnseN ™

has the following solutions: m=u’-v’ , n=2uv, s=u*+v’ , u>v>0, (4v)=land u
and v have different evenes.

If (m,n,s) as above is a solution, then (am,an,as), a €N is also a solution of the
equation (*).

If (m,n,s) is a solution of the equation (*), then the problem is to find the solutions of
the equation xa(x)=m’ and we see from the above problem that there are 2% solutions
(where k, is the number of the prime divisors of m), then the solutions of the equations
ya(y)=n’ and respectively za(z) = s, so the number of the different solutions of the given
equations, is 2%-2%.2% =2%"%"% (where k, and k; have the same signifience as &, , but
concerning n and s , respectively).

For a>1 we have xa(x)=a’m’, ya(y)=a’n’, za(z)=a’s’ and, using an
analogue way as above, we find 2% different solutions, where k, i =13 is the
number of the prime divisors of cum, an and as, respectively.

Remark . In the particular case v=2, v=1 we find the solution ( 3,4,5 ) for (*). So we
must find the solutions of the equations xa(x)=3’a’, ya(y)=2'a’® and za(z)=5%a’
for @ €N". Suppose that o has not 2,3 and 5 as prime factors in this prime factorization
a =p:’ -py---p,*. Then we have:
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Yo Fo Fd 3o A

xa(x)=32a23xe{3zal, LT , R R RETS ,
Py by Py P, R Py Py Pyp---Py
: 3 3 3
32a’3 az’3 d’.'.’3 az’ al ’...’ az ’...’ 3 d ’-.-’ d ’3a}
Py Py Py Pq pﬂk—l "Dy P,l---P,k_l p:z"'pik

T 2 2 2 2 4
ya(y)=42az:y€{4za"4a‘7...74a‘7 4a2 ,“.’ 4¢ ’...’ 4az ,...’ J >
. Dy Py Py Py Piy Py Py Py Pp--- Py
8 8a& 8« 8 &
42a ’8 az’ al 0, , @ e, TR 8 az JEEEN 8 az ’Sa}
pﬂ p‘k pfl.pfl p‘k—I.pik pq"'p.'k_l pfz"'pik
2 2 2 2 2
za(y)=52a’:>ze{52az,5a2,...,5Cf, Y& e, Sa e, sa e, S ,
Py Py Py Py Pi_y Py Py Py Pp---Py
5
Sqs@if S Sd  sd | sd s ’Sa}
Py Pe PPy PunPi PiPay PoeePy

So any triplet (x,,y,,z,) with x,,y, and z, arbitrary of above corresponding values, is a
solution for the equation (for example (9,16,25), i> a solution).

Definition. The triplets - which are the solutions of the equation
xa(x)+ya(y)=za(z), x,y,zeZ” we call MIV numbers.

3) Find the natural numbers x such that a(x) is a three - comnered, a squared and a
pentagonal number.

Proof. Because 1 is the only number which is at the same time a three - cornered, a
squared and a pentagonal number, then we must find the solutions of the equation a(x)=1,
therefore x is any perfect square.

1

+ = , x,y,2eN".
xa(x) ya(y) za(z)

4) Find the solutions of the equation:

Proof. We have xa(x)=m’,ya(y)=n*,za(z)=s", mn,seN".

. 1 1 1 .
The equation —+-—=— has the solutions:
m  n -

m=t(u* +v*)2uv
n=tu* +v)Yu -v*)

s=t(u* -v*)2uv,
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u>v, (u,v)=l, u and v have different eveness and f eN", so we have
xa(x) = (& +v* ) 4u*V?
ya(y) = £ +v' Y@ - vy
za(z)=1(u’ -v*)?4w’v*  and we find x. y and z in the same way which is
indicated in the first problem.
For example, if v=2, v=1, =1 we have
m=20, n=15, s=12, so we must find the solutions of the following equations:

xa(x)=20"=2*-5 > x e{2’-5* =200, 2*-5=180, 2*-5=40, 2*.5* = 400}
ya(y) =15 =325 = y €{15,45,75,225}
za(z) =122 =2*.3* =z {24,48,72,144}

Therefore for this particular values of u, v and t we find 4-4-4=2%.22.22 =25=¢64
solutions. (because k, =k. =k, =2)

5) Find the solutions of the equation: a(x) +a(y)+a(z) =a(x)a(y)a(z), x,y,zeN".

Proof. If a(x)=m, a(y)=n and a(z)=s. the equstion m+n+s=m-n-s,
m,n,s €N" has a solutions the permutations of the set {1,2,3} so we have:

a(x) = 1=> x must be a perfect square, therefore x=u>, u N’
a(y)=2=>y=2v*, veN’
a(z)=3=>:=3, teN.

Therefore the solutions are the permutation of the sets {#*,2v*,3r*} where u,v,f N".
6) Find the solutions of the equation 4a(x)+ Ba(y)+Ca(z)=0, 4,B,CeZ" .

Proof. If we note a(x)=u,a(y) = v,a(z) =1 we must find the solutions of the equation
Au+Bv+Ct=0.
Using the method of determinants we have:

4 B (|
A B (=0, Ym,nscZ= A(Bs~Cn)+B(Cm- As)+C(An-Bm)=0, and it
m n s

is known that the only solutions are w=Bs-Cn
v=Cm- As
t=An-Bm, Vmn,sel

so, we have a(x)=Bs-Cn
a(y)=Cm- As
a(z)= An-Bm and now we know to find x, y and z.

Example. If we have the following equation: 2a(x)-3a(y)-a(z) =0, usind the above
result we must find (with the above mentioned method) the solutions of the equations:
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a(x)=-3s+n

a(y)y=—-m-2s

a(z)=2n+3m, mn and seZ.

For m=-1, n=2,s5=0: a(x)=2,a(y)=1, a(z)=1 so, the solution in this case 18
(2a?,p%,v?), «,B,y €Z°. For the another values of m,n,s we find the corresponding
solutions.

'7) The same problem for the equation Aa(x)+Ba(y)=C, 4,B,C€L.

Proof. Aa(x)+Ba(y)-C=0< Ada(x)+Ba(y)+(-C)a(z)=0 with a(z)=1 so
we must have 4n —Bm=1.1f n, and m, are solutions of this equation (A4n,—Bm, =1) it
remains us to find the solutions of the following equations:

a(x)=Bs+Cn,

a(y)=-Cm,—- As, s€Z , but we know how to find them.

Example. If we have the equation 2a(x)-3a(y) =5, x,y eN" using the above results,
we get: A=2, B=-3, C=-5 and a(z)=1=2n+3m . The solutions are m = 2k+1 and
n=—1-3k, k eZ . For the particular value kK =—1 we have my=—-1 and n, =2 so we find
a(x)=-3+5-2=10-3s and
a(y)=-5(-1)-2s=5-12s.

If 5,=0 wefind a(x)=10>x=104*, u€cZ’

a(y)=5=>y=5", vel  andsoon

8) Find the solutions of the equation: a(x)=ka(y) keN" k>1.

Proof. If k has in his prime factorization a factor which has an exponent > 2, then the
problem has not solutions. ‘
If k=p, -p,---p, and the prime factorizarion of a(y) isa(y)=q,-q,-9q, ,then

we have solutions only in the case p,,p, ,... P, e{qh g0, } .
This implies that a(x)=p, -p, =P, "9, 4,,"""q,, » SO We have the solutions

X = p]l .pa...p'_r .qﬂ .qn...qm . az

y=q,-9,4q, B, a.Bel’.

9) Find the solutions of the equation a(x)=x (the fixed points of the function a).

Proof . Obviously, a(1)=1. Let x>1 andlet x=p™* - p,?---pX*, a, 21, for j= Lr
be the prime factorization of x. Then a(x) = pf" -piE--p) and B, <1for j= 1,7. Because

a(x)=x this implies that o, =8, =1, VJ el,r, therefore x= p, Py " p,» Where

D, J= 1,7 are prime numbers.
J
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