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d -
Let us denote by V the least common multiple, by /} the greatest common devisor and

A =min, V=max. It is known that N, = (N°,A,V) and Ny= (N',,/d\, {’) are lattices. The order
on the set N* : m sﬂ'}/@ mAm =m. corresponding to the first of these lattices and it is
known that this is a total order. But the order < induced on the same set by A and \i’ and
defined by: m SmemAn=momn divides a,is only a partial order.

Let o: My = Ny (1) a sequence of positive integers defined on the set N*.
The sequence (1) is said to be a multiplicatively convergent to zero sequence (mcz) if:

VneN*,im, eN°,Vm>m, = n% o(m) (2).
The sequence
o: Na— Ny G)

s said to be a divisibility sequence (ds) if: nsm= o(n) < o(m) and it is said to be a strong
divisibility sequence (sds) if:
ol n /} m) =o(n) ./d\. o(m) for every n,m eN* 4).

Let the lattices M, and NV;. We'll use the following notations:
(a) a sequence oo : My = M 1s a (00) - sequences;
(b) a sequence coqs: Ny > Ny is a (od) - sequences;
(c) a sequence .0 : Ny —> My is a (do) - sequences,
(d) a sequence o4 : Ny —> Ny is a (dd) - sequences.
Then A(do) - sequence o5 the monotonicity yields:

(ma)Vm,m N, m S m = G ala) Scalm) (5)
and the condition of convergence to inifinity is:
(cw)VaeN*,3m, eN",Vm Smy,= co(m)2n (6).
Analogously, for a (dd) - sequence o4 the monotonicity yields:
(mag)Vm, m eN", 1 S m = Gadm) S S adm) (7

and the convergence to zero is:
(cag)Vn eN*,3m, eN*,Vm > my = G ad(M1a) >n. 3)

To each sequence o, with i, j € {0, d}, satisfying the condition (c;), one may attach a
sequence S (a generalised Smarandache function) defined by:

Sj=min {m, : m, is given by the condition (c;)} 9).
For the properties the functions Sy, see [2].

It is said that for every numerical function fit can be attashed the sumatory function:

Fln)=Z £a) (10)
The function f'is expressed as:
La)= Z w(u)F(v) (11)

where p is the Mobius function (u(1)=1,u(a) =0 if n is divisible by the square of a prime
number, u(a) = (-1)* if n the product of k different prime numbers).
If f'is the a generalised Smarandache function, S; then



Fi{n)=% Sid),1,j € {0, d}. (12)
Now let us consider 7= py pr...px, With py < p» <... < p; primes number and
,,(pl) < Si{p) < ... < Si{px), for example. If i=0, ]—d then So,,(m A ﬂz) = Soalm )V Sod22) and

fsd([l) Sod(l) + Z Sod(p_r,)-i‘ Z Sod(pbpf)-i’ hig l,b:: SOd(pbp,pq)-i---SOd(n). It result:

Fai1) = Sod1);

Foi(p1) = Sod1) + Soa(pr) = Foul(1) +2° Soa(p1);

Fo(pip2) = Sod1) + Sodp1) + Soalp2) + Sodpr1p2) = Sod(1) + Sod(pr) +250s(P2) = Fodpr) +2804(p2);
Fofdpipaps) = Fodpr 1) + 22 Sodp3);

Fs{pip2p3ps) = Fodpr 22p3) + 22 Soa(pa);

Esipip2.p) = Fod P12 Pk—l)+2k ! Soa(Pe)-

That is Fodpi pr...px) = Soa(l) + z 271 Sod(Dd)-
The equality (11) becomes:
Sod(pe) = Ka) = T wa)Folb) =

= Fifa) -3 RS2+ T ng(m,)

Wltthd(p) ng(plpv D1 Dl - pk) 22" Sod(pj)+ Z ZrlSod(p)—

= Fo ppr...pi1) + 27 F’,,,(p,+l ).
- Analogously,
Fil(3%) = Fokpr--pin) + 27 Fidpin P2 iy i) =
= 2 phat Sodps)+ 2 Z 21"250,1(p1,)+ 2 2“50,,(;;,,).
In parnculary fora=p* p pnme number, 1t result
Sodp") = WpVFedp?) = Fodp) - Fod P

If n= p*q® with max {SOd(p), ., Sod(p*)} <min { Sp(q), ..., So{q%)}, then
Ffp*q) = Fokp') + (@+ DFIAT).
Ifi=d, j=d and if 64 1s a (sds) satlsfymg the condition (cas), then

5411(!11 v Hz) = 544(111) V Sam) (13)
and F5(n) = Si{1) +5 de(Pb)+ [de(Plz) v de(p:)]
+ f‘: [:de(pj) v de(p,) A\ de(pq)}+ +S,1,;(H) (14)
btg=l.brt2q
Sudp*) + F3Ap*) = Fakp™™). (15)

Example: The Fibonacci sequence (Fa) . definited by Fi = Fa+Far, with Fi=F=11as
(sds), so for the generahsed Smarandache function Sr attached to this sequence we have:

S;(m Vﬂz) SHm) V SHm), and the calculus of S,(a) is reduced to the calculus of SHp*),

with p a prime number. For instance:

n SHn) n SHa) n SHn)

1 1 7 13 21
2 3 8 6 14 24
3 4 9 24 15 20
4 6 10 15 16 12
5 5 11 20 17

6 12 12 12 18
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FS(4) =10, F5,(8) = 16, F3(16) = 28, F3(15) = 30.
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