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d 

Let us denote by V the least common multiple, by A the greatest common devisor and 
d 

A = min, V = max. It is known that No = (N' ,A, V) and Nd = (N*, 1, v) are lattices. The order 

on the set N' : nt :::;; il;-~ nt An2 = nt. corresponding to the first of these lattices and it is 
d 

known that this is a total order. But the order :::;; induced on the same set by A and V and 
J d 

defined by: nt :::;; fl2 ~ nt A fl2 = nt ~ nt divides n.is only a partial order. 
d d ~ 

Let a : No ~ Nd (1) a sequence of positive integers defined on the set N' . 
The sequence (1) is said to be a multiplicatively convergent to zero sequence (mcz) if: 
'lin EN' ,3m" EN', 'lim>m" => n:::;; a(m) (2). 

d 

The sequence 
a : Nd ~ Nd (3) 

is said to be a divisibility sequence (ds) if n:::;; m => a(n) :::;; a(m) and it is said to be a strong 
d d 

divisibility sequence (sds) if: 

a( n 1 m) = a(n) 1 a(m) for every n, mEN' (4). 

Let the lattices No and N d . We'll use the following notations: 
(a) a sequence aoo : No ~ No is a (00) - sequences; 
(b) a sequence aOd: No ~ Nd is a (od) - sequences; 
( c) a sequence a dJ : Nd ~ No is a ( do) - sequences; 
(d) a sequence add: Nd ~ Nd is a (dd) - sequences. 

Then A( do) - sequence a dJ the monotonicity yields: 
(md))'lint,n2 EN",nt :::;;n2 =>ad)(nt):::;;ad)(fl2) (5) 

d 

and the condition of convergence to inifinity is: 
(cd))'lin EN', 3m" EN", 'lim:::;; mIl => ad)(m) ~ n (6). 

d 

Analogously, for a (dd) - sequence add the monotonicity yields: 
(mdd)'Ii nt, fl2 EN", nt :::;; n2 => a dJCnt) :::;; a dln2) (7) 

d d 

and the convergence to zero is: 
(cdd)'lin EN", 3m" EN", 'lim~ mIl => ad,/.,m,,) ~ n . (8) 

d d 

To each sequence a ij, with i,j E {O, d}, satisfying the condition (cij), one may attach a 
sequence Sij (a generalised Smarandache function) defined by: 

Sij= min {mIl : m 11 is given by the condition (cij)} (9). 
For the properties the functions Sij, see [2]. 

It is said that for every numerical function f it can be attashed the sumatory function: 
FtCn) = I. ff..d) (10) 

dI" 

The function f is expressed as: 
ff..n)= I. ~u)FAv) (11) 

lIv.=a 

where /-1 is the Mobius function (/-1(1) = 1, /-1(n) = ° if n is divisible by the square of a prime 
number, /-1(n) = (_l)k if n the product of k different prime numbers). 

If f is the a generalised Smarandache function, S ij then 



Fy{n) = L Sid), i,j E {O, d}. (12) 
diD 

Now let us consider n = PIPl, .. Pk, with PI <Pl < '" <Pl.: primes number and 

Si}(PI) ~ Si}{]>l) ~ ... ~ SJ,pk), for example. If i=O, j=d, then SOd( nl V n2) = SOJ,.nI)VSOJ..n2) and 
1£ 1£ 1£ 

PaJn) = Sol. 1 ) + L SO~b)+ L SO~bPt)+ L SOd(PbPtPq)+-,SoJ..n). It result: 
11=1 b,t=I.;r.,.t b,~q=I.;r.,.t=q 

F~Jl) = SoI.1); 
Poipl) = So/. 1 ) + SOd{flI) = PoJ..1) + 20 SOd{flI); 
PohlP2) = Sol. 1) + SO~I) + SoAA) + SO~IPl) = Sol. 1) + Soipt) +2SoAA) = Pad(Pl) +2S0d<P2); 
PohlP2P3) = PahIPl) + 22 SoAA); 
PoiPIP2P3P4) = PaJ.pIP2P3) + 23 SOd{fl4); 
PohlP2 ···Pk) = PaMP2· ··Pk-I) + 21£-1 SOd{flk). 

That is PahIPZ ... Pk) = Sol.l) + f 2i-1 SOd{fli). 
i=1 

The equality (11) becomes: 
SOd{flk) = S\n) = L ~(n)PaJ..b) = 

8b=Jl 

= Pajn) - ~Poo(~)+ ~.PoJ(p~j)+'" 
I #J 

with Pad{i) = PaJ.pIPl···Pi-IPi+I ... Pk) = ~I 2j-1 SotJ(pj) + .fl 2j-1 SotJ(pj) = 
F .F~ 

= ForJPtP2 ... Pi-I) + 2 i-I PoJ.pi+I",Pk). 
' .. Analogously, 

Pod(P~J = FoIYt .. ·Pi-I) + 2 i-I Po/.Pi+1 ···Pj-I )+ 2j-1 PoJ.pj+-1 ",Pk) = 
i-I j-I 1£ 

= L 2k-1 So .Inb) + L 2k-2Sod{flb)+ L 2k-3 SO,MJb). 
1>=1 d\j-'. 1>=i+1 1I=j+-1 

In particulary, for n = p', p prime number, it result: 
So./F) = L ~~)FoIJft) = FoAr) - FoVI). 

11+q=. 

If n = p' if with max { So,MJ), . ", soy)} ~min { Sod{ q), ... , Sod{ q1}' then 
FocAPif) = PoJF) + (a+ OFo/. if)· 

Ifi=d, j=d and if add is a (sds) satisfying the condition (Cdd) , then 

Sdd( nl V fl2) = Sd/.nl) V Sd.l..fl2) (13) 

and J1jn) = SdoCl) + f Sdd{flb)+ f [Sd~b) V Sd.!.yt)} 

+ f 11=1 [SdtJ(;Jb) ~~~t) V SdtJ(pq)]+",+Sdl.n) (14) 
b,t,q=I.;r.,.t=q 

Sd~) + J1JF) - J1VI). (15) 
Example: The Fibonacci sequence (FlJ) D<:~- definited by F 11+-1 = FlJ + F g-I, with FI = F2 = 1 ia s 
(sds), so for the generalised Smarandache function SF attached to this sequence we have: 

S~ nl V fl2) = SAnl) V SAn2), and the calculus of Sp(n) is reduced to the calculus of SF(p'), 

with p a prime number. For instance: 

n S;{n) n S;{n) n S;{n) 

1 1 7 8 13 21 

I 2 3 8 I 6 14 24 

" 4 9 24 15 20 oJ 

4 6 10 15 16 12 

5 5 11 20 17 

6 12 12 12 18 

139 



~j4)= 10,I1A8) = 16,~j16)=28,~j15)=30. 
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