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The aim of this article is to introduce two functions and to give some simple properties for one of
them. The function’s properties are studied in connection with the prime numbers. Finally, these

functions are applied to obtain some inequalities concerning the Smarandache’s function.

1. Introduction

In this section, the main results concerning the Smarandache and Euler’s functions are
review. Smarandache proposed [1980] a function §:N*— N defined by S(n) = min{k k! )
This function satisfies the following main equations:
1. (nm)=1=5(n-m)= min{S(n),S(m)}
(1)

ko ky . k k,

n=pi ps b = S(n) = min{S(p!"), S(p5: ) S(pE))
(2)
(‘7’ n> 1) S(n)y<n

8]

(V%]

(3)
and the equality in the inequality (3) is obtained if and only if n 1s a prime number. The research on

the Smarandache’s function has been carried out in several directions. One of these direction studies

S50

the average function S N* = N defined by S(n) = <=L . Tabirca [1997] gave the following
n
. .. = 3 I 2
two upper bounds for this function (V n> 5) S(n) < 3 n-+ 1 and
. n
. =, 21 1 2 . = 2-n
(vn>23)S(M) <= n+—-= and conjectured that (¥ n> 1) S(n) < ==
72 12 n In

Let @ N* — NV be the Euler function defined by ¢(n) = card{k = 1.ni(k,.n)y =1} The

main properties of this function are review below:



L (nm)=1= p(n-m) = p(n)- p(m)
4)

5

I
Xy

ky 1
2 on=pt-py > p(n) = n~H(1—“)

i=1 i
(5

3. o2y =cardik = Ln(k.ny = m} .
m

(6)

[tis known that if f:V* — ¥ is a multiplicative function then the function g2 VN > VN

defined by g(n) = > f(d) is multiplicative as well.

adn

2. The functions Wi W

In this section two functions are introduced and some properties concerning them are
presented.
Definition 1.
Let ¥, @, be the functions defined by the formulas

n

Loy V* >V, wl(n)=z

‘=1 (Ivn)
(7N
n ]
2w N*> Ny, (n)= .
Y w5 (n) ; o
(8)
; wilij wy ! w(i) wAi) wifli wol)
1 1 1 I 11l 36 21 301 151
2 3 2 12 77 39 22 333 167
3 7 4 13 157 79 23 507 254
4 11 6 14 129 65 24 301 151
5 21 1 15 147 74 25 521 261
6 21 1 16 171 86 26 471 236
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7 43 22 17 273 137 27 547 274
8 43 22 18 183 92 28 473 237
9 61 31 19 343 172 29 813 407
10 63 32 20 231 116 30 441 221

Table 1. Table of the functions ¥, i/,

Remarks 1.

1. These function are correctly  defined based on the implication

n
(G,n) (i, n) Z (i,n) Z , n)

[£8)

plp=b o
2

If p is prime number, then the equations wi(p)= p2 -p+ltand y,(p) =

be easy verified.

The values of these functions for the first 30 natural numbers are shown in Table 1. From this

W

table, it is observed that the values of w, are always odd and moreover the equation

z//()

waln) = | seems 1o be true.

Proposition | establishes a connection between v,and @

Proposition 1

[f n-0 is an integer number, then the equation

vi(m) =Y d p(d) (9)
dn

holds.

Proof
Let 4;={= Ln {(i,n} = d} be the set of the elements which satisfy /7,n)=d.

The following transformations of the function w, holds.
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d'n dnied, iedy dn
n n
Using (6) the equation (10) gives y,(n) = Z— .
Td NdJ

Changing the index of the last sum, the equation (9) is found true. &

The function gfnj=ngfny is multiplicative resuiting in that the function W (ny= Z d-old) is

multiplicative. Therefore. it is sufficiently to find a formula for w(p"). where p is a prime
number.
Propesition 2.

If pis a prime number and 4>/ then the equation

) 2Ly
wi(pty= =2 ()
p+1
holds.
Proof

The equation (11) is proved based on a direct computation, which is described below.

£ s Nk
X { i : 1t 2.
WL(P‘):ZdWO(d)=I-Zp‘-Iw(p)=l~.— 1——‘-Zp~ =
P ; N D/
d'p =1 =i

I N 2y 2y ey

I« 1—— -

, P -
< pJ p- -1 p-1 p-1

Therefore, the equation (11) is true. &
Theorem 1.
If n= pff . p:“" p; is the prime numbers decomposition of », then the formula
kel _
2 (Hp, )= H”‘p 1 (12)
i=1 4
holds.
Proof

The proof'is directly found based on Proposition! 1 and on the mulitiplicative property of w..
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Obviously, if p is a prim number then w(p) = pﬁl =p?- p+1 holds finding again
p+

the equation from Remark 1.2. If n = p, *P2.ops is a product of prime numbers then the

following equation is true.

;)
vim=vi(pprp=[]{e7 - p <) (13)
Proposition3.
(¢ n>1) Zz _meln (14)
‘ ' 2
=i tim=i
Proof
This proof'is made based on the /nclusion & Fxclusion principle.
Let D, = {i =12,....4 pin} be the set which contains the muitiples of p.
This set satisties
/ \
i ’_’ : ﬁ 1
( 2 ‘ /‘ n n \‘
Dp:p~{1,2, .—>and i=p Z =p — = — 4]
N P ieD, =1 2 P J
Let n= pik‘ . pf‘ o pf’ be the prime number decomposition of n.
The following intersection of sets
Dp’: N Dp[: f‘LnDpjm =i=12,.n P, MAD NA.AD A
is evaluated as follows
DP;: [ Dp/: '“.._/\:Dph = {I = 1, 2,..,, I‘I@. p . pj: p" fn} = D_ ps,,
Therefore, the equation
n n
21 = i =— + 11 (14)
D, "D, ~an0, “D-",u§: o 2P, P

holds.

The Inclusion & Exclusion principle is applied based on
D=fi=12...nGm=t}={12...n-YD,
j=1

and it gives
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Applying (14), the equation (15) becomes
DX X e ]

1 ]
ncim=t 1€ <ja ek g \p}x p,’: ”'p,’ /

The right side of the equation (16) is simplified by reordering the terms as follows

Therefore, the equation (14) holds. &

Obviously, the equation (14) does not hold for 7=1 because Zi =land X f(n) =
i=l.(i.1)=! -

Based on Proposition 3, the formula of the second function is found.
Proposition 4.

The following equation

Y (n)+1
2

(Vn>1) wy(n) =

holds.
Proof

(16)

(17)

Let /,; = l’ =12, (i, m) :d} be the set of indices which satisfy (i,n)=d Obviously, the

following equation

(Vdin)1,,=d-1

mls

holds. Based on (18), the sum Z is transformed as follows

(i,n)

Q/Z(n)zii-(i,n)":Zd_l- Zr_Zd -d- le-z Z"'
i=1 dn 1€l, 4 dn el
A J

Proposition 3 is applied for any divisor ¢=? and the equation (19) becomes
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(19)



wam=Y zzl:th%dJ 1+%Z{§}-¢{§). (20)

dn iel, n=dn ned'n
s

Completing the last sum and changing the index, the equation (20) is transformed as follows

2(;1)_1*—241 od) —1——+—Zd o{d) —j*—-wl(n)

{=d'n

resulting in that (17) is true. &
Remarks 2

+ 1 ) .
1. Based on the equation w,(n) = % itis found that w (M) =2-y,(m-1is always

WI( )
l

an odd number and that the equation y,(n) = holds.

2. If n:p{‘I -pé‘: -A..p_f’ >1 is the prime numbers decomposition of n, then the formula

s . 1 p: 2k, +1 +
va[[ofy=5+- H L holds.
i=l -

3. Upper bounds for the Smarandache’s function

In this section, an application of the functions W,, ¥, is presented. Based on these function an
inequality concerning the Smarandache’s function is proposed and some upper bounds for
S(ny = — ZS(I ) are deduced.

=1
Letp, =2, p-=3 ..., pn,.. bethe set of the prime numbers.

Propositien 5.

Py Pyl ]
(Px D2 Dms )

(7izp,) (v J=LP PriP) S(Py prvoppi+ ) < 2 2n

Proof

Let 7./ be two numbers such that i > p, and j =1, p, “Pa P

Let us suppose that (p; - p5-.p,.. /) = by pi-op, and j=p; - p, P e

g8



i+ jzi+l2p, +1, we find that the product

Based on the inequality PPy ibm

Pi P oD,
[ b Dy - 3 (o pe 3
| Mz'”—p’"—ié-jl = 1.2 4 Mi+jl | contains the factors p, , p, ,..., p, and
\Piy PP, J \ @i Py Py, J 1 . !
P PP i+

pi! ‘pl: ."'.pi

The following divisibility holds

/7 N 7 N ) ]
PP P, DU Py P Dy PPy i
1;—_1‘Jz§!‘,P,,'pi:'--A',D,:"‘——-——l-e-jI;: :

\Bi, PP J ) \Pi, " Py, Py, J (Py P2 PmsJ)

therefore, the inequality (21) is found true. &

Proposition 6.
PrPy - Pm
(Yi2pn) D S -PrPm it NS wi (P Prbn) * ¥ (Pr-ProDm)  (22)
J=t
Proof

The equation (21) is applied for this proof as follows:

PPy P AR Y,
> S prcpariviys Y, PPPallTS
J=1 s=1 (P DyeiPys)

PPy Py . L. D Pr Py .

— . PPy P . J

Jj=1 (plplpm’./) J=1 (pl 'pZ"".pm’.j)
Applying the definitions of the functions /|, i/, | the inequality (22) is found true.
Theorem 2.

The following inequality

vilpr pyopp) VAP PP 2 1,

— 1 < )
S(n)—;~ZS(1)S

=t 2-(pr- Py Pw) Pi- D2 Pm

istrue forall n> p, - po--p,. |- po. where
PPy P P

Ca= D50 —wilpy 22 )

i=]

-n-
Pn=V b _ Walpi Py D) (D=1 (29)

2 \

1s a constant which does not depend on .
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Proof

Proposition 6 is used for this proof.

Let # be a number such that n> Py Py Py p,f, The sum ZS(i) is split into two sums as

i=]

follows

PPy P B Dot P LB prp

ismz Zso)+ ZS(:) < ZS(:)+ 25(1) =
i=1 i=| p,,,*-l

20ty Py +1

‘r"_l

P Pm’ PPy Pal ppypn
= ZS(‘)‘ Z ZS(PI'PJ'---'Pm'i"j)-
=p, J=1

For the second sum the inequality (22) is applies resulting in the following inequality
g
PUPY P i P | PP P |

Zn:S(i) s 2SO+ Dliwiepapa) < valp Prepn)](25)
i=1 i=1

i=p,

Calculating the last sum, the inequality (25) becomes

" TNT 1
: 2 i ,_"___g
n By Py B P ! i ;
. A NPUPyPm| J DU Pyl |
Zso)s Z{S(,)T%(pl.pz.m.pm) ; -
(TR IS
walpr P pa) | =1 =Y [y (p P2 Bm) V(P Pa )]
NPV PP T
on n T oon
Based on the double inequality | i-l< < i, we find
i PL Py P1 Pz Pn P Py Pp |
" vilp prop,) ,Lwl(pz-pz-----pm)w:(m-p:-.upm)
ZS(i)s ‘ —on? 2 ‘n+C,

= 2(py D2 p) PP P

Dividing by » and using Proposition 4, the equation (22) is found true. &
4. Conclusions

The inequality (22) extends the results presented by Tabirca [1997] and generates several

inequalities concerning the function S, which are presented in the following:
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. 1 n -
o m=l= (n>4)Sm=—> S([)<0375. 7075~
n i1 n

- I < 24

o m=2= (n>18)S(n) == S()< 029167 n+ 176+ —
n =1 n

) - 1« 1052

o mB o (n>150) S =—-> SG)< 0245 n~ 735 - 2
) n any n

= 1 < 176859
o m=4= (n>1470) S(n)= —- ZS([) <0215-n+-4515- >
n n

i=]
The coefficients of n from the above inequalities are decreasing and the inequalities are stronger and

stronger. Therefore, it is natural to investigate other upper bounds such us the bound proposed by

= I & 2:n
Tabirca [1997] S(n) = —-ZS(I') < T Ibstedt based on an UBASIC program [Ibstedt
n nn

=1

= l & n
1997] proved that the inequality S(n) = —- ZS(!) < [ holds for natural numbers less than
nn

i=1
5000000. A proof for this results has not been found vet.
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