THE SOLUTION OF THE DIOPHANTINE EQUATION a,(n)=n (Q)

[}

by Pal Gronas

This problem is closely connected to Problem 29916 in the first issue of the "Smarandache
Function Journal™ (see page 47 in [1}). The question is: "Are there an infinity of nonprimes
n such that o,(n) = n?”". My calculations will show that the answer is negative.

Let us move on to the first step in deriving the solution of (). As the wording of
Problem 29916 indicates. (Q) is satisfied if n is a prime. This is not the case for n = 1

because o,(1) = 0.

Suppose []%., pI* is the prime factorization of a composite number n > 4, where P1:---. Dk
are distinct primes, r; € N and pyry > pir; for all i ¢ {1.....k} and p; < pioy for all
1€ {2..... k — 1} whenever k > 3.

First of all we consider the case where £ = 1 and r; > 2. Using the fact that 7(p') < py 5,
we see that pi' =n =o,(n) = 0,(p]') = n=on(p!) < Ya—oP1S1 = Mig;—”il. Therefore
2p 7 < ry(ry + 1) (Q) for some r; > 2. For p1 2 5 this inequality (©;) is not satisfied for
any ry 2 2. So py < 3, which means that p; € {2,3}. By the help of (©;) we can find a
supremum for r; depending on the value of p;. For p; = 2 the actual candidates for ry are 2,
3, 4 and for p; = 3 the only possible choice is r; = 2. Hence there are maximum 4 possible
solution of (Q2) in this case, namely n = 4, 8, 9 and 16. Calculating o,(n) for each of these
4 values, we get o,(4) = 6. 0,(8) = 10. 0,,(9) = 9 and o,(16) = 16. Consequently the only
solutions of {2) are n = 9 and n = 16.

Next we look at the case when k > 2:

n = gy(n)

Substituting n with it’s prime factorization we get

k k ry Tk k
I:Ipf‘ = Un(l:Ipf‘) =20 =3 S oI

din 5 =0 3 =0 =1
d4>0

T1

= Y Y max{n(el).. 0ol }

3y =0 3 =0

Tk
. Z max{ py $1,...,px Sk } since n(p?*) < pi s;

3, =0 3 =0
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™

Tk
< Z---Zmax{plrl,...,pkrk} because s; < r,

s, =0 s =0

Tk
= Z...Zplrl (plrIZPiT‘i fOI‘ZZ?)

s =0 3 =0
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piry [[(ri + 1),
=1
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which is equivalent to

£ pi Plrz("l"'l) r(ry +1) 0
H = ——=— (D)
1=2 pl pl
This inequality motivates a closer study of the functions f(z) = r“—:1 and g(z) = :—gf—_‘#
for z € (1, >c). where a and b are real constants > 2. The derivatives of these two functions
T - , - 5)z% +(2- -+
are f'(z) = W(I +1)lna—1] and ¢'(z) = =22 9‘,(31 22221 Hence f/(z) > 0 forz > 1

since (z+1)lna—-12>(1+1)In2-1=2In2-1>0. So f is increasing on 1, x).

2-Ind++/(Inb)2 +4

Moreover g{z) reaches its absolute maximum value for z = max{1, ST =z}
Now \/{lnb)2 + 1 < Inb+2 for b > 2. which implies that ¢ < B=iolilaizd) 2 < 2. 3

Futhermore it is worth mentioning that f{z) — x and g(z) - 0as z — .
Applving this to our situation means that —Ll (¢ 2 2) is strictly increasing from 2 to
x. Besides —pﬁ—_rl < max{ 2, ;;, ;} = max{2. 2} < 3 because 2 =2 ;—22 whenever p; > 2.
1 ot 1

3 (Q3) for all ry € N. In other words, H;—’» <3 Now[[l,2>2.2.2=153 which
implies that £ < 3.
Let us assume k£ = 2. Then (Q;) and (Q3) state that

Combining this knowledge with (0,) we get that [T5, 2 < Hf‘_z f’;_l < r"p(’f;flﬁ) < ”2(:11:}1) <

2 A

1) i

p?._l < st and 2 <3 ie
14

1
p2 < 6 Next we suppose r; > 3. It 1S obwous that py p2 > 2 -3 = 6, which is equivalent to
P2 2 2. Using this fact we get 2 < 2 o T_Llfrz < max{ 2, —} < max{ 2,p2 } = p2, so

— rp+l
pi< 4. Accordingly p» < 2. a contradmtxon w thh implies that r; < 2. Hence p; € {2.3,5}
and r; € {1.2}.
s
Futhermore 1 < 2 < P o nlntl) ¢ nilns Ll) which implies that r; < 6. Consequently.

= 5+t piTt = T2nic

,
2
ro<+1

ri{r:

1 +1
ry—1 ) >
P,

by fixing the values of p; and rp, the inequalities and pyry > parp give us

enough information to determine a supremum (less than 7) for ry for each value of p,.
This is just what we have done, and the result is as follows:

p2ir2| M r n = py'py oy(n) IF g,(n) =n THEN
21 3 1<r, <3| 2-37 2+ 3ri(ri + 1) 312

211 5} 1<r <2 2.5™ 2 +5r{r; +1) 5]2

201 I pp 27 1 2; 242y, 0=2

202 3 2 36 34 34 = 36
212125 1 ip 3py +6 n=256

311 2 2<r; <5 3.2n 2r} = 2r; + 12 ryr =3
31l I;pp25 1 3p1 2p1 +3 =3

511 2 : 40 ! 30 30 =40

By looking at the rightmost column in the table above, we see that there are only contra-
dictions except in the case wheren = 3-2" and r; = 3. Son =3-2% =24 and 0,(24) = 24.
In other words. n = 24 is the only solution of {?) when k =2
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Finally, suppose & = 3. Then we know that 2 .2 < 3, ie. p,py < 12. Hence p; = 2
and ps > 3. Therefore 2zl < "(’ 2 < 9 (Q4) and by applying (Q3) we find that

1

P23 =2 <2 giving p3 = 3.
Combining the two inequalities (Q,) and (04) we get that 2= = 1_1 g 4_1 < 2. Knowing that
the left side of this inequality is a product of two strictly i increasing functions on (1,o¢), we

see that the onlv possxble choices for ry and r3 are r; = r3 = 1. [nserting these values in
(Q2), weget &5 - =1c< f—ﬁr—J'IB %{%ﬂ This implies that r; = 1. Accordingly (Q) is
satisfied onlv 1f n = ) 3 P = 6p1

6pp = O'n(6P1)
= (1) +n(2) +1(3 ZZU"%%

=0 ;=0

1 1
= 0+2+3+3+3 > max{n(p),n(2'3)}

=0 ;=0
1 1
= 8+ > max{p,n(23)}
=0 ;=0

= 8+4p; because 7(2'3)<3<p; forall i,j € {0,1}

pno= 4

which contradicts the fact that p; > 5. Therefore (€2) has no solution for & = 3.
Conclusion: ¢,(n) = n if and only if n is a prime, n =9, n = 16 or n = 24.

REMARK: A consequence of this work is the solution of the inequality o,(n) > n ().
This solution is based on the fact that (*) implies (£,).

So o,(n) > n if and only if n = 8,12,18,20 or n = 2p where p 1s a prime. Hence
on(n) <n+4forallneN.

Moreover, since we have solved the inequality o,(n) > n, we also have the solution of
o,(n) < n.
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