
NUMERICAL FUNCTIONS AND 
TRIPLETS 

I. BaHicenoiu, D. Bordea, V. Seleacu 

\Ve consider the functions: fs, fd, f p, F: N* ~ N, where 
fs(k) = n, fd(k) = n, fp(k) = n, F(k) = n, n being, respectively, the least 
natural number such that kin! - 1, kin! + 1, kin! ± 1 , kin! or kin! ± 1. 
This functions have the next properties: 

1. Obviouvsly, from definition of this function, it results: 

F(k) = min{S(k), fp(k)} = min{S(k), fs(k), /d(k)} 

where S is the Smarandache function (see [3]). 

2. F(k) ~ S(k), F(k) ~ fs(k), F(k) ~ fd(k), F(k) ~ fp(k) 

3. F(k) = S(k) if k is even, k ~ 4. 
Proof. For any n E N, n > 2, n! is even, n! ± 1 are odd. If k is even, 
then k cannot divide n! ± 1. So F(k) = S(k) = n ~ 2 if k is even, 
k ~4. 

4. If p > 3 is prime number, then F(P) ~ p - 2. 
Proof. According to vVilson's theorem (p - I)! + 1 = !vIp. Because 
(p- 2)! -1 + (P-1)! + 1 = (p- 2)!p results for p > 3, (p- 2)! -1 = Mp 
and so F(P) ~ p- 2. 

5. F(m!) = F(m! ± 1) = S(m!) = m. 

6. The equation F(k) = F(k + 1) has infinitly many solutions, because, 
according to the property 5), there is the solutions k = m! , mE N* . 
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7. If F(k) = S(k) and n is the least natural number such that kin!, then 
k not divide s! ± 1 for s < n. 
Let k = prj . p~2 ... pr:- . According to S(k) = ~~;,{Spi(ai)}' it results 

that S(k) 2: Ph, where Ph = min{Pl,P2,'" ,Pr}. 
If k not divide s! ± 1 for s $ Ph , then k not divide t! ± 1 for t > Ph . 
Consequently, if k not divide (n - I)!, kin! and k not divide s! ± 1 for 
s $ min{ n,Ph} , then F(k) = S(k) = n. 
Obviously, the numbers k = 3t, t being odd, t =I 1, have Ph = 3 and 
they satisfy the condition 3t not divide s! ± 1 for s = 1,2,3. 
Therefore, for k = 3t, todd, t =I 1, F(3t) = S(3t) = n, n being the 
least natural number such that 3tln! . 

8. The partition "bai" of the odd numbers. 

L~t A = {k E Nlk odd and F(k) = S(k)} 

B = {k E Nlk odd and F(k) < S(k)} 

(A, B) is the partition "bai" of the odd numbers. 
Into A there are numbers k = 3t, todd, t =I L Obviously, A has 
infinitly many elements. 
Into B there are numbers k = t! ± 1 with t 2: 3, tEN. Obviously, B 
has infinitly many elements. 

Definition 1 Let n E N*. We called triplet it, the set: 
n -1, n, n+ 1. 

Definition 2 Let k < n. The triplets k, it are separated if 
k + 1 < n - 1, i. e. n - k > 2 . 

Definition 3 The triplets k, it are ls-relatively prime if 
(k - 1, n - 1) = 1, (k + 1, n + 1) =I 1. 

For example: 6 and 72 are ls-relatively prime. 

Definition 4 The triplets k, it are ld-relatively prime if 
(k - 1, n - 1) =I 1, (k + 1, n + 1) = 1 . 

Definition 5 The triplets k, it are l-relatively prime if 
(k - 1, n - 1) = 1, (k + 1, n + 1) = 1. 
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Definition 6 The triplets k, n are d-relatively prime if 
(k - 1, n + 1) = 1, (k + 1, n - 1) = 1. 

For example: 2 and 6 are d-relatively prime. 

Definition 7 Let k < n. The triplets k, n are ds-relatively prime if 
(k - 1, n + 1) = 1, (k + 1, n - 1) =I 1 . 

For example: 6 and 120 are ds-relatively prime. 

Definition 8 Let k < n. The triplets k, n are dd-relatively prime if 
(k - 1, n + 1) =I 1, (k + 1, n - 1) = 1. 

Example: 6 and 24 are dd-relatively prime. 

Definition 9 The triplets k, n are p-relatively prime if 
(k - 1, n - 1) = 1, (k -1, n + 1) = 1, (k + 1, n - 1) = 1, (k + 1, n + 1) = 1. 

Obviously, if k, n are p-relatively prime, then they are i and d-relatively 
pnme. 
For example: 24 and ffo are p-relatively prime. 

Definition 10 Let k < n. The triplets k, n are F -relatively prime if 

(k -1, n - 1) = 1, (k + 1, n - 1) = 1, 
(k - 1,"n) = 1, (k + 1, n) = 1 

(k - 1, n + 1) = 1, (k + 1, n + 1) = 1. 

Definition 11 The triplets k, n are t-relatively prime if 
(k - 1, n - 1) . (k - 1, n) . (k - 1, n + 1) . (k, n - 1) . (k, n) . (k, n + 1)· 
(k + 1, n ~ 1) . (k + 1, n) . (k + 1, n + 1) = 6. 

For example: :2 and 4 and t-relatively prime. 

Definition 12 Let H c N*. The triplet n, n E H is, respectively, 
is, id, I, d, ds, dd,P, F, t-prime concerned at H, if "is E H, s < n, the triplets 
S, n are, respectively, ls, ld, l, d, ds, dd,P, F, t-relatively prime. 

L€t H = {n!ln E N*}. For the triplets m, m E H there are particular 
properties. 

- -Proposition 1 Let k < n. The triplets (k!) , (n!) are separated if 
n > max{2, k}. 
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Proof. Obviously, n! - k! > 2 if n > 2 and k < n, i.e. n > max{2, k} . 

Proposition 2 Letn > ma."<:{2, k} and i'vfkn = {m E Njk!+1 < m < n!-I}. 
If kl < k2 and nl > ma."<:{2, k l } , n2 > max{2, k2} , then 
nl - kl :-::; n2 - k2 ~ card Nlk 1 nl < cardlvlk2n2 . 

Proof. For n > k ~ 2 it is true that 

n! - (n - I)! > k! - (k - 1)1 (1) 

Let n > k ~ 2, 1 :-::; 8 ::; k. Using (1) we can write: 

n! - (n - I)! > k! - (k - I)! 
(n - I)! - (n - 2)1> (k - 1)1 - (k - 2)1 

(n - 8 -I)! - (n - 8)1> (k - 8 - I)! - (k - 8)! 

By summing this inequalities, it results: 

n! - (n - 8)! > k! - (k - 8)! (2) 

Let 2 :-::; kl < nl , 2 :-::; k2 < n2 , kl < k2 , nl - kl :-::; n2 - k2 . Then n2 - nl ~ 
k2 - kl ~ 1 and there is n3 such that n2 > n3 ~ nl and n2 - n3 = k2 - kl . 
Using (2) we can write: 
n2! - n3! > k2! - kl! 
Since n3! ~ nI! we have: 

According to cardMk1n1 = nl! - 1 - (kl ! + 1), 
cardMk2n2 = n2! - 1 - (k2! + 1) , it results that: 

That is, taking into account (3), cardMk1n1 < cardAfk2n2 . 

Definition 13 Let k < n. The triplets (k!) , (~ are linked if 
k! - 1 = n or k! + 1 = n . 

(3) 

Propositio~ ~ k E N* there is p prime number, such that for any 8 ~ P 

the triplets (k!) , (8!) are not F-relatively prime. 
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Proof. Obviously, for k = 1 and k = 2, the proposition is true. 
If n = pr1 . p~2 ... pf' divide k! - 1 or k! + 1 , then Pi > k 2: 3 , for 
j E {1,2, ... ,i}. 
Let Ti = PI . P2 ... p. and P = max {p .} . 

• ISiSi J 

Obviously, Ti 2: 3 because p > k 2: 3, Til ~- 1~ Tilk! + 1 . 
For any s 2: p, Til s! and so, the triplets (k!) , (s!) are not F-relatively prime. 

Remark 1 i) Let k < n. If (k!), (n!) are linked, then n - k = k! - k ± 1 . 

If 2 < kI < nI, (Q) with (;;J) are linked and k2 < n2, (k;i) with (~) are 
linked, then kI < k2 ~ nI - kl < n2 - k2 and in view of the proposition 2, 
results cardMk1n1 < cardMk2n2 . 

ii) There a~win prime numbers with the triplet (n!). For example 5 with 

7 are from (3!) . 

Definition 14 Considering the canonical decomposition of natuml numbers 
- 0:1 0:2 O:r d:fi - _ {0:1 0:2 O:r} n - PI . P2 ... Pr ,we e ne n - PI , P2 , ... , Pr , 

M = {nln E N*}. 

Definition 15 On M we consider the relation of order c: defined by: 

{pr1 
, p~2 , ... , pC::-} c: {r/i1 , eli: , ... , rf:t } 

if and only if {PI,]J2, ... ,Pr} C {ql, Q2,··· , qt} and if Pi = 9.i ' then Cl!i ~ {3i . 

Remark 2 For any triplet (n!) , n E N* , we consider the sets: 

An = {k E N*lk c: n!}, ~ = {k E Anlk ~ Ah far h < n} 
Bn = {k E N*lk c: nf= I}, B~ = {k E Bnlk ~ Bhfarh < n} 
en = {k E N*lk c: n! + I}, C~ = {k E Cnlk ~ Ch far h < n} 
Mn = {k E N*lk c: n! or k ~ nf=' 1 or k c: n! + I} 
M~ = {k E Mnlk ~ Mhfarh < n}. 
It is obvious that: 
~ = S-l(n) , B~ = f;l(n) , C~ = fil(n) , M~ = F-l(n) . 
If k E ~, it is said that k has a factorial signature which is equivalent with 
the factorial signature of n! (see Il)}. 
Let k E B~, k = t~l . t;2 ... t~i. Then {tr} g n! for r = 1, i and for any 

h < n, there are t? ' 1 ~ j ~ i, such that {t?} g hf=' 1 . 

Similarly, for k E C~ : {tr} g n! for r = 1, i and for any h < n, there are 

t? ' 1 ~ j ~ i, such that {q} g h!+ l. 
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