NUMERICAL FUNCTIONS AND
TRIPLETS

1. Balicenoiu, D. Bordea, V. Seleacu

We consider the functions: f,, fa, fp, F': N* — N, where
fo(k) = n, fa(k) = n, fo(k) = n, F(k) = n, n being, respectively, the least
natural number such that k/n! — 1, k/n! + 1 Jk/nlE1,k/nl ork/nl£1.
This functions have the next properties:

1. Obviouvsly, from definition of this function, it results:
F(k) = min{S(k), fo(k)} = min{S(k), fs(K), fa(k)}
where S is the Smarandache function (see [3]).
2. F(k) < S(k), F(k) < fo(k), F(k) < fa(k), F(k) < f5(k)

3. F(k)=S(k)if kis even, k > 4.
Proof. For any n € N, n > 2, nl!is even, n! £1 are odd. If & is even,
then k cannot divide n! £ 1. So F(k) = S(k) = n > 2 if k is even,
k>4.

4. If p > 3 is prime number, then F(p) < p— 2.
Proof. According to Wilson’s theorem (p — 1)! +1 = M, . Because
(p—2)'—1+(p—1)+1=(p—2)ipresults forp >3, (p—2)! -1 =M,
and so F(p) <p-—2.

5. F(ml) = F(m! £1)

S(ml) =
6. The equation F(k) = F(k + 1) has infinitly many solutions, because,
according to the property 5), there is the solutions k = m!, m € N*.
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7. If F(k) = S(k) and n is the least natural number such that k/n!, then
k not divide s'!t 1 fors < n.
Let k = pf* -p§? - - - p . According to S(k) = {g{ag‘cr{Sp‘. ()}, it results
that S(k) > py,, where pr = min{p;,ps,---,p-}-
If k not divide s!' £ 1 for s < py, then k not divide t! =1 for t > pj.
Consequently, if k not divide (n — 1)!, k/n! and k not divide s! =1 for
s <min{n,ps}, then F(k) = S(k) =n.
Obviously, the numbers k = 3¢, ¢t being odd, t # 1, have py = 3 and
they satisfy the condition 3t not divide s!+ 1 for s =1,2,3.
Therefore, for k = 3t, t odd, t # 1, F(3t) = S(3t) = n, n being the
least natural number such that 3t/n!.

8. The partition “bai” of the odd numbers.
Let A= {k € N|k odd and F(k) = S(k)}

B = {k € N|k odd and F(k) < S(k)}

(A, B) is the partition “bai” of the odd numbers.

Into A there are numbers k¥ = 3t, t odd, t # 1. Obviously, A has
infinitly many elements.

Into B there are numbers k = t! =1 with ¢t > 3, t € N. Obviously, B
has infinitly many elements.

Definition 1 Let n € N*. We called triplet 71, the set:
n—1,n,n+1.

Definition 2 Let k < n. The triplets k, i are separated if
k+l<n-1,ien—-k>2.

Definition 3 The triplets k, 7 are l,-relatively prime if
(k—=1n-1)=1,(k+1,n+1)#1.

For example: 6 and 72 are l,-relatively prime.

Definition 4 The triplets k, 7 are lq-relatively prime if
(k—lLn-1)#1 (k+1n+1)=1.

Definition 5 The triplets k, 7 are [-relatively prime if
(k=1n-1)=1(k+1l,n+1)=1.
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Definition 6 The triplets k, 7 are d-relatively prime if
(k—1,n+1)=1,(k+1,n—-1)=1.

For example: 2 and 6 are d-relatively prime.

Definition 7 Let k < n. The triplets k, 7 are d,-relatively prime if
(k—1,n+1)=1(k+1,n—-1)#1.

For example: 6 and 120 are d,-relatively prime.

Definition 8 Let k < n. The triplets k, 7 are dg-relatively prime if
(k-1,n+1)#1,(k+1,n-1)=1.

Example: 6 and 24 are dg-relatively prime.

Definition 9 The triplets k, 7 are p-relatively prime if
k-1,n-1)=1,(k-1,n+1)=1,(k+1,n-1)=1,(k+1,n+1)=1.

Obviously, if k, 7 are p-relatively prime, then they are ! and d-relatively
prime. .
For example: 24 and 120 are p-relatively prime.

Definition 10 Let k < n. The triplets k, A are F-relatively prime if

(k-1,n-1)=1(k+1,n-1)=1,
(k-1,n)=1,(k+1,n)=1
(k-1,n+1)=1,(k+1,n+1)=1.

Definition 11 The triplets k, 7 are t-relatively prime if
(k-1,n-1)-(k=1,n)-(k=1,n+1)-(k,n—1)-(k,n)- (k,n+1)
(k+1,n=1)-(k+1,n)-(k+1,n+1)=6.

For example: 2 and 4 and t-relatively prime.

Definition 12 Let H C N*. The triplet n, n € H 1s, respectively,
l,,143,1,d,d,,dg, p, F, t-prime concerned at H , if Vs € H, s < n, the triplets
3, n are, respectively, l,,14,1,d,d,, dq, p, F, t-relatively prime.

Let H = {n!|n € N*}. For the triplets 7, m € H there are particular
properties.

——

Proposition 1 Let k <n. The triplets (k!), (n!) are separated if
n > max{2,k}.
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Proof. Obviously, n! — k! >2ifn > 2and k <n,ie n>max{2k}.

Proposition 2 Letn > max{2,k} and My, = {m € Njk!+1 <m < n!-1}.
If ki < ky and ny > max{2,k1}, na > max{2,k,}, then
ny — ky <ny —ky = cardMy,n, < cardMi,n, -

Proof. For n > k > 2 it is true that
nt—(n-1I>k-(k-1)! (1)

Letn >k >2,1<s<k. Using (1) we can write:

By summing this inequalities, it results:
—(n—s)! > k! —(k—s)! (2)

Let2§k1<n1,2§k2<n2,k1 <k2,n1—k1§n2—k2. Then ny —ny 2
ky — k1 > 1 and there is n3 such that ny > n3 > n; and ng —ng = ky — k; .
Using (2) we can write:

TLQ!—TL3! >k2!—k1!

Since n3! > n;! we have:

According to cardMy,,,, =n;! =1 - (k! + 1),
cardMy,n, =no! — 1 — (ka! + 1), it results that:

Cl].’f'd./»[kﬂ,,2 - CCLTC{AJ};V-,1 = TLQ! - TL]! - (kQ’ - kl,)
That is, taking into account (3), cardMy,n, < cardMi,n, -

Definition 13 Let k < n. The triplets (k) , (n!) are linked if
kKl—1l=norkl+l=n.

Proposition 3 Fork € N* there is p prime number, such that for any s > p
the triplets (k‘) , (s’) are not F-relatively prime.
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Proof. Obviously, for k =1 and k = 2, the proposition is true.
In=7p7 p5% - -p divide k! — 1 or k! +1, then p; > k > 3, for
je{l2,...,i}.
Lﬁﬁ=p1-p2 -p; and p = max{p;}.

1<5<i

Obviously, 7 > 3 because p >k > 3, A/k! — lor a/k! + 1.
For any s > p, ii/s! and so, the triplets (k!), (s!) are not F-relatively prime.

Remark 11i)Letk<n.If (k’) ( ') are linked, thenn —k=k!—kx1.
If2 <k <ng, (kl’) with (nl') are linked and ky < ns, (kz') with (ng‘) are
linked, then k; < ko = n, — k; < ny — ky and in view of the proposition 2,
results card Mg, n, < cardMg,n, -

ii) There are twin prime numbers with the triplet (n’) For ezample 5 with
7 are from (3!) .

Definition 14 Considering the canonical decomposition of natural numbers

n=pi' - py?---p¥, we define i = {p7*,p3%,..., P77},
M = {f|jn € N*}.

Definition 15 On M we consider the relation of order C defined by:

(P, 05%, ..., 0"} E{& % - &'}
ifand Only if{Pl;?%--wPr} C {41,42,“-1%} and zfpt =Qj: then a; SIBJ'

Remark 2 For any triplet (n‘) n € N* | we consider the sets:
A,, {kEN‘]kEn'} Ar={ke€ A,k & A, forh <n}
{kEN"]kEn'—l} B: = {k € Bplk € By forh <n}

—-{keN‘]kEn'+l} Cy={k€C,lk & Cy forh <m}
M,={keN'kCnlorkCni—1 orkCnl+1}

M‘_{keM |k & My forh <n}.

It 1s obvious that:

A, =5n), By =f7'(n), Cr=fi'(n), My =F'(n).

If k € A; | it is said that k has a factorial signature which is equivalent with

the factorial signature of n! (see [1]).

Letk € B, k=17 -t?---t*. Then {t,} £ nl for r = 1,1 and for any

h<n, therearet; ,1 < j<i, such that {t7} & RI—1.

Similarly, fork € C; : {t.} Z n! forr =1,i and for any h < n, there are

t7,1<j<1i,suchthat {t7} Thi+1.
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