
ON THE k-POWER COMPLEMENT AND 

k-POWER FREE NUMBER SEQUENCE 

ZHU WEIYI 

College of Mathematics and Physics Science, Zhejiang Normal University 
Jinhua, Zhejiang, P.R. China 

ABSTRACT. The main purpose of this paper is to study the distribution 
properties of k~power free numbers and k~power complement numbers, and 
give an interesting asymptotic formula. 

1. INTRODUCTION AND RESULTS 

Let k ;?: 2 is a positive integer, a natural number n is called a k-power 
free number if it can not be clivided by any pk, where p is a prime number. 
One can obtain all k-power free number by the following method: From 
the set of natural numbers (except 0 and 1) 

-take off all multiples of 2k (i.e. 2k, 2k+l, 2k+2 ... ). 

-take off all multiples of 3A:. 
-take off all multiples of 5k 

. 

... and so on (take off all multiples of all k-power primes). 
For instance, the k-power free number sequence is called cube free sieve 

if k = 3, this sequence is the following 2, 3, 4, 5, 6, 7, 9) 10, 11, 12, 13, 14,15,17" .. 

Let 11 2:: 2 is any integer, a(n) is called a 'k-power complement about n 
if a(n) is the smallest integer such that n x a(n) is a perfect k-power, for 
example a(2) = 2k - 1, a(3) = 3k - 1 , a(2k) = 1, .... 

In reference [1], Professor F. Smarandache asked us to study the prop­
erties of the k-power free number sequence and k-power complement num­
ber sequence. About these problems, it seems that none had studied them 
before. In this paper, we use the elementary method to study the dis­
tribution properties of these sequences, and obtain an interesting asynlp-­
totic formula. For convenience, we define 0 ( n) and w (n) as following: 
O(n) = al + a2 + ... + a~, w(n) = r, if n = prlp~2 .. . p~T' be the factor­
ization of n into prime powers. Then we have the following Theorem. 
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Theorem. Let.A denoteB the Bet of all k-power free numbers. Then for 
any real number x ~ 2, we have the asymptotic formula 

'" (k - l)x lnInx ( x ) 
L....... O(a(n)) = ((k) + u(k)x + 0 lnx ' 
n~x . 
nEA 

where ((8) is the Riemann zeta-function, u(k) is a constant depending only 
on k . 

2. SEVERAL LEMMAS 

Lemma 1. For any real number x ~ 2, we have the asymptotic formula 

L wen) = xlnlnx + Ax + 0 (l:x) , 
n~x 

L O(n) = xlnlnx + Ex + 0 CnXx) . 
n:Sx 

where A =7+ ~ (In (1-~) + ~), B = A + ~ __ 1_ 

Proof. (See reference [2]). 

Lemma 2. For any real number x ~ 2, we have the asymptotic formula 

L wen) ::;: (-l(k)xlnlnx + Ax(-l(k) + ex + 0 (:x)· 
n:5x 
nEA 

Proof. Let (u, v) denotes the greatest common divisor of u and v. Then 
from Lemma 1 we have 

= L jJ.(d) [ L (w(n) + wed) - ween, d)))] 
d:5xt n~xldk 

= L ~(d) L wen) + L jJ.(d)w(d) [;k] - L jJ.(d) L L w(U) 
d<xt n'5,xldh d<xt d<x! uld n'5,x/dk. 

- - - uln 

= dlit"(d) [:k lnln; + ~: + 0 (min (1, dk ~;Pc) )] 

+x L jJ.(d~~(d) +0 (xtlnx) - L tL(d) LW(u) [u~k] 
d~x k d'5,x t uld 
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= InI ~ f.L(d) A ~ M(d) ~ f.L(d)w(d) _ ~ J.l(d) Luld ~ + 0 (~) 
x n X ~ dk + X ~ dk + X L dk X ~ dk In x 

d==l d=l d==l d=l 

= (-l(k)x lnInx + AX(-l(k) + Cx + 0 (l:x) . 
where 

C = ~ f.L(d)w(d) _ ~ f.L(d) Luld ~ 
~ dk ~ dk • 
d=l d=l 

This proves Lemma 2. 

Lemma 3. For any real number x '2:: 2, we have the asymptotic formula 

L O(n) ,-l(k)xlnlnx + BX(-l(k) +Dx + 0 (l:x)' 
n:$x 
nEA 

Proof. From Lemma 1, we have 

L O(n) = L O(n) L j.t(d) = L O(ndk)J-t(d) = L j.t(d) L O(ndk
) 

n:$x 
nEA 

= d"ft p,(d) [nEd. (n(n) + kn(d))] 

= L f.L(d) L D(n) + L J-t(d)kO(d) [;] 
d:$xt n".5:.x jdlc d:5xt 

= L P,(dl[;lnln; +Bx +o(min(l'dk~;f.-))l 

+ kx L M(d~?(d) + 0 (xt lnx) 
1 

d:5xk 

= xlnlnx ~ M(d) + Ex ~ J.l(d) + kx ~ J.l(d)O(d) 
~ dk L dk ~ dk 
a=l d=l d==l 

== C- 1 (k)x lnlnx + BxC-1(k) + Dx + 0 (l:x) , 
where 

D = k f= J.I(d~~(d) , 
d:::::l 

This proves Lemma 3. 

3. PROOF OF THE THEOREM 

In this section, we shall complete the proof of the Theorem. According 
to the definition of k-power complement number and k-power free number, 
and applying Lemma 2,3, we have 

L O(n x a(n)) = k L w(n) = L O(n) + L O(a(n)). 
n:5x 
nEA 

n:5x 
nEA 

n:5x 
nEA 
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or 

-ivhere 

L O(a(n)) = k L w(n) L f2(n) 

= k [(-1(k)xlnlnx + AX(-l(k) + Cx + 0 (:X)] 

- [ (-1 (k)x In In x + BX(-l (k) + Dx + 0 (l:x)] 
(k-l)xlnlnx ( x ) 

= ((k) + u(k)x + 0 lnx . 

kA B 
u(k) = ((k) + kG - D 

This completes the proof of the Theorem . 
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