


f 7 15 a prume number, then S(z} = z. thus the point iz, S(p)i belongs 1o the line of
equation y =z ;

If 7 is a composite integer, ; # 4, then i;‘& < £ which means that the point (g, S(g)) is

under the graphic of the line of equation y = £z and above the axe 02z .
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Thus, for every consecutive integer numbers =,y where z = p is a prime number and
7 = p~1. the lenght AB can be made as great as we need, for z,y sufficiently great.

Remark 2. [n fact we have proved that the fonction f: N* — N defined by f(n) =
Sin) = S(n ~ 1} is unbounded, which imply that the Smarandache’s function is not Lip-
schitz.
In the sequel we study the Lipschitz condition for other fanctions which involve the
Smarandache’s functioa.

Propesition 2 The %ncticn & V' 010 = ¥, Si{n) = 37'75 verify the Lipschits
ssndition. o

Prsof Forevery = > 2 we have S{z) > 2. therefore 0 < 3{5 <: Hwetakez #yin
N\ {0,1}, we have
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For z = y we have an equality in the relation above, therefore S; is a funcuion which verify
the Lipschitz conditlon with A = 3 and more, it 1s a contractant function.

Remark 3. In {2 it is proved that T =~ is divergent .
@Y.

Proposition 3 Tic funoiicn 8,0 Nt = VL Syin) = 22 venfy tne Lizscruz condilion.

Provf Forevery ¢,y € N, 1< e <y wehaver =nand y =n—m wherem € N*. In
2] is proved that

I Nin)

—T < <, Vme N0 1}
in = 1) n

Using this we have
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for z and y as above. For z = y we have an equality in the relation above. It follows that

<, 1s venfy the Lipschitz condition with K = 1.
' |

Remark 4. Using the proof of Propositiz= § proved below, it can be shown that the
Lipschitz constant K = 1 is the best possible. Indeed, takez =n=p-1,m=1
and therefore v = p {with the notations from the proof of Propositicn 8 ), with p a
primenumber. From the proof of Propositicn 5, there 1s a subsequence of prime numbers

‘rnukm such that —”!:—- “=% 0 Fork > | we have, for a Lipschitz constant K of S
ynk .
, ' Sipn) Slpa, - 1) Slon, = 1) k=0
R):“ k) T AT i=1— 3 =1
Pry Doy =1 1 Doy =1

Thus, K > 1
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Proposition 4 Thae furction S; - N 1301 = N Suinio= = ooy wot verify the
Lipschitz rondition,

Procf (Compare with the proof of Prczosries [

We have 1o prove that for every real A" > 0 there existe 2,3 € ¥ such that * S3iz) -
Sﬂ'u >K -yt

Let K > D be a given real number. 2 = ¢ be a pnme number and y = = — 1.Using the
P-czosinize 5 proved below, which asserts that the sequence « —:p——-e + 15 unbunded

.’)ﬂ)

where iP’n>1 15 the pnme numbers sequence), we have, for a prime number » such that
>K~+1:
D"J.

T yoi_ & p~1 p-1 ;
— = o T | — T ~ --1>K+1-1=K=Kjz-
S Sy Sk Sp-1. Sp-1) ==l
]
Proposition 5 l'ff;:n”l>1 is the prime numiers sequence, then the .aequ.ence{;&"—j}vaz2

;3 uvznm nd&d

Prosf Denote ¢, = p, ~ 1 and let =, be the number of the distinct prime numbers
which appear in the prnime factor decomposition of 7, . for n > 2 . We show below that
{7n ) .57 15 a0 unbounded sequence.

Forafixed £ € N*, consider r; Y, o1 - rr and the anthmetic progression {14 7y - m}m>1
From the Dinchlet Theorem {3, pg. 194;, it follows that this sequence contains a sabse-
quence 11 + 7¢ - m‘!m of prime numbers: 5., = | ~7;-m,, therefore 7 m; = py, =1 = gy,
which impl.ies that r, 2 k. It shows that the sequence (r, } a2 1s an unbounded sequence.

Mg, = H 93' then it is known (see ‘41 thau:

=1

Siga)=max S il =8 5¥) < g,
‘qn) tI.IlTE’x_ (v‘~ N ’3'/1 \‘-/ps}j Sa«'nﬁf
=diin

thus




We have:

21 (2)

Tndeed, if o, =1, then u; = 1. [fo, >1, then

y (z, = Dig, = 1) N Ly !
$ = s -2 T
n . . . R
Butvy= [] 73 hasry -1 prime factors and rny, 5, 18 unbounded, then it follows
EINT 3 ) =

F . . o [ )
that {Un},>7 15 unbounded. Using this. 1} and 121, 1t {ollows that the sequence i?ﬁm

is anbounded.
|

n>3

Remark 5. Using the same ideea, the Proposiiion §is true in & more xeneial form:
’ \

! Y } > ; ra | N lod s hem D . .
Fora € 7. the sequence { S22500 s wnhounded, where <oy 1§ the prime
H y r
Tpemal | pamini Fring, .

numbers sequence.
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