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In this paper are studied some properties of the numerical function
Fo(x))N-{0,1} >N F(x)= X S,(x), where S,(x)=8(p*) is the Smarandache

O<psx
p pnme

function defined in [4].
Numerical example: Fi(5) = S(2%)+ S(3) +S(5°); F5(6) = S(2°) +5(3%) + S(5°).
It is known that: (p-Dr+1<S(p") < prso(p-1)r <S(p") < pr.
Than -

X(py+ Potee+ Pury — (X)) < Fs(X) S x(Py + Pote--+ Priry) (M
Where 7(x) is the number of prime numbers smaller or equal with x.

PROPOSITION I The sequence T(x)=1 logF(x) + f_‘, F% has limit - .
i=2 L'l
Proof. The inequality Fs(x) > x(py++-++Pyy — #(x)) implies —logFs(x)<
<-logx(p1+p2+--~+p,(x)—n(x))<-logx(;z(x)pl—n(x)):-logx—logzz‘(x)—log(p,-—l).
Than for x=i the inequality (1) become:

i(py+-+ Doy — A1) < F5(0) Si(p1+---+ Pyyyy) 50
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Than 7(x) <1-log(x) - log n(x) ~log(p - 1)+ in(i)(p - 1)
1

=2 = T(x)=1-logx—-log m(x)+ i

=2 17(i)
= fim T(x) < 1 - lim logx-lim logz(x) + lm % 7,% —l-w-w+L=—w.
x—»0 xw® X~ x=® 23 I

PROPOSITION 2. The equation F5(x) = Fg(x +1) has no solution for x eN-{0,1}.



Proof. First we consider that x+1 is a prime number with x > 2. In the particular case
x =2 weobtain F;(2)=S(2*)=4; F.(3)=S5(2>)+S(3’)=4+9=13. So F(2)<F,(3).
Next we shall write the inequalities:

B+ Py = 7(0) < F5(X) S X(Prvspy) @
(x + DD+ + Doy + Prixey = HxX+ 1) < Fs(x+1) < (x+ DD+ + Doty + Paeeny)

Using the reductio ad absurdum method we suppose that the equation F;(x) = F5(x +1)
has solution. From (2) resuits the inequalities

(x+D)(P+ T Dy + Prgay — X+ 1)) < Fs(x+1) < x(p++Pyyy) (3)
From (3) results that:
X(P+ e+ Day) =~ (X + D+ F Do) + Py — (X +1)) >0

X(Prt+ T Pany) = X (Pt + Pagey) = XD ewy + X (X + 1) P " Pux) ~ Pax+nt

+a(x+1)>0.

But P4 > #(x+1) so the diference from above is negative for x>0, and we

obtained a contradiction. So F;(x) = F;(x +1) has no solution for x +1 a prime number.
Next, we demonstrate that the equation F;(x)= F;(x+1) has no solution for x and
x + 1 both composite numbers.

Let p be a prime number satisfing conditions p>§ and p<x-1. Such p exists

according to Bertrand's postulate for every x € N —{0,1}. Than in the factorial of the number
p(x —1), the number p appears at least x times.

So, we have S(p*) < p(x-1).
But p(x-1) <px+p-x (ifp>§) and px+p-x=(p-D(x+1)+1<S(p™).

Therefore 3 p < x -1 so that S(p") < S(p™*).
Than F5(x)=S(py)+--+S(p*)+--+S(py))
Fs(x+1) = S(p™ )+ +S (™) +---+S(pi3)) > Fy (x)
In conclusion Fg(x+1)> F5(x) for x and x+1 composite numbers. If x is a prime
number 7(x) = a(x + 1) and the fact that the equation F;(x) = F;(x+1) has no solution has

the same demonstration as above.
Finally the equation F(x) = F;(x+1) has no solution for any x e N - {0,1}.

PROPOSITION 3. The function F;(x) is strictly increasing function on its domain of
definition.
The proof. of this property is justified by the proposition 2.

PROPOSITION 4. Fy(x+y) > Fs(x)+Fs(y) Vx,y eN-{0,1}.

Proof. Let x,y e N—{0,1} and we suppose x < y. According to the definition of F;(x)
we have:
7



Flx+y) =S )+ +5(p) + S0 )+ +S(pe ) + (4)

"‘S(P:(:-y)ﬂ )+ "‘*‘S(P;(:yq-y))

F(x)+ E() = S(p0)++8(Daeyet) + S8+ +S (D)) + S(Prsy) +--+S (D)
But from (1) we have the following inequalities:
A=(x+ )P+ + Doy T Pzt + " FPpxayy = MX+Y)) < F(x+y) <
S YN F Patay ¥ Pyt + Praeyy) &)
and

x(Px*"'“"Pa(x)"ﬂ(x))+}’(P1+"'*pn(x)+"'+P;qx)+""’”P;a(y)‘77(}’)) < F(x)+F(y)<

S xX(P+ e FPyx) t V(D + F Doy F Pyt 7 )= B )]
We proof'that B< A.

B<A & x(pl+"'+pzz(x))+y(pl+“'+pﬂ(x))+y(pz(x)+l+"'+p)x(y)))<
x(P1+"'+P;z(x))+}’(P1+"'*Px(x))+x(Pn(x)+1+"‘+Pz(x+y))—xﬂ'(x+)’)+
Y (Praye1 t 0 F Pan)) F Y Doyt Vo F Parayy )~ y(X + y)

x(p;z(x)+l +'“+p,1(x+y) - ﬂ(x +))) +}’(P;¢(y)1.1 +"—“‘-pz(x+y) - ”(x +y)) > 0
But pg,.,) 2 7(x + y) so that the inequality from above is true.

CONSEQUENCE: Fy(xy)> F;(x)+F;(y) Vx,yeN-{0,1}
Because xand y e N - {0,1} and xy > x + y than Fo(xy) > Fo(x+y) > Fs(x) + F;(y)

F(n)

a

PROPOSITION 5. We try to find lim

0~ n

Wehave F(n) = 3 S(p7) and:
O<p,sn

pi=prime

PPt tPan = Mn)  F(n) _ PitPrt ot P

n"'l na na—l
If @ <1 than
lim nl—a(pl-i-----i-pﬂ(n)—ﬂ'(n)):x).x=+w - lim F.Si’:) =+
n—rwx P> n
If =1 than
im i i F5()
hm n™%(pyte+ Py = (1)) =l (P44 gy = (1)) = +0 = lim ~25% = +o0



We consider now a > 1.

a(n) a(n)

2 p -~ n(n) X p
We try to find lim “=l———— and lim “=L— appling Stolz - Cesaro:
- n—w n n—x N

a(n)
Leta,= Y p-m(n) and b,=n*"
i=1

n

x(n+l) m(n)
X p-an+l)- ¥ p+a(n) (n+1)* ! -pn*!
4y — 4, =1 =1 . . .
Than : = = - = <if (n+1) is a prime .
b - b, (n+1)*" -n® _
0, otherwise
=) a-1
Let ¢,= X p, and d, =n"".
=1
w(n+1) (n) n+l
c —c 2 p-Xp p (n+1)*-p*!
Than 2 = —=L___=l_ - 2ol <=4 (n+1)isaprime
d,-d, (n+1)*" —n° (n+1)* " -n” .
‘ 0, otherwise
First we consider the limit of the function.
. X . 1
lim ———— = lim = —a5-=-0 for a-2>1
e (x+ 1) —-x oo (- D(x+1)T" -x97]
We used the 'Hospital theorem:
In the same way we have
x+1
im =0 for a>3.
—o(x+1)* - x
So, for @ > 3 we have:
+ Pyteeet —mn
lim At ajvl”(") n) =0 and
X n
+ Dyt
lim 2522 TP o g i £
X—>w n X n

Finally lim

xw N

F(n) 0 for a>3
e for a<l



BIBLIOGRAPHY

{1] M. Andrei, C. Dumitrescu, V. Seleacu,
L. Tutescu, St. Zanfir

{2] P. Gronas

{3] M. Andrei, I. Balicenoiu, C. Dumitrescu,

E. Ridescu, N. Ridescuy, V. Seleacu

{4] F. Smarandache

Some remarks on the Smarandache
Function, Smarandache Function Journal,
Vol. 4, No.1 (1994) 1-5;

A note on S(p"), Smarandache Function
Journal, V. 2-3, No.1 (1993) 33,

A linear combination with Smarandache
Function to obtain the ldentity,
Proceedings of 26” Annual Iranian
Mathematic Conference Shahid Baharar
University of Kerman , Kerman - Iran
March 28 - 31 1995

A Function in the Number Theory, An.
Univ. Timisoara, Ser.St.Mat. Vol XVIII,
fasc. 1{1980) 9, 79-88.





