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In this paper are studied some properties of the numerical function 
Fs(x):N - {O,I} 4' N Fs(x) = L Sp(x), where 5p(x) = S(p%) is the Smarandache 

O<pS.r 
p pnme 

function defined in [4]. 
Numerical example: Fs(5) = S(25

) ~ 5(35
) + S(55

); Fs(6) = S(26
) + 5(36

) + 5(~). 
It is known that: (p -1)r + 1 $ 5(pr) $ pr so(p -1)r < S(pr) $ pr. 
Than 

(1) 

Where Jr( x) is the number of prime numbers smaller or equal with x. 

. % 1 
PROPOSITION 1: The sequence T( r) = 1 log Fs (x) + L --. has limit - 00. 

i=2 F:(l) 

Proof The inequality Fs(x) > r(P2+···4- P:n..r) - Jr(x» implies -logFs(x) < 
< -logr(A. + P2 + .. ·+P1I(%) - n(r» < -logr(n(r)A. - ;r(r» = -logr -log 1Z'(x) -log(A. -1). 

Than for x=i the inequality (1) become: 

1 1 1 1 
--< < =----
FS(i) i(Pl +"'+P:(I) - Jr(i» i(PIJr(i) - Jr(i» iJr(i)(Pt -1) 

.r 1 
Than T(x)<l-log(x)-logJr(x)-log(A-l)+L -.-.--­

.=2 m(I)(Pt -1) 
.r 1 

A =2 =:- T(x) = l-logx-logJr(x)+ L -.-. 
1=2 lJr(l) 

=:- lim T(x) $ 1 - lim logx-lim 10gJr(x) + lim i: -. _1_. =1-oo-oo+L=-oo. 
;c~"" ;c ..... "" ;c ..... ~ ;c ..... oc 1=2 I Jr( I) 

PRoPOsmON 1. The equation Fs(x) = Fs(x + 1) has no solution for x eN - to, I}. 
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Proof First we consider that x-I is a prime number with x > 2. In the particular case 

x = 2 we obtain Fs(2) = 5(22) = 4; Fs(3) = 5(23
) + 5(33

) = 4 T 9 = l3. So F2 (2) < Fs(3). 
Next we shall write the inequalities: 

(2) 

U sing the reductio ad absurdum method we suppose that the equation Fs (x) = Fs (x + 1) 
has solution. From (2) results the inequalities 

From (3) results that: 

+7Z{x + 1) > 0. 

But Ptr(x+l) > 7Z{x + 1) so the diference from above is negative for x> 0, and we 

obtained a contradiction. So Fs ( x) = Fs ( x + 1) has no solution for x + 1 a prime number. 
Next, we demonstrate that the equation Fs ( x) = Fs (x + 1) has no solution for x and 

x + 1 both composite numbers. 

Let p be a prime number satisfing conditions P > x and P ~ x - I. Such P exists 
2 

according to Bertrand's postulate for every x E ~ - {O, I}. Than in the factorial of the number 

p( x-I), the number p appears at least x times. 

So, we have S(pX) ~ p(x -1). 

But p(x-I) < px+p-x (if p> x) and px+p-x=(p-I)(x+I)+I~S(pX+l). 
2 

Therefore :3 p ~ x -1 so that S(pX) < S(px+l). 

Than Fs(x) = S(pn+···+S(pX)+···+S(p~X» 
Fs(x + 1) = S(ptl)+ ... +S(pX+l)+···+S(p~+;» > Fs(x) 

In conclusion Fs ( x + 1) > Fs (x) for x and x + 1 composite numbers. If x is a prime 

number 7Z{ x) = 7Z{ x + 1) and the fact that the equation Fs ( x) = Fs ( x + 1) has no solution has 

the same demonstration as above. 
Finally the equation Fs (x) = Fs (x + 1) has no solution for any x EN - {O, I} . 

PROPOSITION 3. The function Fs(x) is strictly increasing function on its domain of 

definition. 
The proof of this property is justified by the proposition 2. 

PROPOSITION 4. Fs(x + y) > Fs(x) + Fs(Y) Vx,y EN - {O, I}. 

Proof Let X,Y EN - {O, I} and we suppose x < y. According to the definition of FS(x) 
we have: 
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F( ) S( x+y). S( ,rTY) .... S( X"'Y ). S( .r"'V) X + Y = PI T"'T P:r(x) ' P:r(.r)+!' ... + P:ft~) T (4) 

'S( .r+Y) S( .r+Y ) -r P1f(y)+1 + ... + P1f(x+y) 

But from (1) we have the following inequalities: 

A = (x + Y)(Pt + ... + P:r(.r) + P:r(x)+l + ... +Pn(x+y) - ;r(x + y» < F(x + y) $ 

and 

X(PI + ... + P1f(x) - ;r(x» + Y(PI + ... + P:r(.r) +"'+P:r(X) +"'+Pn(y) - ;r(y» < F(x) + F(y) $ 

$ x(p,.+··· + P1f(X» + yep, + ... + P,t(x) + P1l(x)+i + ... +.' ~.» = B 

We proof that B < A. 

B < A <:::> x(p, + ... + P1l(r» + Y(A + ... + P1l(r» + Y(PJZ(r)+1 + ... + PJZ(y») < 

x(A + ... + P:r(.r» + Y(A+"'~ P1f(.r» + x(P1l(r)+l + ... + P:r(r+y» - xn(x + y) + 

+ Y(P1l(x)+l + ... + P1l(y» + y( P.t(y)+l + ... + P1l(x+y» - y;r(x + y) <:::> 

x(P1l(r)+l+"'+P:r(x+Y) - ;r(x+ y»+ Y(p,t(Y)+i+···· .... P1E{r+y) - ;r(x+ y» > ° 
But P:r(r+y) ~ ;r(x + y) so that the inequality from above is true. 

CONSEQUENCE: FS(XY) > Fs(x) + Fs(Y) 'if x,y eN -'{O,l} 

(6) 

Because x andy eN - {O,l} and xy > x + Y than Fs(XY) > Fs(x + y) > Fs(x) + Fs(Y) 

PROPOsmON 5. We try to find lim FS(n) 
n-+oo na 

We have Fs(n) = L S(pr') and: 
O<p;Sn 
P!=pn1fll! 

A + p,,+"'+P:(n) - ;r(n) 
na- I 

If a= 1 than 

PI + P2+"'+P1r(II) 
na- 1 

lim n1
-

a (A+"'+p1l(II)-;r(n» = lim (Pt+"'+p1f(II)-;r(n» = +co ~ lim Fs(~) =+00 
n-+OO 11-+"" _ n~ 
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We consider now a > 1. 

!!(n) ;'!(n) 

L P, - ;r(n) L P, 
We try to find lim --"I=::.JI~ __ _ 

na- I 
and lim ~ appling Stolz - Cesaro: 

n-+oc na- I 

!!( n) 

Let an = L P, - ;r(n) and bl1 = na
-

1 

1=1 

:,(n+l) !!(n) 
L PI-;r(n+l)- L PI+;r(n) 
1=1 1=1 = 

!!(n) 
Let cn = L Pi and dn = na

-
I

. 
1=1 

!!(n+l) !!(n) 

Than Cn+1 - cn = 
dn+1 -dn 

= P!!(n+I) = L PI-LPI 
1=1 1=1 

(n + l)a-I _ na- I (n + l)a-I - na- I 

First we consider the limit of the function. 

n 
(n + l)a-l _ na - I 

if (n + 1) is a prime 

0, otherwise 

n+1 
if 

(n + l)a-1 _ na- I 

(n + I) is a prime 

0, otherwise 

lim x 
r-+co (x + It-I - x a- I I· 1 Co = 1m = 0 lor a - 2 > 1 

HCO ( a-l)[ (x + l)a-2 - x a- 2 ] 

We used the l'Hospital theorem: 
In the same way we have 

lim x + 1 = 0 for a > 3. 
r-+co (x + l)a-I - x a- I 

So, for a > 3 we have: 

. PI+P2+"'+P!!(n)-;r(n) and 
hm a-I = 0 
r-+co n 

r PI + P2 + ... + P!!(n) - 0 
1m a-I - . 

r-+co n 

Finally lim F (:) = { 0 
r-+"" n +00 

So lim F(n) = o. 
r-+co na 

for a> 3 

for a ~ 1 
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