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The Smarandache function is a numerical function S:N* —N* S(k) representing the
smallest natural number n such that n! is divisible by k. From the definition it results that
S(1)=1.

[ will refer for the beginning the following problem:

"Let k be a rational number, 0 < k < 1. Does the diophantine equation Rl k has
n

always solutions? Find all k such that the equation has an infinite number of solutions in
N*" from "Smarandache Function Journal".

I intend to prove that equation hasn’t always solutions and case that there are an
infinite number of solutions is when k=2 ,r € N* .k € Q and 0 <k < 1 = there are two
r

relatively prime non negative integers p and q such that k=% , pge N* , 0 <q<p. Letn
P p q » pP-.q q=p

be a solution of the equation > _ ¢ Then S—i"—’=£ , (1). Let d be a highest common
n q

divisor of n and S(n) : d = (n, S(n)). The fact that p and q are relatively prime and (1)
implies that S(n) = qd , n=pd = S(pd) = qd (*).

This equality gives us the following result: (qd)! is divisible by pd = [(qd - 1)!-q] is
divisible by p. But p and q are relatively prime integers, so (qd-1)! is divisible by p. Then
S(p)<qd-1.

I prove that S(p) 2 (q - 1)d.

If we suppose against all reason that S(p) < (q - 1)d, it means [( q - 1)d - 1} is
divisible by p. Then (pd)j [ (q - 1)d]! because d | (q - 1)d, so S(pd) S (q - 1)d. This is
contradiction with the fact that S(pd) = qd > (q - 1)d. We have the following inequalities:

(q-1)d<S(p)<qd-1.
S(p+l)sd

For q > 2 we have from the first inequality d S%Ll) and from the second , S0
- q
S(P*‘I)SJSS(P)_
q g-1
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For k=% | q > 2, the equations has solutions if and only if there is a natural number
P

between 221 and ﬂf’%. If there 1sn’t such a number, then the equation hasn’t solutions.
q q- ,
However, if there 1 a number d with Ste=b g s—S-(Ll) , this doesn’t mean that the equation
q q-

has solutions. This condition is necessary but not sufficient for the equation to have
solutions.

For example:

, M=%. In this case the equation hasn’t

3
2 q-1

a)k:%,q=4 , p=5 =

solutions.
b) k:% , =3, p=10; S(10)=5 , §=2$ds§. If the equation has solutions, then we

must have d=2, n=dp=20, S(n)=dq=6. But S(20)=5.
This is a contradiction. So there are no solutions for & =T36'

We can ha'e more then natural numbers between 221 3p4 52 1) For example:
q q-
9, 2= _ 15 3Dy,
q q-1

3() _k hasn’t always solutions.
n

3 — —
k=5§ , q=3, p=2

We prove that the equation

If g 2 2 then the number of solutions is equal with the number of values of d that

verify relation (*). But d can be a nonnegative integer between >2*Y and 52 1) , so d can
q q-

take only a finite set of values. This means that the equation has no solutions or it has only a

finite number of solutions.
We study note case & =L p € N*. In this case he equation has an infinite number of
p

solutions. Let py be a prime number such that p<p, and n=ppy. We have S(n)=S(ppo)=p, so

S(n)=py. Sk 1 , so the equation has an infinite number of solution.
n o p

I will refer now to another problem concerning the ratio 3 "5 there an infinity of
n

l 17 )
natural numbers such that 0 < { (x ) b< g 3(x) » 7" from the same journal.
W)X

[ will prove that the only number x that verifies the inequalities is x=9 : S(9)=6,

.82 { d }={3$=1 and0<lc2 sox=9veriﬁesO<{—x }<{——S(")}.
* 9 3 (S(x)) 6] 2 203 S(x) x

Let x=p{"...p7 be the standard form of x.
S(x):lmka.x S(pg*). We put S(x)=S(p*®) , where p* is one of pf..p* such that
<k<n

S(p®)= max S(pg*).
1<k<n 45



" x ) 2 S(x)-1
» can take one of the following values : . . ey
S(x) & S(x) 5(x) S(x}

because

,

Y ‘ N r
0 < <— ><<S(x)$(WehaveS(x)Sx,so&‘—)sl d{S(x) S(x) ). This means
\S(x)j . X ) x \ X 7 x
.‘E)-l_:s a2> 2 a_ 2
x  S{x) (P >x2p ()

But (ap)! =1-2- .. -p(p*1)...(2p)...(ap) is divisible by p® , so ap=S(p®). From this last
inequality and (2) it follows that aZp2>p2. We have three cases:

[. a=1. In this case S(x)=S(p)=p, x is divisible by p, so % € Z. This is a contradiction.
There are no solutions for a=1.

II. a=2. In this case S(x)=S(p2)=2p, because p is a prime number and (2p)! =1-2- ...
P(~1)-.(2p). s0 S(P?)=2p.

) . :
But{p ?esol> This means < px —r= l::~l<-£- <4 ; p is a prime number =p €
L2 12 2 272 Ty
{2,3}.
If p=2 and px; <4 = x; = 1, but x=4 isn’t a solution of the equation: S(4)=4 and
20
fa)°

- Ifp=3 and px; <4 = x; =1.s0x=p?=9 is a solution of equation.

III. a=3. We have a?p?>p* < a2 > p*1.

For a > 8 we prove that we have p*2>p2, (V) p € N* | p22.
We prove by induction that 281 > (n+1)2.

201 = 2.20-2>2.n2=n2+n2>n2+8n>n2+2n+1=(n+1)2, because n > 8.
We proved that p*-2 22%-1>q2 forany a28,p € N*, p>2.
We have to study the case a € { 3,4,5,6,7}.
a)a=3 = p e {2,3,5,7} . because p is a prime number.

/

If p=2 then S(x)=S(23)=4. But x is divisible by 8, so isz )} { } 0, so x=4 cannot
x

be a solution of the inequation.

£

If p=3 = S(x)=S(33)=9. But!x BUAvT41ble By 27 so {E(%} = g} =0, so x=9 cannot
L X

PR

be a solution of the inequation.

{ Y or M
If p=5 = S()=S(53)=15; ﬁiﬁf - Si") L= 0 x=53x,, x] € N*, (5.x)=1.
L \ 7
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e, T 3 : . L it 12 1
We have 0</ L, <¢{———>. This first inequality implies ¢ bE{—, =%, 50 = <
3 5hx . o33 3
523 = 5%.x <9, but this is impossible.
X
If p=7 = S(x)=S(73)=21, x=73-x; , (7.x))=1, x1 € N*,
T x ) IS0 7%, 7Pk
We have 0 < ¢ ¥ i< §S(x)> :0<<7 x"j> < 23 . But 0 < ¢ } implies
Sl e T U3 ] T N
7Pl (102
(et
3 133
1 (Tx, 5 . :
W have 3 <y T » = 7%.x; <9, but is impossible.
{ J

b)a=4:16 = p e {2,3}.

S(x)

If p=2 = S(x)=S(x2)=6 , x=16-x; , x;e N* , 2x)=1,0 < {__x Ij < =0 <
1S(x) x
4&1 <3
3 8

8 A}
0< {25} =ox,=1 =5x=16.

f To16) (8) . o :
o) _e 3. : . f>=<1—§'>:<f§;=3-z >3 sothe inequality isn’t verified.
Sy, (6, 3, 33 8

If p=3 = S(x)=S(34)=9 , x=34x, , Bx =<l > Ix = g(—x—)=0, so the inequality isn’t
p 4

But

x 16 8°
verified.

For a={5,6,7}, the only natural number p>1 that verifies the inequality a? >p>-2 is 2:

a=5:25>p3 = p=2

o =6:36>p* =p=2

a=7:49>p

In every case x=2%x, , x;€ N* , (x4,2)=1 , and S(x;) < S(2%).

But S(25) =S(26) =S(27)8 , so S(x) = 8 But x is divisible by 8, so {ﬁ} =0 so the

1 )

inequality isn’t verified because O={' S(x ) ¢. We found that there is only x=9 to venify the
X))

. . f 1 (800

nequality 0 < < —\ <

oy 0< (555 < (5

[ try to study some diophantine equations proposed in "Smarandache Function
Journal".

1) I study the equation S(mx)=mS(x), m>2 and x is a natural number.
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Let x be a solution of the equation.

We have S(x)! is divisible by x It is known that among m consecutive numbers, one is
divisible by m, so (S(x)!)is divisible by m, so (S(X)+1XS(x+2)...(S(x)+m) is divisible by
(mx). We know that S(mx) is the smallest natural number such that S(mx)! is divisible by
(mnx) and this implies S(mx)<S(x)+m. But S(mx)=mS(x), so mS(x)<S(x)+me>mS(x)-S(x)-
m +1 £ & (m-1) (S(x)-1)<1. We have several cases:

If m=1 then the equation becomes S(X)=S(x), so any natural number 1s a solution of
the equation.

If m=2, we have S(x) € { 1,2 } implies x € { 1,2} . We conclude that if m=1 then any
natural number is a solution of the equation of the equation; if m=2 then x=1 and x=2 are
only solution and if m 2 3 the only solution of the equation is x=1.

2) Another equation is S(xY)=yX , X, y are natural numbers.

Let (x,y) be a solution of the equation.

(yx)!=1..x(x+1)...(2x)...(yx) implies S(x¥) < yx, so y*<yx, because S(xY)=y*.

Buty>1,s0 y*l<x.

If x=1 then equation becomes S(1) =y, so y=1, so x=y=1 is a solution of the equation.
If x22 then x22%1. But the only natural numbers that verify this inequality are x=y=2:

x=y=2 verifies the equation, so x=y=2 is a solution of the equation.

For x23 we prove that x<2%-1, We make the proof by induction.

If x=3 : 3<23-1=4,

We suppose that k<2k-! and we prove that k+1<2k We have 2k=2.2k>2-k=k+k>k+1, so
the inequality is established and there are no other solutions then x=y=1 and x=y=2.

3) I will prove that for any m,n natural numbers, if m>1 then the equation S(x?)=x™
has no solution or it has a finite number of solutions, and for m=1 the equation has a
infinite number of solutions.

I prove that S(x?)< nx. But x@=5(x") , so x™ < nx.

For m>2 we have x™! < n. If m=2 then x< n, and if m 2 3 then x < ™¥, s0 X can
take only a finite number of values, so the equation can have only a finite number of
solutions or it has no solutions.

We notice that x=1 is a solution of the equation for any m,n natural numbers.
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If the equation has a solution different of 1, we must have x™=5(x") <x1., so m<n

If m=n, the equation becomes xm=1=§(x™) , so X" is a prime number or x" =4, so n=1
and any prime number as well as x=4 is a solution of the equation, or n=2 and the only
solutions are x=1 and x=2.

For m=1 and n > 1, we prove that the equations S( x™)=x, X € N* has an infinite
number of solutions. Let be a prime number, p>n. We prove that )np) is a solution of the
equation, that is S((np)?)=np.

n<p and p is a prime number, so n and p are relatively prime numbers.

n<p implies:

(np)! = 1-2- ... - n(n+1)- ... -(2n)- ... -(pn) is divisible by n2.

(np)! = 1-2- ... - p(p*1)- ... (2p)- ... -(pn) 1s divisible by p=.

But p and n are relatively prime numbers, so (np)! is divisible by (np)®.

If we suppose that S((np)?)<np, then we find that (np-1)! is a divisible by (np)?, so(np-
1)1 is divisible by p%(3). But the exponent of p in the standard form of p in the standard
form of(np 1)! iS'

But p >n, so p2 >np >np-1. This implies :
; |- 1] |

k

p

0 , for any k 2 2. We have:

E
[ d
np—
pP

E=

p-17
! j—n—l.

This means (np-1)! is divisible by p™! | but isn’t divisible by p2 , so this is a
contradiction with (3). We proved that S((np)n)=np, so the equation S(xn)=x has an infinite

number of solutions for any natural number n.
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