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Abstract: Let G(V,E) be a graph with p vertices and ¢q edges. For every assignment
f V(G — {0,1,2,3,...,q}, an induced edge labeling f* : E(G) — {1,2,3,...,q} is

defined by
* M if f(u) and f(v) are of the same parity
M (w) = w otherwise

for every edge uv € E(G). If f*(F) = {1,2,...,q}, then we say that f is a mean labeling
of G. If a graph G admits a mean labeling, then G is called a mean graph. In this paper,
we prove that the graphs double sided step ladder graph 25(T},), Jelly fish graph J(m,n)
for l/m —n| < 2, Pu(4+)Nm, (P2 UkK1) + N2 for k > 1, the triangular belt graph T'B(«),
TBL(n,a,k,3), the edge mCr,— snake, m > 1,n > 3 and S;(B(m)(,)) are mean graphs.
Also we prove that the graph obtained by identifying an edge of two cycles Cy, and C), is a

mean graph for m,n > 3.

Key Words: Smarandachely edge 2-labeling, mean graph, mean labeling, Jelly fish graph,
triangular belt graph.
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,. Kim
is called a star and it is denoted by S,,. The bistar B,, , is the graph obtained from K, by
identifying the center vertices of K ,, and K; , at the end vertices of Ky respectively. By, m
is often denoted by B(m). The join of two graphs G and H is the graph obtained from G U H
by joining each vertex of G with each vertex of H by means of an edge and it is denoted by
G + H. The edge mC,,— snake is a graph obtained from m copies of C,, by identifying the
edge vg41VE+2 in each copy of Cy,, n is either 2k + 1 or 2k with the edge vv2 in the successive
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copy of C,. The graph P, x P, is called a ladder. Let P», be a path of length 2n — 1 with 2n
vertices (1,1),(1,2),...,(1,2n) with 2n — 1 edges ej, ea, ..., e2,_1 where e; is the edge joining
the vertices (1,7) and (1,74 1). On each edge e;, for i = 1,2,...,n, we erect a ladder with i + 1
steps including the edge e; and on each edge e;, for i = n+ 1,n+ 2,...,2n — 1, we erect a
ladder with 2n + 1 — ¢ steps including the edge e;. The resultant graph is called double sided
step ladder graph and is denoted by 25(T5,), where m = 2n denotes the number of vertices in
the base.

A vertex labeling of G is an assignment f : V(G) — {0,1,2,...,q}. For a vertex labeling
f, the induced edge labeling f* is defined by

) 7f(u) ; f) if f(u) and f(v) are of the same parity
f ) = M otherwise
2

A vertex labeling f is called a mean labeling of G if its induced edge labeling f* : E(G) —
{1,2,...,q} is a bijection, that is, f*(E) = {1,2,...,q}. If a graph G has a mean labeling,
then we say that G is a mean graph. It is clear that a mean labeling is a Smarandachely edge
2-labeling of G.

A mean labeling of the Petersen graph is shown in Figure 1.
2

14 13

12 15

Figure 1

The concept of mean labeling was introduced and studied by S.Somasundaram and R.Ponraj
[4]. Some new families of mean graphs are studied by S.K.Vaidya et al. [6], [7]. Further some
more results on mean graphs are discussed in [2], [3], [5].

In this paper, we establish the meanness of the graphs double sided step ladder graph
25(Ty,), Jelly fish graph J(m,n) for |m —n| < 2, P,(+)Ny, (P2 UkK;y) + No for k > 1,
the triangular belt graph TB(«), TBL(n,a,k,3), the edge mC,,—snake m > 1,n > 3 and
St(B(m)(n)). Also we prove that the graph obtained by identifying an edge of two cycles Cy,
and C,, is a mean graph for m,n > 3.

82. Mean Graphs

Theorem 2.1 The double sided step ladder graph 25(T,,) is a mean graph where m = 2n

denotes the number of vertices in the base.
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Proof Let Py, be a path of length 2n — 1 with 2n vertices (1,1),(1,2),---,(1,2n) with
2n — 1 edges, e1, e, - ,€2,_1 where e; is the edge joining the vertices (1,4) and (1,7 + 1). On
each edge e;, for i =1,2,--- . n, we erect a ladder with ¢ + 1 steps including the edge e; and on
each edge ¢;, fori=n+1,n+2,--- ,2n — 1, we erect a ladder with 2n 4+ 1 — ¢ steps including
the edge e;.

The double sided step ladder graph 2.5(T5;,) has vertices denoted by (1, 1), (1,2),...,(1,2n),
(2,1),(2,2), -, (2,2n),(3,2), (3,3), -, (3,2n—1), (4,3), (4,4),- - , (4,2n—2),- -+ , (n+1,n), (n+
1,n + 1). In the ordered pair (4, 5), ¢ denotes the row (counted from bottom to top) and j de-
notes the column (from left to right) in which the vertex occurs. Define f : V(25(T,,)) —
{0,1,2,..., ¢} as follows:

fli,j)=n+1—-i)2n—2i+3)+j—1, 1<j<2n,i=1,2
f@,))=m+1-9)2n—-2i+3)+j+1—4, i—1<j<2n+2-43<i<n+1l.

Then, f is a mean labeling for the double sided step ladder graph 25(T5;,). Thus 25(7T.,)
is a mean graph. a

For example, a mean labeling of 25(T}¢) is shown in Figure 2.

0 1
3 4 5 6
10 1 12 13 14 15
21 22 3 24 25 26 27 28
36 37 38 39 40 41 42 43 44 45
.

55 56 57 58 59 60 61 62 63 64

Figure 2

For integers m,n > 0 we consider the graph J(m,n) with vertex set V(J(m,n)) =
{uw,v, 2, y}U{x1,z2,¢..., 2 }U{y1,92, - ,yn} and edge set E(J(m,n)) = {(u, x), (u,v), (u,y),
(v,z), (v,y)} U{(zs,2) :i=1,2,--- ,;m}PU{(ys,y) :i=1,2,--- ,n}. We will refer to J(m,n) as
a Jelly fish graph.

Theorem 2.2 A Jelly fish graph J(m,n) is a mean graph for m,n >0 and |m —n| < 2.

Proof The proof is divided into cases following.

Casel m=n.
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Define a labeling f : V(J(m,n)) — {0,1,2,...,¢g =m+n+5} as follows:

flu) =2, f(y) =0,
fWy=m+n+4, f(z) =m+n+5,
)
) =

u

[z (i—1), 1<i<m

2
(yn-i—l —1 2

4+
342(i—1), 1<i<n
Then f provides a mean labeling.
Case2 m=n+lorn+2
Define f : V(J(m,n)) — {0,1,2,...,g =m+ n+ 5} as follows:
Flu) =2, f(v) = 2n+4, f(y) =
m-+n+5 ifm=n+1

f(x) = ,
m+n+4 Ifm=n+2

4+42(i—1), 1<i<n

fzi) = ) :
2n+5+23—(n+1)), n+1<i<m

fWnt1—i) =342 —-1), 1<i<n.
Then f gives a mean labeling. Thus J(m,n) is a mean graph for m,n > 0 and |m —n| < 2. O

For example, a mean labeling of J(6,6) and J(9,7) are shown in Figure 3.
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Let P,(4+)N,, be the graph with p = n+m and ¢ = 2m +n — 1. V(P,(+)Ny) =
{U17U27 o, UnyY1,Y2,0 7ym}7 where V(Pn = {’Ul,’UQ, e 7”77,}7 V(Nm) = {y17y27 e 7ym} and

(’Ulayl)u (U17y2)7 T (Uluym)7
(vnvyl)a (vnva)v ) (’Un, ym)

Theorem 2.3 P,(+)N,, is a mean graph for all n,m > 1.

Proof Let us define f: V(P,(+)Ny,) — {1,2,3,---,2m +n — 1} as follows:

flyi)=2i—1, 1<i<m,
f(v1) =0,

1
f(vi) =2m+1+2(i —2), 295["; W
. . n—1
f(Ung1—i) =2m+24+2(i — 1), 1§z§{ 5 J
Then, f gives a mean labeling. Thus P, (+)N,, is a mean graph for n,m > 1. O

For example, a mean labeling of P3(+)N5 and P;(+)Ng are shown in Figure 4.

0 11 13 15 17 16 14 12 0o 13 15 17 18 16 14

Figure 4

Theorem 2.4 For k > 1, the planar graph (P> UkK;) + Ny is a mean graph.

Proof Let the vertex set of Py UkK; be {21, 22, %1, 22, -, 2} and V(Na) = {y1,y2}. We
have ¢ = 2k + 5. Define a labeling f : V((P2 UkKy) + N2) — {1,2,---,2k + 5} by

fy1) =0, f(y2) =2k +5, f(z1) =2
f(z2) =2k +4
flz)=4+2>i-1), 1<i<k
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Then, f is a mean labeling and hence (P, U kK7) + No is a mean graph for k > 1. O

For example, a mean labeling of (P> U5K7) + N is shown in Figure 5.
2

14

4

Figure 5

Let S = {1, ]} be the symbol representing, the position of the block as given in Figure 6.

Figure 6

Let a be a sequence of n symbols of S, a € S™. We will construct a graph by tiling n blocks
side by side with their positions indicated by «. We will denote the resulting graph by T'B(«)
and refer to it as a triangular belt.

For example, the triangular belts corresponding to sequences a; = {11}, a2 = {[[T]}

respectively are shown in Figure 7.

TB(L, 1,1

TB(l,1,1,1)

Figure 7
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Theorem 2.5 A triangular belt TB(«) is a mean graph for any « in S™ with the first and last
block are being | for allm > 1.

Proof Let uy,ug,...,uUn,unt1 be the top vertices of the belt and vq,vs, ..., vy, Up41 be
the bottom vertices of the belt. The graph T'B(«) has 2n+ 2 vertices and 4n+ 1 edges. Define
f:V(I'B(a)) — {0,1,2,...,q = 4n + 1} as follows :

flu;))=4i, 1<i<n

fw)=2+44(i-2), 2<i<n
Then f gives a mean labeling. Thus T B(«) is a mean graph for all n > 1. O

For example, a mean labeling of TB(«), TB(3) and T B(~) are shown in Figure 8.

4 8 12 16 17
TB(l,1,1,1)

0 2 6 10 14
4 8 12 16 20 21

TB(, 1, 1,1, 1)
0 2 6 10 14 18
4 8 12 16 20 21

TB(, 1,1, 1,1)
0 2 6 10 14 18

Figure 8

Corollary 2.6 The graph P? is a mean graph.

Proof The graph P2 is isomorphic to TB(l,|,|,...,]) or TB(1,1,1,...,1). Hence the
result follows from Theorem 2.5. O

We now consider a class of planar graphs that are formed by amalgamation of triangular
belts. For each n > 1 and « in S™ n blocks with the first and last block are | we take the
triangular belt TB(«a) and the triangular belt TB(j3), 3 in S* where k > 0.

We rotate T B(3) by 90 degrees counter clockwise and amalgamate the last block with the
first block of T'B(a) by sharing an edge. The resulting graph is denoted by TBL(n, o, k, ),
which has 2(nk + 1) vertices, 3(n + k) + 1 edges with

V(TBL(n,o, k,B)) = {uii,ui2, - U1 nt1,U2,1,U2,2,

C U2 n4+1,V31,V3,2,"* , U3 k—1,V4,1,V4,2," " 7”4,/6—1}'
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Theorem 2.7 The graph TBL(n,a, k,3) is a mean graph for all o in S™ with the first and
last block are | and 3 in S* for all k > 0.

Proof Define f: V(TBL(n,a,k,5)) — {0,1,2,...,3(n+ k) + 1} as follows:

flur;) =4k +4i, 1<i<n
fluins1) =4(n+k) +1
flug1) =4k
flug;) =4k +2+4(i—2), 2<i<n+1
flus,)=4i—4, 1<i<k
flogi) =4i—-2, 1<i<k
Then f provides a mean labeling and hence TBL(n, «, k, 3) is a mean graph. |

For example, a mean labeling of TBL(4, |, 1,1,1,2,1,1) and TBL(5, 1.1, |, 1. 1.3,1, 1, 1)

is shown in Figure 9.

12 16 20 24 25
8
10 14 18 22
4 6
0 2
16 20 24 28 32 33
12
14 18 22 26 30
8 10
4 6
0 2

Figure 9



30 R.Vasuki and S.Arockiaraj

Theorem 2.8 The graph edge mC,,—snake, m > 1,n > 3 has a mean labeling.

Proof Let vi;,vz2;,..., vy, be the verticesand ey, ea;, ..., ey, be the edges of edge mCy, —snake
for1 <j<m.

Case 1 nisodd

Let n = 2k +1 for some k € Z*. Define a vertex labeling f of edge mC,, —snake as follows:

f(o1,) =0, f(vz,) =1

flog)=2i—-2, 3<i<k+1

JWg140),) =n—2(i—1), 1<i<k
f(v,) = f(v(k+2)1) f(v22)=f(v(k+1)1)7
fvi,) =n+4+20-3), 3<i<k+1

(U(k+1+z)2) n—2—2(z—1) 1<i<k-1
f(vny)
f(viy)

Then f gives a mean labeling.

f(vzj ,)+2n—-2, 3<j<m, 1<i<n.

Case 2 nis even

Let n = 2k for some k € ZT. Define a labeling f of edge mC,,—snake as follows:

)
flo,)=2i-2, 3<i<k+1
JWg14i),) =n—1-2(i—-1), 1<i<k-1
f(vij):f(vZ] 1)—|—n—1, 2<j<m, 1<i<n
Then f is a mean labeling. Thus the graph edge mC,, —snake is a mean graph for m > 1 and
n > 3. |

For example, a mean labeling of edge 4C7-snake and 5Cg-snake are shown in Figure 10.

1 4 11 16 23

Figure 10
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Theorem 2.9 Let G’ be a graph obtained by identifying an edge of two cycles C,, and C,,.
Then G’ is a mean graph for m,n > 3.

Proof Let us assume that m < n.
Case 1 mis odd and n is odd

Let m=2k+1,k>1andn=20+1,1>1. The G’ has m +n — 2 vertices and m+n — 1
edges. We denote the vertices of G’ as follows:

v3 Vk+2

V2

N Vk+3

Vk+21+2 Vg 421

Figure 11

Define f : V(G') — {0,1,2,3,...,¢g =m+n — 1} as follows:

fv1) =0, flui)=2i-1, 2<i<k+1
fw)=m+3+20—k—-2), k+2<i<k+]l
fw)=m+n—-1-20i—-k-1-1), k+1+1<i<k+2
flo)=m—-1-2@Gi—-k—-21—1), k+2+1<i<2k+2l

Then f is a mean labeling.
Case 2 m is odd and n is even
Let m=2k+1,k>1and n=2l,1 > 2. Define f: V(G') — {0,1,2,3,....,.g=m+n—1}

as follows:

flo1)=0, flv;))=2i—1, 2<i<k+1
fw)=m+3+20i-k-2), k+2<i<k+I
Fo)=man—2-26—k—1-1), kti+1<i<k+2—1
Fw)=m—-1-26—k-2), k+20<i<2%k+2—1

Then, f gives a mean labeling.

Case 3 m and n are even
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Let m =2k, k > 2 and n = 2[, [ > 2. Define f on the vertex set of G’ as follows:

Flo) =0, flv)=2i—2, 2<i<k+1

flo)=m+3+2(i—-k-2), k+2<i<k+l
fo)=m4+n—2-20-k—1-1), k+l+1<i<k+20-1
fw)=m—-1-20—k—21), k+20<i<2k+20—2

Then, f is a mean labeling. Thus G’ is a mean graph. |

For example, a mean labeling of the graph G’ obtained by identifying an edge of C7; and

Cho are shown in Figure 12.

Figure 12

Theorem 2.10 Let {u;v;wiu; : 1 < i < n} be a collection of n disjoint triangles. Let G be the
graph obtained by joining w; to u;41,1 <1 <n—1 and joining u; to w41 and vi41,1 <t <n—1.
Then G is a mean graph.

Proof The graph G has 3n vertices and 6n — 3 edges respectively. We denote the vertices
of G as in Figure 13.

V1 V2 v3 V4

Figure 13

Define f: V(G) — {0,1,2,...,6n — 3} as follows:
flu;))=6i—4,1<i<n
flu;))=6i—6,1<i<n
flw;)) =6i—3,1<i<n.
Then f gives a mean labeling and hence G is a mean graph. |

For example, a mean labeling of G when n = 6 is shown Figure 14.
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Figure 14

The graph obtained by attaching m pendant vertices to each vertex of a path of length
2n — 1 is denoted by B(m),. Dividing each edge of B(m)(,) by t number of vertices, the
resultant graph is denoted by S;(B(m) ).

Theorem 2.11 The Si(B(m)(y)) is a mean graph for all m,n,t > 1.

Proof Let vy,va,..., v, be the vertices of the path of length 2n —1 and u; 1, ui 2, ..., Uim
be the pendant vertices attached at v;,1 < i < 2n in the graph B(m),). Each edge v;v;41,1 <
i < 2n — 1, is subdivided by t vertices x;1,%;2,...,%;+ and each pendant edge v;u; j, 1 <7 <
2n,1 < j <'m is subdivided by ¢ vertices ¥; j 1,¥:,j,2s - - - Yijt-

The vertices and their labels of S;(B(m)()) are shown in Figure 15.

vy 1,1 1,2 L. 1.t vg
Y1,1,1 Y1,m,1 Y2,1,1
Y1.%,1 d y2 onf2,m,1
Y1,1,2
L Y1,m,2

4Y1,2,2 T v2,1,2 Y2, m,2

v2,2,2
Y1,1,t Yo 1 Y2, m,t
Y1l,m,t sl
4 V1o s, Y2,2,¢
“1,1 u1,2 “1,m u2,1 u2,2 u2,m

Figure 15

Define f: V(S¢(B(m)m))) — {0,1,2,...,(t 4+ 1)(2mn + 2n — 1)} as follows:

t+1)(m+1)(i—1) ifiisoddand1<i<2n-—1

flvi) =
t+1D[(m+1)i—1] ifiisevenand1<i<2n-—1
) (t—l—l)[(m—l—l)i—l—m—l]—l—k ifiisodd, 1<i<2n—1land1<k<t
Tk
t+D[(m+1)i—1]+ ifiiseven,1<i<2n—1land 1<k <t
t+D(m+1)0— 1) if 4 is odd,
+(2t+2)(5 -1 1<i<2n,1<j<mand1<k<t
Fign) =

)+
(t+ 1)[(m+1)(z—2)+ 1] if i is even,
+(2t+2)(j—1)+ 1<i<2n,1<j<mand1<k<t

7
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t+1)[(m+1)@

)+ 1] if4is odd,

-1)+1
+(2t+2)(5 — 1), 1<i<2nand1<j<m
and f(uiyj) =
(t+D[(m+1)(i—2)+2] ifiis even,
+(2t+2)(j — 1), 1<i<2nand1<j<m.
Then, f is a mean labeling. Thus S;(B(m)(,)) is a mean graph. O

For example, a mean labeling of S3(B(4)(2)) is shown in Figure 16.

Figure 16
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