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Abstract For any positive integer n, let SL(n) denotes the least positive integer k such
that L(k) = 0 (mod n), where L(k) denotes the Least Common Multiple of all integers from
1 to k. The main purpose of this paper is to study the properties of the Smarandache LCM

function SL(n), and give an asymptotic formula for its mean value.
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§1. Introduction

For any positive integer n, we define SL(n) as the least positive integer k such that L(k) =0
( mod n). That is, SL(n) = min{k : n | [1,2,3,--- ,k]}. For example, SL(1) =1, SL(2) = 2,
SL(3) =3, SL(4) =4, SL(5) =5, SL(6) =3, SL(7) =7, SL(8) =4, ---, SL(997) = 997,
SL(998) = 499, SL(999) = 37, SL(1000) = 15, ---. The arithmetical function SL(n) is called
the Smarandache LCM function. About its elementary properties, there are some people studied
it, and obtained many interesting results. For example, in reference [1], Murthy showed that if
n is a prime, then SL(n) = S(n) = n. Simultaneously, he proposed the following problem,

SL(n) =S(n), S(n)+#n? (1)

Maohua Le [2] solved this problem completely, and proved that every positive integer n satisfying

(1) can be expressed as

n=12 or n=p"ps* - p¥p,

where p1, po, -+, pr, p are distinct primes, and ay, as, -+, o, are positive integers satisfying
p>piti=1,2, -, 1.

But about the deeply arithmetical properties of SL(n), it seems that none had studied it
before, at least we have not seen such a result at present. It is clear that the value of SL(n) is
not regular, but we found that the mean value of SL(n) has good value distribution properties.
In this paper, we want to show this point. That is, we shall prove the following conclusion:

Theorem. For any real number z > 1, we have the asymptotic formula
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1 1
where A = 52 pomE k is any fixed positive integer, and ¢y, ca, --+, ¢ are calculable
p2 —
P
constants.

§2. Proof of the theorem

In this section, we shall complete the proof of Theorem. First we need the following two
simple lemmas.

Lemma 1. Let n = p{"p5? - - pi* be the factorization of n into prime power, then
SL(n) = max (p*, p3?, -+ p).

Proof. This Lemma can be deduce by the definition of SL(n), see reference [1].
Lemma 2. For any arithmetical function a(n), let A(z) = Z a(n), where A(z) = 0 if

n<zx
x < 1. Assume f(z) has a continuous derivative on the interval [y, z], where 0 < y < z. Then

we have

y<n<z

Proof. This is the famous Abel’s identity, its proof see Theorem 4.2 of [2].

Now we complete the proof of our Theorem. We will discuss it in two cases. Let p be the
greatest prime divisor of n,

(a) if n=1p-1, p>1, then use Lemma 1 we obtain SL(n) = p.

(b) If n=p-1, p <, then we will discuss it in three cases.

(7) If n is complete power of prime, that is n = p®, o > 2, then SL(n) < n, but the number
of this kind n is not exceed v/n. Thus Z SL(n) =0 (;E%)

n<x
n=p%
a>2
(i4) If n is not complete power of prime, that is n = [ - p*, and | < p*, I < /n, then

SL(n) = p*. Thus
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Because a > 2, so &=

(#i7) If n is not complete power of prime, that isn =1-p

then SL(n) ={. Thus

> SL(n)

n<zx
n=I-p>
I>p>

1
lsa<ii

where

T 2 2

ISa<ig p<z2a %a

L < % We obtain

> SL(n)

n<zx
n=I[-p>
I<p>
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Using the same method, we deduce that
ol ¥ ¥ 2]-om
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Because a > 1, so L < % Thus
> SL(n)=A2"+0
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where A = 5 Ep: in_l
Combining the above two cases, we may immediately get following equation
Y SLn) = > p+ > SLn) (2)
n<lx n<x n<lx
p>l p<l
p>/n
= Z Z p—&-Ax?—l—O(x%lnx).
1<z l<p<¥

Let a(n) denote the characteristic function of the prime. That is

1, if n is prime;

a(n) =
0, otherwise.

> aln) =) 1=m(x).

Then we have A(z) =

1<n<z p<x
Thus by Lemma 2
x %
Z p= aln)yn=m (7) 7 Ol — /l 7(t)dt,

I<p<7F I<n< %
+ A1 HAopss o Ay + 0 (ﬁ), A; are calculable constants

where 7(z) =
i=1,2,...,n

Then
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where
T T t
t)dt = —dt+ / —dt+ 0O / ——dt | .
/l m(t) /l Z Hl ( ;o I >

Integration by parts give us
/lf ﬁdt B 2123:11? " 4z231612129; " 412313237 o (m“lex) ’
/l? lntztdt B 2123112127 " 252Tj37 " 4123£z§ Tt (mfjla) ’
t x? na? n(n+ 1)a? _.,+O< - )
812" +? 2 2" g

%
dt =
/l In" ¢ 212In" 7 * 472 In™ 1 z
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Combining above formulas, and take them in (3), we obtain

l’2 IE2 1’2 0 IL'2 4
B B ...+ B,
2 2 2 Pz T ErE T P pnrE T <1n”+1x) @

1<z l<p<T 1<z
2
B 22 | B ( 1 >+ Bs ( 1 ) -
- E: 72 Inl 2 Inl
v 2 |lnz \1- T In“z — s
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e \1- oL e \1-
1

z? 1 In{ In?{
= B —+— 4+ 4. 40
Z 12 [ ' (lnx+ln2x+ln3x+ * (111”:0))

I<Jz

1 Inl  In?l
+Bz<+r; + 40

Inz  Inz In°z

1 Inl In%l
+B3(—+—5—+—5—+-+0
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x
B 1 n Inl n In?1 n L0 1
b Inz  In’z In®z In" z

where B; are constants, i =1,2,...,n.

> In* 1
We know that Z R

=1

nFl I In* 1 In*
¥ sy o (),

I<Vw =1 >z

= ¢, thus

22
In* x

In (4) every coefficient of is calculable, where k is any fixed positive integer.

So we obtain that

> D U A
p 11n$ 21n2x k nf*e /)’

k
1<z l<p< T In" z

Combining this formula with (2), we obtain

st = ¥ Y ptdet+0(athn)

n<zx <z lI<p<F

x? x? x? x?
= Ax? i S 40—,
o +Cllnx+021n2x+ +Cklnka7+ (lnkﬂﬂi)
1 1 . e
where A = 52 Py k is any fixed positive integer, and cq, co, ---, ¢ are calculable
P2 —
P

constants.

This completes the proof of the theorem.
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