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Abstract: Absolutely harmonious labeling f is an injection from the vertex set of a graph
G with ¢ edges to the set {0,1,2,...,q — 1}, if each edge uv is assigned f(u) + f(v) then the
resulting edge labels can be arranged as ao, a1, az,...,aq—1 where a; = qg—ior ¢g+1i, 0 <
i < ¢g—1. However, when G is a tree one of the vertex labels may be assigned to exactly
two vertices. A graph which admits absolutely harmonious labeling is called absolutely
harmonious graph. In this paper, we obtain necessary conditions for a graph to be absolutely

harmonious and study absolutely harmonious behavior of certain classes of graphs.
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§1. Introduction

A vertex labeling of a graph G is an assignment f of labels to the vertices of G that induces a
label for each edge xy depending on the vertex labels. For an integer k > 1, a Smarandachely
k-labeling of a graph G is a bijective mapping f : V — {1,2,--- k|V(G)| + |E(G)|} with
an additional condition that |f(u) — f(v)| > k for Vuv € E. particularly, if k¥ = 1, i.e., such
a Smarandachely 1-labeling is the usually labeling of graph. Among them, labelings such as
those of graceful labeling, harmonious labeling and mean labeling are some of the interesting
vertex labelings found in the dynamic survey of graph labeling by Gallian [2]. Harmonious
labeling is one of the fundamental labelings introduced by Graham and Sloane [3] in 1980 in
connection with their study on error correcting code. Harmonious labeling f is an injection
from the vertex set of a graph G with ¢ edges to the set {0,1,2,...,q — 1}, if each edge uv is
assigned f(u) + f(v)(mod q) then the resulting edge labels are distinct. However, when G is
a tree one of the vertex labels may be assigned to exactly two vertices. Subsequently a few
variations of harmonious labeling, namely, strongly c-harmonious labeling [1], sequential labeling
[5], elegant labeling [1] and felicitous labeling [4] were introduced. The later three labelings
were introduced to avoid such exceptions for the trees given in harmonious labeling. A strongly
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1-harmonious graph is also known as strongly harmonious graph.

It is interesting to note that if a graph G with ¢ edges is harmonious then the resulting
edge labels can be arranged as ag,a1,a2, - ,a4—1 where a; =i or g+, 0<¢<qg—1. That
is for each i, 0 < ¢ < ¢ — 1 there is a distinct edge with label either ¢ or ¢ +i. An another
interesting and natural variation of edge label could be ¢ — ¢ or ¢ + 7. This prompts to define a

new variation of harmonious labeling called absolutely harmonious labeling.

Definition 1.1 An absolutely harmonious labeling f is an injection from the vertexr set of a
graph G with q edges to the set {0,1,2,...,q — 1}, if each edge uv is assigned f(u)+ f(v) then the
resulting edge labels can be arranged as ap, a1, a2, ...,aq—1 where a; = g—ior g+i, 0 <i <g—1.
However, when G is a tree one of the vertex labels may be assigned to exactly two vertices. A

graph which admits absolutely harmonious labeling is called absolutely harmonious graph.

The result of Graham and Sloane [3] states that Cy,,n = 1(mod 4) is harmonious, but we
show that C,,n = 1(mod 4) is not an absolutely harmonious graph. On the other hand, we
show that Cj is an absolutely harmonious graph, but it is not harmonious. We observe that a
strongly harmonious graph is an absolutely harmonious graph.

To initiate the investigation on absolutely harmonious graphs, we obtain necessary condi-

tions for a graph to be an absolutely harmonious graph and prove the following results:
1. Path P,,n > 3, a class of banana trees, and P,, ® K¢, are absolutely harmonious graphs.

2. Ladders, C,, ® K¢,, Triangular snakes, Quadrilateral snakes, and mK, are absolutely

harmonious graphs.
3. Complete graph K, is absolutely harmonious if and only if n = 3 or 4.

4. Cycle Cpyn =21 or 2 (mod 4), Cp, x C,, where m and n are odd, mKs, m > 2 are not

absolutely harmonious graphs.

82. Necessary Conditions

Theorem 2.1 If G is an absolutely harmonious graph, then there exists a partition (V1,Va) of
the vertex set V(G), such that the number of edges connecting the vertices of Vi to the vertices
of Va is exactly [%—‘

Proof If G is an absolutely harmonious graph,then the vertices can be partitioned into
two sets V7 and V5 having respectively even and odd vertex labels. Observe that among the ¢
edges g edges or [2] edges are labeled with odd numbers, according as ¢ is even or ¢ is odd.
For an edge to have odd label, one end vertex must be odd labeled and the other end vertex
must be even labeled. Thus, the number of edges connecting the vertices of Vi to the vertices
of V5 is exactly [g—‘ O

Remark 2.2 A simple and straight forward application of Theorem 2.1 identifies the non

absolutely harmonious graphs. For example, complete graph K,, has @ edges. If we assign
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m vertices to the part Vi, there will be m(n — m) edges connecting the vertices of V; to the

vertices of V5. If K, has an absolutely harmonious labeling, then there is a choice of m for

2 _
which m(n —m) = {n

n-‘ . Such a choice of m does not exist for n = 5,7,8.10, ....

A graph is called even graph if degree of each vertex is even.

Theorem 2.3 If an even graph G is absolutely harmonious then ¢ = 0 or 3 (mod 4).

Proof Let G be an even graph with ¢ = 1 or 2 (mod 4) and d(v) denotes the degree of the
vertex v in G. Suppose f be an absolutely harmonious labeling of G. Then the resulting edge
labels can be arranged as ag, a1, a2, ...,a4—1 where a; =qg—tor g+, 0<¢<qg—1. In other
words, for each 4, the edge label a; is (¢ — ¢) + 2ib;, 0 < ¢ < ¢ — 1 where b; € {0,1}. Evidently

As d(v) is even for each v and ¢ 2 1 or 2 (mod 4),

q—l
> dw kb 220 (mod 2)
veV(G) k=0
q+1 . -
but >~ 1 (mod 2). This contradiction proves the theorem. 0
2

Corollary 2.4 A cycle Cy, is not an absolutely harmonious graph if n =2 1 or 2 (mod 4).
Corollary 2.5 A grid C,, x Cy, is not an absolutely harmonious graph if m and n are odd.

Theorem 2.6 If f is an absolutely harmonious labeling of the cycle C,, , then edges of Cy, can
be partitioned into two sub sets Fq, Fs such that

S 15+ f@) - ol = "D ang S i)+ pw) = 2D

uveEEy uv€ Eo

Proof Let vivavs...v,v1 be the cycle C,,, where e; = v;_1v;,2 < i < n and e; = vyvy .
Define E; = {uv € E/ f(u) 4+ f(v) —n is non negative} and Ey = {uv € E/ f(u) + f(v) —

n is negative}. Since f is an absolutely harmonious labeling of the cycle C,,

> 1w + fw) —nf = 2L,
uwveE
In other words,

S 1)+ F@) - nl+ Y 1)+ fw) | = 2D (1)

uveE uv€E By

Since Y, ,cp(f(u) + f(v) —=n) = —n, we have

STlf@ A+ fw) —nl— > 1f(w)+ fv) —n| = —n. (2)

uveEq uv€E By
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Solving equations (1) and (2), we get the desired result. O

+1) and n(n —3)

Remark 2.7 If n = 1 or 2 (mod 4) then both n(n

the cycle C, is not an absolutely harmonious graph if n = 1 or 2 (mod 4).

cannot be integers. Thus

Remark 2.8 Observe that the conditions stated in Theorem 2.1, Theorem 2.3, and Theorem

2.6 are necessary but not sufficient. Note that Cg satisfies all the conditions stated in Theorems

8!
2.1, 2.3, and 2.6 but it is not an absolutely harmonious graph. For, checking each of the )
possibilities reveals the desired result about Cg.

§3. Absolutely Harmonious Graphs

Theorem 3.1 The path P,41,where n > 2 is an absolutely harmonious graph.

ZI14+1 ifn=0 (mod4
Proof Let P,y1 : viva..vp41 be a path, r = [2—‘, s = 2w ( ),
2 %1 otherwise

s—1 ifn=0orl (mod4) 2t+2 ifn=0orl (mod4)
t = ,len,ng andT3:
s if n =2 o0r 3 (mod 4) 2t+1 if n=2or 3 (mod4)
-1 ifn=0orl (mod4
-2 if n=2or3 (mod4

Then r + s+t =mn+ 1. Define f: V(P,41) — {0,1,2,3,--- ,n — 1} by:

) .
)

fu)=Tr—iif1<i<r, floop) =To—2iif 1 <i < s and f(Vrysti) = T3 + 20 if
1 <<t

Evidently f is an absolutely harmonious labeling of P,1;. For example, an absolutely
harmonious labeling of Pjs is shown in Fig.3.1. O

9 7 ) 3 0 4

Fig.3.1

The tree obtained by joining a new vertex v to one pendant vertex of each of the k disjoint
stars K1 n,, K1 no, King, -, K1,n, is called a banana tree. The class of all such trees is denoted
by BT(n1,n2,n3, ..., k).

Theorem 3.2 The banana tree BT (n,n,n,...,n) is absolutely harmonious.
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1 2 36 7 811 12 131617 18

Fig.3.2

Proof Let V(BT (n,n,n,---,n) ={v}U{vj,vj : 1 <j<kandl<r <n} where d(v;) =
nand E(BT (n,n,n,....,n) = {vvj, : 1 < j < k}U{vjujr : 1 < j <k,1<r <n}. Clearly BT (n,n,
.-+ ,n) has order (n + 1)k + 1 and size (n + 1)k. Define

f:v(BT(n,n,---,n)—{1,2,3,...,(n+ 1)k — 1}
as follows:
f) =1L f) =+ -1):1<j<k fluj))=n+1(F-1)+r:1<r<n.

It can be easily verified that f is an absolutely harmonious labeling of BT (n,n,n,...,n). For

example an absolutely harmonious labeling of BT (4,4, 4,4)is shown in Fig.3.2. O

The corona G1® G2 of two graphs G1(p1, ¢1) and Ga(pe, ¢2) is defined as the graph obtained
by taking one copy of G and p; copies of Gy and then joining the i*" vertex of G to all the
vertices in the i*" copy of Gs.

Theorem 3.3 The corona P, ® KS is absolutely harmonious.

Proof Let V(P,0KS) = {u; : 1 <i<n}U{u;; : 1 <i<n,1<j<m}and BE(P,0KS) =
{uitip1 1 1 <i<n—1}U{uu;; 01 <i<n,1<j<m}. Weobserve that P, ® K¢ has order
(m+ 1)n and size (m +1)n — 1. Define f: V(P, ® KS) — {0,1,2,...,mn +n — 2} as follows:

0 ifi=1, (m+1)i if1<i<|[2]-2,
flui) =q(m+1)(i—1) ifi=[2]  flum)=q(m+1)i-1 ifi=[%]-1,
(m+1)(i —1)—1 otherwise, (m+1)i—2 [2]<i<n,

and for 1 <j<m-—1,

(m+1)Gi—1)+j if1<i<|[2]-1,
(m+1)i—1)+j—1 if [3]<i<n.

fluig) =

It can be easily verified that f is an absolutely harmonious labeling of P, ® K&. For example

an absolutely harmonious labeling of P; ® K. 30 is shown in Fig. 3.3. O
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0
a1 ai
1 2 12 13 14 16 17 18

Fig.3.3

Theorem 3.4 The corona C,, ® K&, is absolutely harmonious.

Proof Let V(C,OKS) = {u; : 1 <i <n}U{u;; : 1 <i<n,1 <j<m}and E(C,0KS) =
{uitig1 11 <i<n—1}U{upur} U{uiuj: 1 <i<n,1 <j<m}. Weobserve that C,, ©® K¢

has order (m + 1)n and size (m + 1)n. Define f : V(C, ® K§) — {0,1,2,....mn+n — 1} as
follows:

0 if =1, " e

m+ 1)1 Hl1<i< 2

flu) =9 m+1)(i-1)—-1 if2<i<szl, fluim) = ?

m+1)i —1 otherwise
(m+1)¢i—1) otherwise, ( )

and for 1 <j<m-—1

Flus) = (m+1)(Gi—1)+j if1<i<|[2]-1,
N (m+1)i-1)+j—1 if[2]<i<n.

It can be easily verified that f is an absolutely harmonious labeling of C,, ® KS. For example
an absolutely harmonious labeling of C5 ® K§ is shown in Figure 3.4. 0

Fig.3.4

Theorem 3.5 The ladder P, x Ps, where n > 2 is an absolutely harmonious graph.

Proof Let V(P, X P2) = {u1,uz,us, ..., un } U{v1, 02,03, .., v } and E(Py, x Py) = {u;u;41 :
1<i<n—1}U{vvi41:1<i<n—1}U{uw; : 1 <i<n}. Wenote that P, x P, has order
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2n and size 3n — 2.
Case 1. n=0(mod 4).
Define f : V(P, x P,) — {0,1,2,...,3n — 3} by

3i—2 if ¢ is odd,

3i—2 ifiisevenand 2 <i < 232

f(uz): ) o ' ’
3i—1 1lesevenandz:%7
3i—3 if iisevenand 2 <i <n,
3n—06 _ ' n
f(vl):07 f('UnTH): 5 , f(vi+1):f(ui)+1lf1§l§n—landz;ég,

Case 2. n = 1(mod 4).
Define f : V(P, x P,) — {0,1,2,...,3n — 3} by

3i—2 ifiisoddand 1<i <232
3i—1 ifi= 2,

3i—3 ifiisoddand 22 <i <n,

3

3i— 2 if i is even,

f(v1) =0, f('UnTH) =33 fuig1) = f(u) +1if 1<i<n—1andi# 2
Case 3. n = 2(mod 4).
Define f : V(P, x P,) — {0,1,2,...,3n — 3} by

3i—2 if ¢ is odd,
flui)=¢3i—2 if iisevenand 2 <i §"T_2,

3t—3 ifiisevenand”THSi <n,

f(’l)l) =0, f(vi—i-l) = f(uz) +1if1<i<n-—1.

Case 4. n = 3(mod 4).
Define f : V(P, x P,) — {0,1,2,...,3n — 3} by

3i—2 ifiisoddand 1<i < 23L,
flui) ={3i—3 ifiisoddand 22 <i <n,

3t —2 if 7 is even.

f(’l)l) =0, f(vi—i-l) = f(uz) +1if1<i<n-—1.
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In all four cases, it can be easily verified that f is an absolutely harmonious labeling of P, x Ps.

For example, an absolutely harmonious labeling of Py x P, is shown in Fig.3.5. O
1 4 7 10 14 16 18 22 24
a0 a4 as [ as ag ais a1
(24 ax ax a ag as ay ay a2
az3 ais ai2 ae az a4 aii aiv
0 2 5 8 11 12 17 19 23
Fig.3.5

A K, -snake has been defined as a connected graph in which all blocks are isomorphic to

K,, and the block-cut point graph is a path. A K3-snake is called triangular snake.

~

Theorem 3.6 A triangular snake with n blocks is absolutely harmonious if and only if n =
0 or 1 (mod 4).

Proof The necessity follows from Theorem 2.3.Let G, be a triangular snake with n blocks
on p vertices and ¢ edges. Then p=2n —1 and ¢ =3n. Let V(G,) ={u; : 1 <i<n-+1}U
{v;:1<i<n}and E(Gp) = {utiy1, uivi, uip1v; 0 1 < i < n}.

Case 1. n=0 (mod 4).

Let m = % Define f : V(G,) — {0,1,2,...,3n — 1} as follows:

0 ifi=1,
_J2i-2 if 2<i<3mandi=0or2(mod3),

Al PY if 2<i<3mandi=1 (mod3),

61 — 3n — 7 otherwise,

1 ifi=1,

21— 1 if2<i<3m-—1andi= or 2 (mod 3),
f(vi) =Q2i—2 if 2<i<3m—1andi=1 (mod3),

6m + 1 if i = 3m,

6i —3n — 3 otherwise.

Case 2. n=1 (mod4).

-1
Let m = nT Define f: V(G,) — {0,1,2,...,3n — 1} as follows:
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0 ifi=1,

2 — 2 if 2<i<3m+2andi=0or2 (mod 3),
Al P if2<i<3m+2andi=1 (mod 3),

6i —3n — 7 otherwise,

1 ifi=1,

2 —1 if 2<i<3m+1andi=0or2 (mod3)
A PYN if 2<i<3m+1andi=1 (mod3)

67 — 3n — 3 otherwise.

In both cases, it can be easily verified that f is an absolutely harmonious labeling of the
triangular snake G,. For example, an absolutely harmonious labeling of a triangular snake
with five blocks is shown in Fig.3.6. O

Fig.3.6

Theorem 3.7 Ky-snakes are absolutely harmonious.

Proof Let G, be a K4-snake with n blocks on p vertices and ¢ edges. Then p = 3n+1 and
qg="6n. Let V(G,) = {us, v, w; : 1 <i < ntU{v,q1}and E(Gr) = {uvs, wiw;, viw; : 1 <i < n}pU
{uivit1, VivVit1, wivi41 2 1 < i < n} Define f: V(G,) — {0,1,2,...,6n — 1} as follows:

where 1 < i < n, and f(vpt1) = 3n+ 1. It can be easily verified that f is an absolutely
harmonious labeling of GG,, and hence Kj-snakes are absolutely harmonious. For example, an

absolutely harmonious labeling of a K4-snake with five blocks is shown in Fig.3.7. O
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0 azs 2 6 aie 8 12 aq 14

a7 ais as

a @26 a a
29 24 17 ai2 as aop

ao aiq ar az

1 azs 4 a1 7 a3 1 ag 3 16
a
2 a18 a1 Qg
as0 ag
3 az2 5 9 aio 10
Fig.3.7
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A quadrilateral snake is obtained from a path ujus...u, 11 by joining u;, u;11 to new vertices

v;, w; respectively and joining v; and w;.
Theorem 3.8 All quadrilateral snakes are absolutely harmonious.

Proof Let G,, be a quadrilateral snake with V(G,,) = {u; : 1 <i<n+1 }U{v;,w; : 1 <i<n}
and E(Gp) = {uitit1, v, uiprwi, v;w; : 1 <i<n}. Then p = 3n+ 1 and ¢ = 4n. Let
if n=0 (mod 2)

-l ifn=1 (mod2)'
Define f: V(G,) — {0,1,2,...4n — 1} as follows:

3 N3

m =

0 ifi=1,
4i—3 if1<i<m,
flup) =q4i—6 if2<i<m+1, , flu)=
4i—2 itm+1<i<n,
4i—7 iftm+2<i<n+1
4i if1<i<m,
flw))=¢ , ,
47 -1 ifm+1<i<n.

It can be easily verified that f is an absolutely harmonious labeling of the quadrilateral snake

G, and hence quadrilateral snakes are absolutely harmonious. For example, an absolutely

harmonious labeling of a quadrilateral snake with six blocks is shown in Fig.3.8. O

1 a9 4 9 az 12 18 a3 19

a23

a18

aie

ag

az

ai

az

a12

ai4

a2 2

a7

aio

a1l

6

asg

1(

ao

13 ae
a4

14

Fig.3.
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Theorem 3.9 The disjoint union of m copies of the complete graph on four vertices, mK, is

absolutely harmonious.

Proof Let uf where 1 <i <4 and 1 < j < m denotes the i*" vertex of the j** copy of mK,.
We note that that mK, has order 4m and size 6m. Define f : V(mKy) — {0,1,2,..6m — 1}
as follows:f(uj) = 0, f(uz) = 1, f(uz) = 2, f(u) = 4, f(uf) = q =3, f(u) = ¢ — 4, f(ud) =
q—5.f(u}) = q = T.f(u]"*) = f(u]) +6 if jis odd,and f(u]"*) = f(u]) = 6 if j is even,
where 1 <7 <4 and 1 < j <m—2. Clearly f is an absolutely harmonious labeling. For

example, an absolutely harmonious labeling of 5K is shown in Figure 11. Bozx

Observation 3.10 If f is an absolutely harmonious labeling of a graph G,which is not a tree,
then

1. Each « in the set {0, 1,2} has inverse image.
2. Inverse images of 0 and 1 are adjacent in G.

3. Inverse images of 0 and 2 are adjacent in G.

Theorem 3.11 The disjoint union of m copies of the complete graph on three vertices, mKs

is absolutely harmonious if and only if m = 1.

Proof Let ul,wherel < i < 3 and 1 < j < m denote the i'* vertex of the j™ copy
of mKs3. Assignments of the values 0,1,2 to the vertices of K3 gives the desired absolutely
harmonious labeling of K3. For m > 2, mKj3 has 3m vertices and 3m edges. If mKjs is
an absolutely harmonious graph, we can assign the numbers {0, 1,2, 3m — 1} to the vertices
of mK3 in such a way that its edges receive each of the numbers ag,a1,...,aq—1 where a; =
g—iorq+i,0<i<qg—1. By Observation 3.10, we can assume, without loss of generality that
f(ui) =0, f(ul) =1, f(ul) = 2. Thus we get the edge labels a,_1,a4—2 and a,—3. In order to
have an edge labeled aq—4, we must have two adjacent vertices labeled ¢ — 1 and ¢ — 3. we can
assume without loss of generality that f(u?) = ¢ — 1 and f(u3) = ¢ — 3. In order to have an
edge labeled a,_5, we must have f(u3) = ¢ —4. There is now no way to obtain an edge labeled

ag—6. This contradiction proves the theorem. 0

Theorem 3.12 A complete graph K, is absolutely harmonious graph if and only if n = 3 or 4.

Proof From the definition of absolutely harmonious labeling, it can be easily verified that
K, and K> are not absolutely harmonious graphs. Assignments of the values 0,1,2 and 0,1,2,4
respectively to the vertices of K3 and K4 give the desired absolutely harmonious labeling of
them. For n > 4, the graph K, has ¢ > 10 edges. If K,, is an absolutely harmonious graph, we
can assign a subset of the numbers {0,1,2, ¢ — 1} to the vertices of K, in such a way that the
edges receive each of the numbers ag,a1,...,aq—1 where a; = ¢—ior ¢+, 0<i<qg—1. By
Observation 3.10, 0,1, and 2 must be vertex labels. With vertices labeled 0,1, and 2, we have
edges labeled aq_1,a4—2 and aq—3. To have an edge labeled a,—4 we must adjoin the vertex
label 4. Had we adjoined the vertex label 3 to induce a4—4, we would have two edges labeled

aq—3, namely, between 0 and 3, and between 1 and 2. Had we adjoined the vertex labels ¢ — 1
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and ¢ — 3 to induce a;—4, we would have three edges labeled a;, namely, between ¢ — 1 and
0, between ¢ — 1 and 2, and between ¢ — 3 and 2. With vertices labeled 0, 1,2,and 4, we have
edges labeled aq—1, ag—2, Gg—3, aqg—4, ag—s, and aq—g. Note that for K4 with ¢ = 6, this gives
the absolutely harmonious labeling. To have an edge labeled aq—7, we must adjoin the vertex
label 7; all the other choices are ruled out. With vertices labeled 0,1,2,4 and 7, we have edges
labeled aq—1, ag—2, ag—3, aq—4, Qq—5, Qg—6, Qg—7, Gg—8, Qq—9, and ay—11. There is now no way
to obtain an edge labeled a4—10, because each of the ways to induce aq—1¢ using two numbers
contains at least one number that can not be assigned as vertex label. We may easily verify

that the following boxed numbers are not possible choices as vertex labels:

0

L [9]
2 (8]
3] 7
4 [6]
q—1]19-9
q—2| |qg—8
q—3| |¢—-7
q—4] |q—=6
This contradiction proves the theorem. O
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