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Abstract: The vertex v of a graph G is called a 1-critical-vertex for the maximum genus
of the graph, or for simplicity called 1-critical-vertex, if G — v is a connected graph and
M (G —v) = ym(G) — 1. In this paper, through the joint-tree model, we obtained some
types of 1-critical-vertex, and get the upper embeddability of the Spiral Sy,.
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§1. Introduction

In 1971, Nordhaus, Stewart and White [12] introduced the idea of the maximum genus of graphs.
Since then many researchers have paid attention to this object and obtained many interesting
results, such as the results in [2-8,13,15,17] etc. In this paper, by means of the joint-tree model,
which is originated from the early works of Liu ([8]) and is formally established in [10] and [11],
we offer a method which is different from others to find the maximum genus of some types of
graphs.

Surfaces considered here are compact 2-dimensional manifolds without boundary. An ori-
entable surface S can be regarded as a polygon with even number of directed edges such that
both @ and a~! occurs once on S for each a € S, where the power “—1”means that the direction

1

of a=" is opposite to that of a on the polygon. For convenience, a polygon is represented by

a linear sequence of lowercase letters. An elementary result in algebraic topology states that
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each orientable surface is equivalent to one of the following standard forms of surfaces:

aOaalu p= 07
0, = p
b 1 aibia;'b;t, p>1.
i=1
which are the sphere (p = 0), torus (p = 1), and the orientable surfaces of genus p (p > 2).
The genus of a surface S is denoted by ¢g(95). Let A, B, C, D, and E be possibly empty linear
sequence of letters. Suppose A = ajas...a,,r > 1, then A7 = a;1.. .a;lal_l is called the
inverse of A. If {a,b,a=!,b=1} appear in a sequence with the form as AaBbCa~!Db 1 E, then
they are said to be an interlaced set; otherwise, a parallel set. Let S be the set of all surfaces.
For a surface S € S , we obtain its genus g(S) by using the following transforms to determine

its equivalence to one of the standard forms.

Transform 1 Aaa~! ~ A, where A € S and ¢ A
Transform 2 AabBb 'a™' ~ AcBc 1.

Transform 3 (Aa)(a™'B) ~ (AB).

Transform 4 AaBbCa 'Db~'E ~ ADCBFEaba= b1

In the above transforms, the parentheses stand for cyclic order. For convenience, the
parentheses are always omitted when unnecessary to distinguish cyclic or linear order. For

more details concerning surfaces, the reader is referred to [10-11] and [14].

€1

For a graphical property &2, a Smarandache &-drawing of a graph G is such a good
drawing of G on the plane with minimal intersections for its each subgraph H € & and optimal
if # = G with minimized crossings. Let T be a spanning tree of a graph G = (V, E), then
E = Ep + E}, where Ep consists of all the tree edges, and E} = {e1,ea,...eg} consists
of all the co-tree edges, where 8 = ((G) is the cycle rank of G. Split each co-tree edge
ei = (fte;, ve;) € B3 into two semi-edges (fie,,we, ), (Ve,,w.,), denoted by e;" (or simply by e; if
no confusion) and e; ! respectively. Let T = (V+V;, E+E,), where V; = {w.,, wy, |1<i<BY,
By = {(fte;»we, ), (Ve;»wi,) | 1 <i < B}, Obviously, T is a tree. A rotation at a vertex v, which
is denoted by oy, is a cyclic permutation of edges incident on v. A rotation system ¢ = o¢
for a graph G is a set {oy|Vo € V(G)}. The tree T with a rotation system of G is called a
joint-tree of G, and is denoted by Tg. Because it ia a tree, it can be embedded in the plane. By

reading the lettered semi-edges of T, in a fixed direction (clockwise or anticlockwise), we can
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get an algebraic representation of the surface which is represented by a 2G—polygon. Such a
surface, which is denoted by S, is called an associated surface of TVU. A joint-tree TVU of G and
its associated surface is illustrated by Fig.1, where the rotation at each vertex of G' complies
with the clockwise rotation. From [10], there is 1-1 correspondence between associated surfaces
(or joint-trees) and embeddings of a graph.

To merge a vertex of degree two is that replace its two incident edges with a single edge
joining the other two incident vertices. Vertex-splitting is such an operation as follows. Let v
be a vertex of graph G. We replace v by two new vertices v; and vs. Each edge of G joining
v to another vertex w is replaced by an edge joining w and w1, or by an edge joining w and
vo. A graph is called a cactus if all circuits are independent, i.e., pairwise vertex-disjoint. The
maximum genus vp (G) of a connected graph G is the maximum integer k such that there
exists an embedding of G into the orientable surface of genus k. Since any embedding must
have at least one face, the Euler characteristic for one face leads to an upper bound on the

maximum genus

(@)= V(G) +1

(@) s (=]

|.

A graph G is said to be upper embeddable if vy (G) = L@J, where 5(G) = |E(G)| —
[V(G)] + 1 denotes the Betti number of G. Obviously, the maximum genus of a cactus is zero.
The vertex v of a graph G is called a 1-critical-vertex for the maximum genus of the graph, or
for simplicity called 1-critical-vertex, if G—wv is a connected graph and v (G —v) = yp (G) — 1.
Graphs considered here are all connected, undirected, and with minimum degree at least three.
In addition, the surfaces are all orientable. Notations and terminologies not defined here can

be seen in [1] and [9-11].

Lemma 1.0 If there is a joint-tree T, of G such that the genus of its associated surface equals
|B(G)/2] then G is upper embeddable.

Proof According to the definition of joint-tree, associated surface, and upper embeddable

graph, Lemma 1.0 can be easily obtained. O

Lemma 1.1 Let AB be a surface. If v ¢ AU B, then g(AzBz~') = g(AB) or g(AzBz™!) =
g(AB) + 1.

Proof First discuss the topological standard form of the surface AB.

(I) According to the left to right direction, let {x1,y1, 27", y; '} be the first interlaced set
appeared in A. Performing Transform 4 on {x1,y1, 27", y; '} we will get A/Bxlylelyfl (~
AB). Then perform Transform 4 on the first interlaced set in A’. And so on. Eventually we

will get AB 1 ziyiz; 'y; ' (~ AB), where there is no interlaced set in A.

i=1
(IT) For the surface AB 1 wiyiz; 'y, from the left of B, successively perform Transform
i=1
4 on B similar to that on A in (I). Eventually we will get AB 11 ziyir; ty; 1_[1 ajbjajflb;l (~

i=1 j=
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AB), where there is no interlaced set in B.

(ITI) For the surface AB [ ziyiz; 'y, ! 1 ajbjaj_lbj_l, from the left of AB, successively
i=1 j=1

. p

perform Transform 4 on AB similar to that on A in (I). At last, we will get [] aiba; *b; ",
i=1

which is the topologically standard form of the surface AB.

As for the surface AzBxz~?!, perform Transform 4 on A and B similar to that on A in (I)

and B in (II) respectively. Eventually AzxBax~! 11;[1 ziyiry y jl;ll ajbjaj_lbj_l (~ ArBx~1) will

be obtained. Then perform the same Transform 4 on AzBz~! as that on AB in (III), and at

last, one more Transform 4 than that in (III) may be needed because of  and z 1 in AzBx~!.

P p+1
Eventually [] aibiaflb; Lor T a;bia; 1b;1, which is the topologically standard form of the
i=1 i=1

surface AwB;c_l, will be obtained.

From the above, Lemma 1.1 is obtained. ]

Lemma 1.2 Among all orientable surfaces represented by the linear sequence consisting of a;

1 -1

and a;l (i=1,...,n), the surface ajas ...anay ay" .. .a; " is one whose genus is mazimum.

Proof According to Transform 4, Lemma 1.2 can be easily obtained. O

Lemma 1.3 Let G be a graph with minimum degree at least three, and G be the graph obtained

from G by a sequence of vertex-splitting, then v (G) < v (G). Furthermore, if G is upper
embeddable then G is upper embeddable as well.

Proof Let v be a vertex of degree n(>4) in G, and G' be the graph obtained from G by
splitting the vertex v into two vertices such that both their degrees are at least three. First
of all, we prove that the maximum genus will not increase after one vertex-splitting operation,
ie., yu(G) <y (G).

Let eq, e, ... e, be the n edges incident to v, and v be split into v; and vo. Without loss
of generality, let e;,, €;,, ... e;, be incident to v1, and e;,,,, ... e;, be incident to vp, where
2 <4, < n — 2. Select such a spanning tree T' of G that e;, is a tree edge, and e;,, ... e; are

all co-tree edges. As for graph G/, select T* be a spanning tree such that both e;, and (v1,v2)
are tree edges, and the other edges of 7™ are the same as the edges in T'. Obviously, e;,, ... e;,
are co-tree edges of T*. Let T={T,|T, = (T —v),, where (T —v),, is a joint-tree of G — v},
T*={T*|T* = (T* — {v1,v2}),, where (T* — {v1,v}), is a joint-tree of G — {vi,v}}. Tt is
obvious that 7 = 7*. Let S be the set of all the associated surfaces of the joint-trees of G,
and S8* be the set of all the associated surfaces of the joint trees of G Obviously, $* C S.
Furthermore, |S*| = rl x (n — )l x |T*| < |S] = (n — 1)! x |T]. So 8* C S, and we have
(@) < 7 (G).

Reiterating this procedure, we can get that vy(G) < ~vam(G). Furthermore, because

B(G) = B(G), it can be obtained that if G is upper embeddable then L@J = L@J =

2 2
Y (G) <ym(G) < L%G)J So, Yym(G) = L%G)J, and G is upper embeddable. O
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§2. Results Related to 1-Critical-Vertex

The neckband N3, is such a graph that N3, = Cs, + R, where Cs,, is a 2n-cycle, and R =
{aila; = (v2i—1,v2i12). (i=1,2,...,n, 20 +2 =r(mod 2n), 1 <r < 2n)}. The maobius ladder
M, is such a cubic circulant graph with 2n vertices, formed from a 2n-cycle by adding edges
(called ”rungs”) connecting opposite pairs of vertices in the cycle. For example, Fig. 2.1 and
Fig. 2.5 is a graph of Ng and Mas,, respectively. A vertex like the solid vertex in Fig. 2.2, Fig.
2.3, Fig. 2.4, Fig. 2.5, and Fig. 2.6 is called an a-vertex, (-vertex, y-vertex, d-vertex, and

n-vertex respectively, where Fig. 2.6 is a neckband.

v3 V4
V2 V5 a . a
L]
L]
v Uy
1 6 b
U8 vr

Fig. 2.1. Fig. 2.2 Fig. 2.3
“u vg U1
m
u v2n ii v2 vg Van
a
O
: : “ ’ 2n—1
V2 Un+2 Un V2n—2
Un41 V2n—3
Fig. 2.4 Fig. 2.5 Fig. 2.6

Theorem 2.1 Ifv is an a-vertex of a graph G, then vy (G —v) = vy (G). If v is a S-vertex,
or a vy-vertex, or a d-vertex, or an n-vertex of a graph G, and G —v is a connected graph, then

Y (G —v) =y (G) —1, i.e., B-vertex, y-vertex, §-vertex and n-vertex are 1-critical-vertex.

Proof 1If v is an a-vertex of the graph G, then it is easy to get that vy (G —v) = v (G).

In the following, we will discuss the other cases.

Case 1 v is an (J-vertex of G.

According to Fig. 2.3, select such a spanning tree 1" of G such that both a and b are
co-tree edges. It is obvious that the associated surface for each joint-tree of G must be one of

the following four forms:

i) AabBa~'b~! ~ ABaba~'b71;
ii) AabBb~la~! ~ AcBcl;

iii) AbaBa~1b~! ~ AcBcl;

iv) AbaBb~la~! ~ ABbab~la~!.
On the other hand, for each joint-tree T

o

o~ o~ o~ o~

which is a joint-tree of G — v, its associated

surface must be the form as AB, where A and B are the same as that in the above four forms.
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According to (i)-(iv), Lemma 1.1, and g(ABaba~'b~1)=g(AB) + 1, we can get that vu (G — v)
= ’7]\4(G) —1.

Case 2 v is an y-vertex of G.

As illustrated by Fig.2.4, both v; and ve are vy-vertex. Without loss of generality, we only
prove that vy (G — v1) = yam(G) — 1. Select such a spanning tree T' of G such that both @ and
b are co-tree edges. The associated surface for each joint-tree of G must be one of the following
16 forms:

Aabb~'a"'B, Aabb 'Ba~!, Aaba"'Bb~', AabBa~'b7l,
Abab~'a='B, Abab 'Ba~!, Abaa 'Bb~', AbaBa~'b7l,
Ab~ta='Bab, Ab~'Ba~'ab, Aa"'Bblab, ABa l'b~lab,
Ab~la='Bba, Ab~'Ba"'ba, Aa"'Bb 'ba, ABa"lb"lba.

Furthermore, each of these 16 types of surfaces is topologically equivalent to one of such surfaces
as AB, ABaba='b~!, and AcBc~!. On the other hand, for each joint-tree T, which is a joint-
tree of G — vy, its associated surface must be the form of AB, where A and B are the same as
that in the above 16 forms. According to Lemma 1.1 and g(ABaba~1b~1)=g(AB) + 1, we can
get that var (G —v) = v (G) — 1.

Case 3 v is an d-vertex of G.

In Fig.2.5, let a; = (vi, vn4i),% = 1,2,...,n. Without loss of generality, we only prove
that va7(G — v1) = a(G) — 1. Select such a joint-tree Ty, of Fig. 2.5, which is illustrated
by Fig.3, where the edges of the spanning tree are represented by solid line. It is obvious
that the associated surface of T, is mnm~—'n"lasas .. .anaytaz'...a;'. On the other hand,

asas . ..ana; tazt... a1 is the associated surface of one of the joint-trees of G — v;. From
3 2 dg n J

Lemma 1.2 and g(mnm™'n"lasas...ana;  az’ ... a;)=g(asas...anay az’ .. a;l) + 1, we

can get that v (G —v) = v (G) — 1.

-1 -1 a -1 !
_ [ a. an a3 an a2 Y1 a3 a -1
arl, Onot G2 G @, a P @ G2
- Do e ey, feeet . T T O
. U1 : U2n71
Von V2 . v K
m V1 . . 2 V2n—3
. n s—1 R T
n m 1 2n S
Fig. 3. Fig. 4.

Case 4 v is an n-vertex of G.

As illustrated by Fig.2.6, every vertex in Fig. 2.6 is a n-vertex. Without loss of generality,
we only prove that v (G — v2,) = Ym(G) — 1.
A joint-tree T, of Fig.2. 6 is depicted by Fig.4. It can be read from Fig.4 that the associated

surface of T, is § = aan( H aiv1a; Datya; trsr~ s™1. Performing a sequence of Transform

=1
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4 on S, we have

n—3

1y -1 - 1 —

S = alan(H ai410; )an72an1rsr Tg—1
i=1

n—3
(Transform 4) ~ (H aivra; V)a, tyaorsr s layanal ta, !
=2

n—3
(Transform 4) ~ (H ai+1a;1)a;i2a4rs1"71sflalanaflaglagagaglagl
1=4

n—4
rsrilsflalanal_lagl( H ai+1aiai__i_11ai_1) n = 0(mod 2);
(Transform 4) ~ =2 (1)
rsrilsflalanal_lagl( 'Hz ai+1aiai__i_11ai_1) n = 1(mod 2).
It is known from (1) that
9(8) = (G) (2)
, n—3 -~ -~
On the other hand, S' = aja,( [ ait1a; ')a, ya;! is the associated surface of T, where T
i=1
is a joint-tree of G — va,. Performing a sequence of Transform 4 on S’, we have
n—3
S = alan(H aiyra; a, tyant
i=1
n—4
alanal_lagl( 11 ai+1aiai__i_llai_l) n = 0(mod 2);
~ = (3)
alanal_lagl( 11 ai+1aiai__i_llai_l) n = 1(mod 2).
i=2
It can be inferred from (3) that
9(8) = (G = van). (4)
From (1) and (3) we have
9(5)=g(5)+1 (5)
From (2), (4), and (5) we have v (G — v2,) = vm(G) — 1.
According to the above, we can get Theorem 2.1. O

Let G be a connected graph with minimum degree at least 3. The following algorithm can

be used to get the maximum genus of G.

Algorithm I:

Step 1 Input i =0, Gy =G.
Step 2 If there is a l-critical-vertex v in G;, then delete v from G; and go to Step 3.
Else, go to Step 4.
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Step 3 Deleting all the vertices of degree one and merging all the vertices of degree two
in G; — v, we get a new graph G;y1. Let i =i+ 1, then go back to Step 2.
Step 4 Output i (G) = v (G;) + 4.

Remark Using Algorithm I, the computing of the maximum genus of G can be reduced to

the computing of the maximum genus of G;, which may be much easier than that of G.

83. Upper Embeddability of Graphs

An ear of a graph G, which is the same as the definition offered in [16], is a path that is maximal
with respect to internal vertices having degree 2 in G and is contained in a cycle in G. An ear
decomposition of G is a decomposition py, ..., pr such that pg is a cycle and p; for i > 1 is an
ear of poU---Up;. A spiral S}, is the graph which has an ear decomposition py, ..., p, such
that po is the m-cycle (v1v2 ... 0y ), p; for 1 <i < m — 1 is the 3-path V12— 2Um+2i—1Vm42i0;
which joining vy, +2;—2 and v;, and p; for ¢ > m — 1 is the 3-path vy, 42— 2Um42i—1Vm+2i02i—m+1
which joining vp,y2,—2 and ve;—m+1. If some edges in S} are replaced by the graph depicted
by Fig. 6, then the graph is called an extended-spiral, and is denoted by S‘]}l Obviously, both
the vertex v; and ve in Fig. 6 are y-vertex. For convenience, a graph of S¢ is illustrated by
Fig.5, and Fig.7 is the graph which is obtained from S¢ by replacing the edge (v13,v14) with
the graph depicted by Fig.6.

v3 Vg
v2

Fig. 5. Fig. 6. Fig. 7.

Theorem 3.1 The graph SZ is upper embeddable. Furthermore, yar(SE —von+3) = ym(SE)—1,

i.e., Vany3 1S a I-critical-vertex of SE'.

Proof According to the definition of S, when n < 4, it is not a hard work to get the
upper embeddability of SF'. So the following 5 cases will be considered.

Case 1 n = b5j, where j is an integer no less than 1.

Without loss of generality, a spanning tree 1" of S can be chosen as T' = T1UT5, where T is
j—1

the path vav1vsv4v3{ [] V10i+1V10iV10i~1010i—2V10i—3V10i—4V10i+5V10i+4V10i+3V10i+2 }V2n+1- V2n
i=1

V2 —1VU2n—2V2n—3V2n—4V2n 15020 44V2n 43, 12 = (Vani1,V2n42). Obviously, the n + 1 co-tree

Jj—1
edges of S with respect to T are e; = (vs,v3), e2 = (v2,v9), €3 = (v1,v7), [[{esi=1 =
i=1

(UIOi—57 UlOi—4)7 €5; = (UIOi—Ga U10i+3)7 €5i+1 = ('UlOi-i—l ) U10i+2)7 €5i+2 = (UIOia U10i+9)7 €5i+3 =
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(V10i—2,V10i+7)}s €n—1 = (V2n—5,V2n-4), €n = (V2n—6,V2n+3); €nt1 = (V2n+2,V2n43). Select
such a joint-tree T, of S which is depicted by Fig.8. After a sequence of Transform 4, the
associated surface S of T, has the form as

Jj—2

—1 —1 —1 —1 -1 _—1
S = ejese; 636465{1_[esi+1esi+2651-,3esi+3e5i,ge5i,1esi+4e5i+5e5i Csip1)
=1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
e"—4en—3en—8en—26n—7en—6671—1en—5en—4en—36n—2en—le"+1e"en+len

L=3)
—1,-1
~ H €i1€i2€;1 €;9
i=1
-1 —1 1. n+l . .
where e;j, €;;° € {er, .. enqre] e i =1, 5 |57 = 1,2. Obviously, ¢g(S) =
n+1 Con
| 5 |. So, when n =53, S¢ is upper embeddable.
es es es e en1 ety ety enls ents enty
1 . . . . . . . . . €n+1
1, P : : P : : : :
V2 3 e ¢ U3 e® * V-6 3 e V2n+1 V2n ¢ U2n—2 ¢ H V2n+5 to
2n+3

Fig. 8.

Case 2 n =55+ 1, where j is an integer no less than 1.
Without loss of generality, select T'=T7 U T to be a spanning tree of Sf', where T} is the

Jj
path 03021)1{ H '010143U10i74'010i75U10i76010i+3010i+2010i+1UlOi”lOifl'UlOz?Q}U2n+5v2n+4v2n+3; 1>

=1
= (V2n+1,V2n+2). It is obviously that the n 4+ 1 co-tree edges of S with respect to T' are
-1
€1 = (U1705), €y = (U37U4)7 €3 = (03,1}11), €4 = (U2709)7 H{65i = (11101'7370101'72),65#1 =
i=1

(010i747010i+5), €5i+2 = (010i+3, U10i+4)7 €5i+3 = ('UlOz'+27'UlOi+11)7 €5i+4 = (010i7010i+9)}; €n—-1 =
(’UQn,5, 1)2",4), €p = (’UQn,g, U2n+3), €n+1 = ('UQnJrQ, U2n+3). Similar to Case 1, select ajoint tree
T, of Sf'. After a sequence of Transform 4, the associated surface S of T,, has the form as

Jj—2
-1_-1 -1 II -1 -1 -1 -1
S = €1€2€3€4€5€6€7] €9 €7€8€3 69{ €r5,_165; 65i+5€51‘+665i+165i+2651‘+7
i=1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
e5i+865i+365i+9}enf7en766n*167175en74en73en72en716n+1enen+len

L5
~ H 61‘161‘26;116;217
i=1
_ _ _ ) n+1, .
where €5, eij1 e {e1,...,ent1,€] 1o .,enil}; i=1,...,] 5 |57 = 1,2. Obviously, ¢g(S) =

n+1

=

|. So, when n =55 + 1, S is upper embeddable.
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Case 3 n =55 + 2, where j is an integer no less than 1.
Without loss of generality, select a spanning tree of S to be T' = T U T3, where T is the

J
path U1 U5U4U3U2{ H V10i—1Y10i—2710i—3V10i—4V10i+5V10i+4V10i+3V10i+2V10i+1 UlOi}U2n+5U2n+4U2n+37
i

=1

Ty = (V2n+t1,V2nt2). It is obviously that the n 4+ 1 co-tree edges of S with respect to T
j—1

are e; = (vi,v2), e2 = (v1,v7), e3 = (vs,v6), ea = (va,013), es = (v3,v11), [[{esiv1 =

i=1
(V10i—1,10i), €5i42 = (V10i—25V10i47), €543 = (V10i4+55 V10i46 ), €5i+4 = (V10i4+45 V10i+13), €5i45 =
(V10i42, V10i+11)}, €n—1 = (Van—5,V2n—4), €n = (Van—6,V2n+3), €nt1 = (V2n42, Vany3). Similar
to Case 1, select a joint-tree T}, of Sf'. After a sequence of Transform 4, the associated surface

S of TG has the form as

j—2
-1 -1_-1 -1 -1_-1 -1 -1
S = €1€2€3€4€5€1 €6€7€y €3 €8€9€, 610{1_[ €5, 651‘4_1e5i+665i+765i+265i+3e5i+8
i=1
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
€5i-+9€5;44€5i+10}€p 7€ _6En—1€y_5€n_4C€0_3€,_5Cpn_1En+1€nCp 1€y
1252

-1, -1
~ H €i1€42€;1 €0,
i=1

n+1
2

1 -1 —1 . _
where €5, e;;- € {e1,...,ent1,67 4.6 i =1,
Ln—l—l

2
Case 4 n =55 + 3, where j is an integer no less than 1.

|57 = 1,2. Obviously, ¢g(S) =

|. So, when n =55 + 2, S is upper embeddable.

Without loss of generality, a spanning tree 17" of SI' can be chosen as T = T U T,

j
where T is the path U2U1U7U6U5U4U3{_H V10i4+1V10§V10i—1V10i—2V10i+7V10i+6V10i+5V10i+4V10i+3~

=1
UlOi+2}v2n+5v2n+4v2n+37 TQ = (v2n+1, U2n+2). It is obviously that the n + 1 co-tree edges of Sg

j
with respect to T" are e; = (v1,vs), €2 = (v2,v3), e3 = (v2,v9), [[{esi—1 = (Vi0i—3,V10i—2), €5 =
i=1

(V10i—4,V10i45); €5i+1 = (V10i—65V10i+3); €5i+2 = (V10i4+1, V10i4+2), €5i+3 = (V10i, V10i+9)}, €nt1 =
(van+2,V2n43). Similar to Case 1, select a joint-tree T, of SZ'. After a sequence of Transform
4, the associated surface S of T, has the form as

j—1
S = -1 -1 ) ) -1 -1 ) ) -1,
= €1€2€3€4€5€ ) €€y { €5i4-2€5i4+-3€5,_2€5, 1€5i4+4€5i45€5; €5i46
i=1
-1 -1 -1 -1 -1 -1 _—1 -1 -1
e5i+le5i+2}en—1en—5en—4en—3€n—2en—1en+1enen+len
(242 ]

-1 -1
~ H €i1€42€;1 €9,
1=1

n+1
2

1 -1 —1 . _

where €5, e;;- € {e1,...,ent1,61 4.6 i =1,
Ln—l—l
2

|57 = 1,2. Obviously, ¢g(S) =

|. So, when n = 55 + 3, S is upper embeddable.

Case 5 n =55 + 4, where j is an integer no less than 1.
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Without loss of generality, a spanning tree 7" of Sf can be chosen as T" = Ty U T, U T3,
J
where 77 is the path 11102{ H 11101'710101'7211101'730101'7411101'750101'—6U10i+31}10i+2010i+1UlOi}Uan-
i=1
V2nV2n—1V2n—2V2n—3V2n—4V2n45V2n4+4V2n+3, 12 = (v2,v3), T3 = (Van41,V2n42). It is obviously
that the n+1 co-tree edges of S with respect to T" are e; = (v1,v5), e2 = (v1,v7), e3 = (vs, v4),

J
€4 = (03,1}11)7 H {65i = (010i717010i),65i+1 = (U10i727010i+7);e5i+2 = (U10i74;1}10i+5)765i+3 =

i=1
(V10i43, V10i44); €5i44 = (V10i+2,V10i+11)}5 €nt1 = (V2nt2,V2n13). Similar to Case 1, select a
joint-tree T, of SF'. After a sequence of Transform 4, the associated surface S of T, has the

form as
j—1
S = 626163646566651676f16§1{H e5i+365i+465;‘1_165;‘165i+5€5i+665_ii_1
i=1
e5i+765_i%k2e5_i13}eﬂ—l6771567:£467:i3€;1267:i1en+1ene;}-1€;1
(23]
~ H eneiney €y
1=1
where €5, ei_j1 € {e,.. .,en+1,el_1, . .,e;_ilrl}; 1=1,..., Ln;— 1J;j = 1, 2. Obviously, g(S) =
n+1

|

|. So, when n =55 + 4, S is upper embeddable.

From the Case 1-5, the upper embeddability of S can be obtained.

Similar to the Case 1-5, for each n > 5, there exists a joint-tree Tj of 8 — vapys3 such
that its associated surface is S = S — {ent1ene, i€y}, It is obvious that S is the surface
into which the embedding of Sf — vap43 is the maximum genus embedding. Furthermore,
g(S") = g(S) =1, i.e., Yar(SE —vany3) = Yar(SP) — 1. S0, vanys is a 1-critical-vertex of S¢. O

Similar to the proof of Theorem 3.1, we can get the following conclusions.

Theorem 3.2 The graph S is upper embeddable. Furthermore, vy (Sl — Umion—2) =

Y (Sh) — 1, i.e., Umioan—2 18 a 1-critical-vertex of SP.

Corollary 3.1 Let G be a graph with minimum degree at least three. If G, through a sequence

of vertez-splitting operations, can be turned into a spiral S}, then G is upper embeddable.

Proof According to Lemma 1.3, Theorem 3.2, and the upper embeddability of graphs,
Corollary 3.1 can be obtained. O

In the following, we will offer an algorithm to obtain the maximum genus of the extended-

spiral ng
Algorithm II:

Step 1 Input i =0 and j = 0. Let Gy be the extended-spiral S}}I

Step 2 If there is a y-vertex v in G;, then delete v from G;, and go to Step 3. Else, go to
Step 4.

Step 3 Deleting all the vertices of degree one and merging some vertices of degree two in

G, — v, we get a new graph G;y;. Let i =i+ 1. If G, is a spiral S}, then go to Step 4. Else,
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go back to Step 2.

Step 4 Let Giy; be the spiral S)},. Deleting vp,yo,—2 from S}, we will get a new graph
Gitj+1, (obviously, Gitj41 is either a spiral 872 or a cactus).

Step 5 If Giyj41 is a cactus, then go to Step 6. Else, Let n =n -2, j = j 4+ 1 and go
back to Step 4.

Step 6 Output v (S”) =i+ j+ 1.

Remark 1. In the graph G depicted by Fig.6, after deleting a ~-vertex v1 (or va) from
G, the vertex vz (or vy) is still a y-vertex of the remaining graph.

2. From Algorithm II we can get that the extended-spiral SN',’}@ is upper embeddable.
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