ON SOME DIOPHANTINE EQUATIONS
by
Lucian Tutescu and Emil Burton

Let S(n) be defined as the smallest integer such that (S(n)) ! ig
divisible by n (Smarandache Function). We shall assume that S : N* 5> N*,
S(1) =1. Qur purpose is to study a variety of Diophantine equations
involving the Smarandache function. We shall determine all solutions of the
cquations (1), (3) and (8) .
1) =Sy
2) x°@ =8
3) x**+8(x)=S(x)"+x
4 x*+ S(v) =S¥y +x
(5) S(x) + x*=x**+ §(x)
(6) S(.V)x + xz = xS(y) + S(y)z
(7 S(x)*+ x*=x*"+ §(x)*
(8) S(yy+x’=x7+8(y).
For example, let us solve equation (1) :
We observe that if x = S(x), then (1) holds.
But x=S(x)ifandonly ifx ¢{1,2,3,4,5,7,..}={xeN*; x -prime }U{l, 4}.
If x > 6 is not a prime integer, then S(x)<x. We can write x =5(x) + t, te N*,
which implies that S(x)*®**=(S(x) + t)*®. Thus we have S(x)'= (1 + .5{7) ),
Applying the well - known result (1 + £ )" <3 for n,k <N*, we have
S(x)' < 3* which implies that S(x) <3 and consequently x < 3. This
contradicts our choice of x.
Thus , the solutions of (1) are A|={xe N*;x=prime}U {1,4}
Let us denote by A, the set of all solutions of the equation (k).
To find A, for example , we see that (S(n),n) € A; for nec N*.
Now suppose that x = S(y) . We can show that (x, y) does not belongs
to A, asfollows:1<8(y)<x = S(y)>2 and x> 3. On the other hand,
S - x> 8(¥)* - X = (8(¥) - YEE)* '+ x8F) T+, +x7) 2
(S() - XYSE)* + xS() + x*) = SEY - ¥
Thus, A, ={(x,y);y=n,x=5n),necN*}.
To find A, , we se that x=1 implies S(x)=1 and (3) holds.
If Sx)=x, (3) also holds.
If x> 6 is not a prime number , then x > §(x).
Write x=8(x)+t,te N*={1,2,3,..... }.
Combining this with (3) yields
S(x)S@* 4 S(x )t =(S(x) + *P+8(x) ©S(x)' + UK(x)*P = (1+US(x))* < 3
which implies S(x) < 3. This contradicts our choice of x.
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Thus A,={xe N*;x=prime } U {1,4}.
Now , we suppose that the reader is able to find A,,A,,...,A,.
We next determine all positive integers x such that x=3 k?

Hel #1
Write 12+2%+...+s*=x (1)
s2<x (2;
(s+1)22x (3)

(1) implies x = s(s+ 1)(2s+1)/6 . Combining this with (2) and (3) we have
6s® < s(s+1)(2s+1) and 6(s+1)* > s(s+1)(2s+1) . This implies that s € {2,3 }.
s=2 = x=5and s=3 = x=14.
Thus xe {5,14}.
In a similar way we can solve the equationx =Y k°
K<x
Wefind xe€ {9,36,100}.
We next show that theset M ={ne N*;n=2Zk* ,p>2| has at leact
iFen

| p/In2] -2 elements .

Let m € N* such that m-1 < p/In2 (1)
and p/In2 <m (5)
Write (4) and (S5)as:

A (6)
er'=<2 (7}

Write x, =(1+1/k)", y,=(1+1/k).

It is known that x, <e <y, forevery s,te N*.

Combining this with (6) and (7 ) we have
sPE<er’m<2<er’™<y™" forevery s,te N*.

We have 2 <y?'™'= ((t+:1)/t)"'=" < (((+1)/t)f if (t+1)/(m-1)= 1.

So,if t<m-2 wehave 2 <((t+1)/ty & 2 2 < (t+1) < (t+1)P - ?> t* (8).
Let A(s) denote thesum 1" +2°+..... +s'.

Proposition 1. (t+1)* > A (t) for every t<m-2,t e N*.

Proof. Suppose that A (f) 2 (t+1)f < A(t-1)>(t+1) -£>¢ &
A2)>¢-(t-1y>@t-1Y & ... & A(1)>2" which is not true.

It is obvious that A () > ¢ if t € N*, 2 < t < m-2 which implics A ()e M,
forevery te N*and 2<t<m-2. ) )
Therefore card M, >m-3=(m-1)-2=[p/In2 | -2.
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