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Abstract: Let Ky 7 be a complete k-partite graph of order n and let K;fﬁ be a generalized
complete k-partite graph of order n spanned by the fan set . # = {Fy,,, Fn,,- -+ , Fy, }, where
n={ni,n2,--,nk}tand n =ny +mng2+---+ ny for 1 < k < n. In this paper, we get the

number of spanning trees in Ky » to be

and the number of spanning trees in K;f% to be

Z 2k—2 d a7l — ﬂmil
HK7=) = nk G TP
(i) = [[ =5
where a; = (d; + v/d? —4)/2 and 3; = (d; — \/d? —4)/2,d; = n — n; + 3. In particular,
Kiz = K;, with t(K17) =0, Knn = Ky with t(K,®) = n" "2 which is just the Cayley’s
formula and K{; = F, with t(Ki%) = (a"' — "7 ")/V/5 where a = (3 + v/5)/2 and
8 = (3 —/5)/2 which is just the formula given by Z.R.Bogdanowicz in 2008.
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(F1, E2)-number of trees.
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§81. Introduction
Graphs considered here are simple finite and undirected. A graph is simple if it contains neither

multiple edges nor loops. A graph is denoted by G = (V(G), E(G)) with n vertices and m edges
where V(G) = {v1,v2,- -+ ,v,} and E(G) = {e1, €2, ,en} denote the sets of its vertices and
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edges, respectively. The degree of a vertex v in a graph G is the number of edges incident with
v and is denoted by d(v) = dg(v).

For simple graphs G; = (V;(G), E;(G)) with vertex set V; = {v;1,via, -+ ,Vin, }, the empty
graphs of order n; are denoted by N,,, = (V;,¢), i = 1,2,--- k. A complete k-partite graph
Kin = Knyngoomp = (V1,Va,--+ , Vi, E) is said to be one spanned by the empty graph set
A ={Nn,, Npy, -+, Np, }, denoted by K"~ or K,‘C/Vﬁ where = {ny,ng,--- ,ni}.

In generally, for the graph set 4 = {G,,,,Gp,, - ,Gn, }, the graph
K=K UG, UGn, U UG, (1)

is said to be a generalized complete k-partite graph spanned by the graph set ¥.

For all graph theoretic terminology not described here we refer to [1]. Let G be a connected
graph and E, E; C E(E) with By # Ey. The Smarandache (Ey, Ey)-numbert®(E;, Es) of trees
is the number of such spanning trees T’ in G with E(T)NE; # 0 but E(T)NE2 = (). Particularly,
if F1 = F(G) and E = (), i.e., such number is just the number of labeled spanning trees of a
graph G, denoted by ¢(G). For a few special families of graphs there exist simple formulas that
make it much easier to calculate and determine the number of corresponding spanning trees.
One of the first such results is due to Cayley [2] who showed in 1889 that complete graph on n

vertices, K,, has n”~2 spanning trees. That is
t(Kp,) =n""2% for n>2. (2)

Another result is due to Sedlacek [3] who derived in 1970 a formula for the wheel on n+ 1
vertices, Wyy1, which is formed from a cycle C,, on n vertices by adding a new vertex adjacent
to every vertex of C),. That is

HWsr) = ( " —2 for n>3. (3)

34 \/5>n N (3 -5
2 2
Sedlacek [4] also later derived a formula for the number of spanning trees in a Mdbius
ladder, M, is formed from a cycle Cs, on 2n vertices ladder vi,vs,- -+ ,v2, by adding edges
V;Up4i for every vertex v;, where ¢ < n. That is
n

HM.) = 5

(2+V3)"+(2—-V3)"+2] for n>2. (4)

In 1985, Baron et al [5] derived the formula for the number of spanning trees in a square

of cycle, C2, which is expressed as follows.
HC2) = nF_{n}, n3>5, (5)

where F_{n} is the n'th Fibonacci Number. Similar results can also be found in [6].

The next result is due to Boesch and Bogdanowicz [7] who derived in 1987 a formula for
the prism on 2n vertices, R,, which is formed from two disjoint cycles C,, with vertex set
V(Cy) ={v1,v2, -, v, } and C, with vertex set V(C/,) = {v},v4, -+, v} by adding all edges
of the form v;v;. That is

tH(Ry) = g[(z V32 —V3)" —2 for n3=3. (6)
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In 2007, Bleller and Saccoman [8] derived a formula for a threshold graph on n vertices,
T, which is formed from that for all pairs of vertices u and v in T, N(u) —v C N(v) —u
whenever d(u) < d(v). That is

s—1
H di T 5+ 1™ (digr + D)™ (ds + 1), (7)
j=k+2

where d(T},) = (dg"l), dg"Z), . ,dgn‘*)) is the degree sequence of T}, d; < d;y1 fori =1,2,--- ,5—
1, k= [%5] and s = [(mod 2).

In 2008, Bogdanowicz [9] also derived a formula for an n-fan on n+ 1 vertices, F,, 1, which

is formed from a n-path P, by adding an additional vertex adjacent to every vertex of P,. That

By B o s ®)

In this paper it is proved that: Let K} 5 be a complete k-partite graph of order n where

is

t(Fn-i-l) =

the vector m = {n1,no, -+ ,ni} and n =ny +ng + --- + ng, for 1 < k < n, then the number of
spanning trees in Ky, 5 is
k
t(Kgm) = nh2 H(n — )it 9)
i=1

Moreover let K ;:J — be a generalized complete k-partite graph of order n spanned by the
fan set F = {F,,, Fp,, -+, Fy,} where m = {n1,n2,--- ,nx} and n = ny +nz + -+ + ny, for

1 < k£ < n, then the number of spanning trees in K,fﬁ is

nlfl mn;—1
—4 (10)

( 2 2k 2H
where Q; = (dZ—F \/d$—4)/2 and 61 = (dz— \/d% —4)/2,611 :n—nz—|—3

In particular, from (9) we can obtain K7 = K¢ with ¢(KS) = 0 and K, 7z = K, with
t(K,) = n"~2 which is just the Cayley’s formula (2). From (10) we can also obtain Kf% =F,
with t(Kfﬁ) = (a1 —p"=1)//5 where o = 1(3+V/5) and 8 = 1(3—/5) which is the formula
(8), too.

§2. Some Lemmas

In order to calculate the number of spanning trees of G, we first denote by A(G), or A =
(@ij)nxn, the adjacency matriz of G, which has the rows and columns corresponding to the
vertices, and entries a;; = 1 if there is an edge between vertices v; and v; in V(G), a;; = 0
otherwise.

In addition, let D(G) represent the diagonal matrix of the degrees of the vertices of G. We
denote by H(G), or H = (hij)nxn, the Laplacian matriz (also known as the nodal admittance
matrix ) D(G) — A(G) of G. From H(G) = D(G) — A(G), we can see that h;; = d(v;) and
hij = —as; if i # j.
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A well-known result states the relationship between the number of spanning trees of a
graph and the eigenvalues of its nodal admittance matrix:

Lemma 2.1([10]) The value of t(G), the number of spanning trees of a graph G, is related to
the eigenvalues A1 (G), A\2(G), -+ , A\ (G) of its nodal admittance matric H = H(G) as follows:

HG) =

SN

[TM@), 0= M(@) < 0(@) < <A, (1)

A classic result of Kirchhoff can be used to determine the number of spanning trees for G.
Next, we state the well-known theorem of Kirchhoff:

Lemma 2.2(Kirchhoft’s Matrix-Tree Theorem, [11]) All cofactors of H are equal and their

common value is the number of spanning trees.

Lemma 2.3 Let b > 2 be a constant, then the determinant of order m

1 1 1 1
-1 b -1 0
am_ﬁm
12
0 0 o g (12)
0 -1 b -1
0 -~ 0 -1 b—1
mXm

where o = (b+ Vb2 —4)/2, 8= (b—Vb%>—4)/2.

Proof Let a, stand for the determinant in (??) as above, by expending the determinant

according to the first column we then have

A = 0o . . T 0 = Cm—1 1 am—1, (13)

0 0 -1 bv-1
mXm
where
b -1 0 0
-1 b6 -1 0
tm=10 . . . 0 =bem—1— -2 (14)

o -+~ 0 -1 b-1

mXxXm

inwhicheyg=1,¢; =b—1and ¢y =b>—b— 1.
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Constructing a function as follows:

= Z ema™, (15)

m=0
then
flz) =1+0b-Dx+ > cpa™
m>=2
=1+ (b — 1)$ + Z (me,1 - Cm,Q)Im
m>=2
+ (b= Dz +ba(f(x) — 1) — 2*f(2),
i.e.

1— m+1 m
I0= = 2" e (16)

where o« = (b+ Vb2 —4)/2 and 8 = (b — vb? —4)/2 which is just the two solutions of the
equation 22 — bz +1 = 0.
Thus, from (11.4) and (11.5) we have

m—+1 m
S (17)
14+«
Since
1 1 1
az = | —1 b —1 =b2—1202+01+60, (18)
0 -1 b-1
from (11.2),(11.6) and (11.7) we can obtain that
m_lc m—1 akJrl 4 ﬂk a™ — Bm
k = =
k=0 prr S a-§
83 Complete Multipartite Graphs
For a complete k-partite graph Kjz of order n where the vector m = {ny, na,---, ni} and
n=ni+ne+--+npforl<k<nwithn >na> - 2ng Let V(Kpz) =V1UVaU-- UV,
be the k partitions of the graph K} 7 such that |V;| =n; for i =1,2,--- ,k. It is clear that for
any vertex v; € V;, d(v;) =n—n; for i = 1,2,--- | k. So the degree sequence of vertices in Ky 7
d(Kigm) = ((n = n1)™, (n —n2)"2, -, (n —ng)"™). (19)

Now, let E; be an identity matrix of order i, I;x; = (1)ix; a total module matrix of order
i x j and O;x; = (0)ix; a total zero matrix of order ¢ x j. Then the diagonal block matrix of

the degrees of the vertices of K 7 corresponding to (12) is

D(Kym) = (Dij)kxk (20)
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where Dy; = (n —n;)Ey, and D;j = Oy, xn; when i # j for 1 <i,j < k. The adjacency matrix
of K} corresponding to (?7) is
A(Kkm) = (Ai)kxks (21)

where A;; = Oy, and A;j = I, xn, when i # j for 1 <i,j <k.
Thus, we have from (13) and (14) the Laplacian block matrix (or the nodal admittance
matrix ) of K »
H(Kkn) = D(Kyn) — A(Kkn) = (Hij)kxk, (22)

where Hy; = (n —n;)Ey, and Hyj = —Ip,xn,; when i # j for 1 <i,j <k. O

Theorem 3.1 Let Kipn be a complete k-partite graph of order n where the vector n =
{ni,ne, - ,np} andn = ny +ng+---+ng for 1 <k < nwthng > ng > -+ = ny.
Then the number of spanning trees of Ky z s

k

H(Kym) = nk—2 H(n — ni)"i_l. (23)
i=1

Proof According to Lemma 2.1, we need to determine all eigenvalues of nodal admittance
matrix H(K}y ) of Kj 7. From (15) we can get easily the characteristic polynomial of H (K} 7)

as follows:

|H(Kkm) — AE| =
(n — Ny — A)Enl _Inl XNo e _I’n«l XNy (24)
_In2><n1 (n — N2 — )\)Enz e _Inz XNy
_Ink XNy _Ink XMno e (n — Nk — )\)Enk

nxn
Since the summations of entries in every column in |H (K 7) — AE| all are — A, by adding
the entries of all rows other than the first row to the first row in |H (K} 7) — AE|, all entries of
the first row then become —\. Thus, the determinant becomes

\H(Kjm) — \E| =

H* % x

ni

—Inyxn, (n —n2 — /\)En2 T -1, XNk

_I’ﬂk XN _Ink Xng e (n —Ng — )\)Enk nxn

where

1 Lism—
gt o— Ix(m—1) (26)
Omy—1)x1 (n—=n1 = N E@, 1

niXni
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and the stars ”*” in (18) stand for the matrices with all entries in the first row being 1. By
adding the entries in the first row to the rows from row n; + 1 to row n in the determinant
(18), it then becomes

|H(Kp7) — AE| =
i, . .
_)\ OHQ XMnq (n —n2 — A)En2 + In2 tee OHQ XNy
Onk Xniq Onk Xno e (n —Ng — )\)Enk + I’Ilk n
ie.
|H(Kiz) = AE| = =MNHL | [] 10— ni = NE,, + L. (27)
1<i<k
From (19) we have
1 Iixn
| ;; _ 1xny _ (’I’L —nq — )\)nlfll (28)
On1><1 (n —ni — )\)Enl
For 1 < i < k we have
n—A (TL—)\)le(nifl)
|(TL—TL1—)\)EM +Im| =
I(nifl)xl (n_ni _)\)Eni—l +Ini—l
ie.
1 I, —
(0 —1i = N En, +Ln,| = (n—)) el
O(m—l)xl (n—ni = A)Enp,—1 (29)
=m—-N(n—-n; — AL
By substituting (21),(22) to (20) we have
k
|H(Kiz) = AE| = =An = N [ [(n = ms — At (30)
i=1

So, from (23) we derive all eigenvalues of H(K}7) as follows: Ay =0 and

(n; — 1)-multiple roots Aiy1(Kpzm) =n—n;, i=1,2,-- k;

b

(k — 1)-multiple root A, (Kj7) = n.

By substituting (24) to (11) we have

[[2i(Kiz) =nt2 H(n — )L (32)
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This is just the theorem. O

Corollary 3.2 (Cayley’s formula) The total number of spanning trees of complete graph K,

18
t(K,) =n""2. (33)
Proof Let k =n, then ny =ng =---=n, =1 and K,, 7 = K,,. By substituting it to (25)
we then have
HE) = t(Ky,z) =n"? [[(n = 1)° =n""2 O
i=1

83. Generalized Complete Multipartite Graphs

For a generalized complete k-partite graph K ,fﬁ of order n spanned by the fan set .% =
{Fn,s Fnyy -+, Fn, } wheren =nj +no+---+ng withng 2ng > 2ngfor 1 <k<n Itis
clear that the degree sequence of vertices of the fan F,, in K ;? .-

dF,)=m—-n;+2,(n—n; +3)" > n—n;+2,n—1) (34)
fori=1,2,--- k. So the degree sequence of vertices of K,fﬁ is
E(Kk%?ﬁ) = (E(Fm)va(Fnz)v 7E(Fnk)) (35)

Now, the diagonal block matrix of the degrees of the vertices of K ,‘? - corresponding to (28)
is
D(K]fﬁ) = (Dij)kxk; (36)
where from (27) we have

D;; =diag{n—n; +2,n—n; +3,--- ,n—n; +3,n—n; +2,n— 1} (37)

and Dj; = Op,xn; When i # j for 1 <i,j <k.
The adjacency matrix of K ;:J — corresponding to (28) is

A(KZS) = (Aij)kxks (38)
where
0 1 1
1 0 1
Ay = (39)
0 1
1 1 -~ 1 0
s XMNyg

and Ajj = In,xn; when i # j for 1 <i,j < k.
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Thus, we have from (29) ~ (32) the Laplacian block matrix (or the nodal admittance

matrix ) of K,fﬁ

H(Klfzﬁ) = D(Klf,zﬁ) - A(Klfﬁ) = (Hij)kxka (40)
where
Hu - Du - Au -

di—1 -1 -1

-1 d; —1 -1
(41)

-1 d; -1
-1 d; -1 -1
-1 -1 - -1 n—1
n; XN;

with d; =n —n; + 3 and H;j = —I,xn, when i # j for 1 <i,5 < k.

Theorem 4.1 Let Kkyn be a generalized complete k-partite graph of order n spanned by the
fan set F = {Fy,,Fpn,, -+, Fn,.} where m = {ni,ng, -+ ,ni} and n = ny +ng + -+ + ny for

1 < k < n, then the number of spanning trees in ka is
ﬁnl—l
( a 2k 2 H (42)

where a; = (d;i +\/d? — 4)/2 and 3; = (d; — \/d? — 4)/2,d; =n —n; + 3.

Proof According to the Kirchhoff’s Matrix-Tree theorem, all cofactors of H (K fﬁ) are
equal to the number of spanning trees t(K;f%). Let H*(K,‘fﬁ) be the cofactor of H(K,‘fﬁ)
corresponding to the entry h,,, of H(K,fﬁ), then

HK7) = [H (Kip)| =
Hyy T _Inl Xng t _Inlx(nk—l)

_Inixnl e Hii e _Inix(nkfl)

_I(nk—l)xm _I("k_l)xni H;k
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where
dp —1 -1

-1 dy -1
-1 dp—1

(nk—1)x(ng—1)

Since the summations of entries in every column in |[H*(K;7.)| all are 1 by adding the
entries of all rows other than the first row to the first row in |H*(K,‘?ﬁ)| the entries of the first
row become 1. By adding the entries in the first row to the rows from row n; +1 to row n — 1

in the last determinant, it becomes from (36) and (37)

H* e * e *
ny
|H*(Klfﬁ)|: Onixnl ‘E[z""*[n7L * ’
O(nk—l)xnl O(nk—l)xni H;:k—l
i.e.
HE ) = [H (K = 1Hy - T [ Ha+ Lol - | H, o, (45)
1<i<k
where
1 1 1 1 1
-1 dy -1 -1
|Hy, | = S ' :
-1 d; -1 -1
-1 dy—1 -1
1 -1 - -1 -1 wn-1
niXni

by adding the entries in the first row to the correspondence entries of the other row in |H; |

we then have

11 1 11
0 di+1 0 1 0

|H:;1|: 1 - .. - 1 ,
1 0 di+1 0 0
1 -1 0 d 0
0 0 0 0 n

niXni
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ie.
1
0
|Hy [=n|1
1
It is clear that
|Hii + In,| =
i.e.
|Hii + In;,| =7

Since the summations of all entries in every column in the last

|Hii + In,| = n®
and
dy,
0
|H;§k71| =1
1

Similarly, we have

Junliang Cai and Xiaoli Liu

1 1
di+1 0
1 0
1
d; 0
0 di+1
1
1
1
0
d; 0
0 di+1
1
1
1

1 1
0 d;+1
1
1
1
0 1
dp+1 0
1 0
1

1
1
1
di+1 0
0 dy
1
0 1
0 d;+1
1 0
1
0 1
0 d;+1
1 0

1
0 1
0 d;+1
1 0
1
dip +1
0

(n1—1)><(n1—1)

—_

S o
o

o
S

TN XNy

1

0

d;
(ni—l)x(ni—l)

determinant, we have

1
1 ;
0
d;
(nifl)x(nifl)
1
1 :
0
d
=) x (ni—1)

(47)
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Hi ul=nl1 . e - (48)

(nk—1)x(nk—1)

0 di+1 0 1

1 10 4
(mi—1)x (ni—1)
or
111 1
1 d -1 0
HES) =n* 2 I o . . . o : (49)
1<i<k
0 -1 d -1
0 - 0 -1 di-1
(mi—1)x (ni—1)

Thus, from (11.1) and (42) we have

n;—1 n;—1
iw _6‘1

HEKZ ) = p2k—2 o i
(K =n*? ] =4—5 (50)
1<i<k

where a; = (d; +/d? —4)/2, B; = (d; — \/d? —4)/2 and d; = n — n; + 3.

This is just the theorem. |
Corollary 4.2 The total number of spanning trees of a fan graph F, is

HF) = (0™ = ) GV
RV

where o = (3++/5)/2 and 3 = (3 —/5)/2.

Proof Let k =1, then ny = n and Kfﬁ = F,,. Substituting this fact into (35), this result
is followed. O
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