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Abstract In this paper we study the product of the square-free divisor of a natural number
Psa(n) = ][] d. According to the Dirichlet divisor problem, we turn to study the asymptotic

dln
n(d)#0

formula of > log Psq¢(n). This article uses the hyperbolic summation and the convolution
n<x

method to obtain a better error term.
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§1. Introduction and main results

F.Smarandache introduced the function Py(n) := [] d in Problem 25M). Now we define a
d|n
similar function Pgg(n), which denotes the product of all square-free divisors of n, i.e.,

Pua(n) =[] @
dln
p(d)#0
In the present paper, we shall prove the following Theorem.

Theorem. We have the asymptotic formula

Z log Pog(n) = Az log® x + Asxlogx + Azx + O(x%exp(—D(log x)%(log log x)*%),

n<lz

where A, As, Az are constants, D > 0 is an absolute constant.

Notations. [z] = mazrez{k < a}.p(t) =t —[t] — 1, ¢1(t) = fg Y(u)du. p(n) is the
Mobius function. & denotes a fixed small positive constant which may be different at each
occurence. 7y is the Euler constant. By, Bs, B3, C1, Cs , D1, Dy, D3, D4 are constants.

§2. Some preliminary lemmas

We need the following results:

Lemma 1. Let f(n) be an arithmetical function for which

l
> fn) =) 2% P;(logz) + O(a"),

n<x Jj=1
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> 1f(n)] = Oz log" x),

n<x

where a; > ag > -+ > a; > % >a>0,7>0, Pi(t), -, P/(t) are polynomials in ¢ of degrees

not exceeding r , and k > 1 is a fixed integer. If

ZMZ n/dk 1>1

d*|n
then l
> h(n) =Y a%R;(logx) + i(x),
n<w j=1
where Ry (t),--- , Ri(t) are polynomials in ¢ of degrees not exceeding r. and for some D > 0

§(z) < x* exp (—D(logz)* (loglog z) 7).
Proof. See Theorem 14.2 of A. IviéBl when I = 1 and the similar proof is used when I > 1

Lemma 2. Suppose that f(u) € C3[uy,uz], then

w = [ ftn— v )7+ vr(s

ul <n<u2

Lemma 3. We have

1 1
Z =10gy+w—w(y)+0<2>,y>1.
m Yy

1<m<y

Lemma 4. We have

1(y 1
> logm =ylogy —y — ¥(y) ] (2),y21.
1<m<y Y Yy

Lemma 5. We have

I 1 1 I
Z Ogm:—ogy—+D3+O(Og2y),y21.
Yy Yy

2
m
1<m<y 4

Lemma 6. We have

log? log? 21 2 log?
> EE--d Ogy—y+D4+0<ogy>,y>1.

2
m
1<m<y y 4

Lemma 7. We have

> d(n) = ylogy + (2y — 1)y + O(y?).
n<y
Lemma 8. We have

Z d(n)n™2 =2y? logy + (4y — 4)y? — 2y +3+ Oy~ s).

n<y
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Lemma 9. We have

Z d(n)n’% logn = 2y? log®y + (4v — 8)y% logy + (16 — S'y)y% +8y—16+ O(y*é logy).

n<y

Lemma 2 is the Euler-Maclaurin summation formula (see [2]). Lemma 3, 4, 5, 6 follow from
Lemma 2 directly. Lemma 7 is a classical result about the Dirichlet divisor problem. Lemma
8, 9 can be easily obtained by Lemma 2 and Lemma 7.

83. Proof of the theorem

It is easily seen that

log Psg(n) = Z log d,
n=dl,u(d)#0

which implies that (o > 1)

=" =1 d=1
—((s SORY - ‘(s ! s !
6(6) (S8L) = =€) (5) g + 226 (29) s
= Z hi(n)n™° +2 Z ha(n)n™*
n=1 n=1
where
=Y wdfi(n/d®), fi(n) =) logm;
d?|n m|n
=Y w@hn/d), f)= Y dk)lgm, pu(d)= Y wduk).
d?|n n=m?2k n=dk

Our Theorem follows from the following Proposition 1 and Proposition 2.
Proposition 1. We have

3
5

Z hi(n) = Byxlog® x + Boxlogx + Bz + O(w%exp(—D(log x)®

n<xz

(log log x)_%).

Proposition 2. We have

Z ha(n) = Cizlogz + Cox + O(x%exp(—D(log x)% (loglog x)*%).

n<zx

We only proof Proposition 2. The proof of Proposition 1 is similar and easier. We have

ng(n)zz Z d(k)logm = Z d(n)logm

n<x n<x m2k=n m2n<z
=S e X do+ X d) X ogm X e X
m<:t3 n< ) n<x% m<( )2 m<m3 n<x%

=51 +5,— 853



No. 2

Yanyan Han

58
By Lemma 7, 5, 6
x x x T \3
mgx%
logm log®m 1 logm
= (zlogx + (2y — 1)z) Zl 3 — 2z Zl 2 +0 | z3 Zl 3
m<z3 m<x3 m<x3
glogx >

1
(zlogz + (2y — 1)) (—3x_3 logz — 273 + Dy + O (x_

1 2
—2x (ac;» log® x — gx*% log x — 2273 + Dy+ O

By Lemma 4, 8, 9

> i (<ii>%og:i—<z>5+D1+o<logz>>

n<13
1 1
(793% logx—x% Z d(n nr— 7% z? Z d(n)

n<lz 3

So

+Dy Y d(n)+0 [logz Y d(n)

]. 1 1 2 1 1
( x?logx—x2> <3x610gx—|—(47—4)x6—27—1—3—1—0(:5 18))

1
é( 2% log” x + (4778)x%10gx+(1678'y):17%+87716+O(m 18 logx)>

1
—=
2

+D1 Y dn) +0 (237)

1
n<lz3

By Lemma 4 and Lemma 7,
S Z d(n < :1:310g33—1:3+D1+O(10gx)>

n<zd
= éx% log Z d(n)—x% Z d(n) + Dy Z d(n)
n<a® n<a® n<z3
+0 | logx Z d(n)
n<e?d
1 1 1 1
= <3z3 logxx3> (x3 logz + (2y—1)z3 + O (x9>)

+0 (ﬁﬂ) +Dy > d(n)

1

n<x3
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Combining the above estimates we get

-2
Z fa(n) = Dsxlogx + ((2y — 1)D3 — 2Dy4) x + 3 5 Vb logz + (5 — 27):1:% +0 (ngFE) ,

n<z

which gives Proposition 2 immediately by using Lemma 1 .
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