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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) =
S(n—1)+S(n—2), where S(n) is the Smarandache function for integers n > 0. Certainly, it
is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fibonacci
graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006. Generally,
let G be a (p,q)-graph and {S(n)|n > 0} a Smarandache-Fibonacci Triple. An bijection
f: V(@) — {S(0),S(1),5(2),...,5(q)} is said to be a super Smarandache-Fibonacci grace-
ful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{5(1),5(2),...,5(q)}. Particularly, if S(n),n > 0 is just the Fibonacci sequence F;, i > 0,
such a graph is called a super Fibonacci graceful graph. In this paper, we construct new
types of graphs namely F;, ® K1+,m7 Chn® Py Kin @ K12, Fr, ® Py, and C,, @ K1, and we

prove that these graphs are super Fibonacci graceful graphs.
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§1. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of
length n is denoted by P,y1. A cycle of length n is denoted by C,,. G is a graph obtained
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where
the vertices are assigned certain values subject to some conditions, have often motivated by
practical problems.

In the last five decades enormous work has been done on this subject [1]. The concept of
graceful labeling was first introduced by Rosa [5] in 1967. A function f is a graceful labeling of
a graph G with ¢ edges if f is an injection from the vertices of G to the set {0,1,2,...,q} such
that when each edge uv is assigned the label |f(u) — f(v)], the resulting edge labels are distinct.
The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were introduced

by Kathiresan and Amutha [3]. We call a function f, a Fibonacci graceful labeling of a graph G
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with ¢ edges if f is an injection from the vertices of G to the set {0,1,2,..., F,}, where Fy is
the ¢ Fibonacci number of the Fibonacci series Fy = 1,F, = 2,F3 =3, Fy = 5,-- -, such that
each edge uv is assigned the labels | f(u) — f(v)|, the resulting edge labels are Fy, F», ..., F,. An
injective function f : V(G) — {Fy, F1,..., F,}, where F, is the ¢'" Fibonacci number, is said
to be a super Fibonacci graceful labeling if the induced edge labeling | f(u) — f(v)| is a bijection
onto the set {F1, F, ..., Fy}. In the labeling problems the induced labelings must be distinct.
So to introduce Fibonacci graceful labelings we assume Fy = 1, F5, =2, F3 =3, F, =5,---, as
the sequence of Fibonacci numbers instead of 0,1,2,..., [3].

Generally, a Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) =
S(n —1) 4+ S(n — 2), where S(n) is the Smarandache function for integers n > 0 [2]. A (p, q)-
graph G is a super Smarandache-Fibonacci graceful graph if there is an bijection f: V(G) —
{5(0),5(1),5(2),...,5(q)} such that the induced edge labeling f*(uv) = |f(u) — f(v)] is a
bijection onto the set {S(1),S5(2),...,5(¢)}. So a super Fibonacci graceful graph is a special
type of Smarandache-Fibonacci graceful graph by definition.

In this paper, we prove that F,, & Kffm, Cpn® Py, Kiy, oKz, F, ® Py and C,, ® Ky 1,

are super Fibonacci graceful graphs.

82. Main Results

In this section, we show that some new types of graphs namely F,, & K, |, C, &P, K1, 0K 2,

1,m>

F, ® P,, and C,, ® K ,, are super Fibonacci graceful graphs.

Definition 2.1([4]) Let G be a (p, q) graph. An injective function f: V(G) — {Fo, F1, Fa, ..., Fy},
where F, is the ¢'" Fibonacci number, is said to be a super Fibonacci graceful graphs if the in-
duced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set {Fy, Fs, ..., F,}.

Definition 2.2 The graph G = F,, & P,, consists of a fan F,, and a Path P,, which is attached

with the maximum degree of the vertex of F, .

The following theorem shows that the graph F,, @ P,, is a super Fibonacci graceful graph.

Theorem 2.3 The graph G = F,, & P,, is a super Fibonacci graceful graph.

Proof Let {ug = v,u1,us,...,u,} be the vertex set of F;, and vy, va, ..., v, be the vertices
of P, joined with the maximum degree of the vertex ug of F,. Also, |[V(G)| = m+n+1
and |E(G)| = 2n +m — 1. Define f : V(G) — {Fo, F1,...,F;} by f(uo) = Fo, f(u) =
Fopgm—1-26i-1), L <i<m, f(vi) = Fpa-1), 1 <i<2,

F,  ifm = 0(mod3) F;  ifm = 1(mod3)
f(vm) = . f(vmfl) = .
Fy ifm = 1,2(mod3) F,  ifm = 2(mod3)

and f(vm—2) = Fy if m = 2(mod3).

-3 —4 -5
Forl=1,2,..., m3 , or m3 , or m3 according to m = 0(mod3) or m = 1(mod3)
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or m = 2(mod3), define

fire) = Fr_1o@i-1)430-1), 3l —2 <1 <3l

We claim that the edge labels are distinct. Let By = {f*(uw;u;41) 14 =1,2,...,n — 1}. Then

E, = {|f(u)— flugg1):i=1,2,...,n—1}
= A{lf(u1) = f(u2)]; [f(u2) = fus)l, ..., | f(un—1) = flun)l}
= {|Pontm-1 = Pontm—sl,[Fon+m—3 — Fanym—sl,-- -, [Fm43 — Fial}
= A{Fontm—2, Fontm—a,--, Fmta, Fnia},

Ey, = {f*(woui):i=1,2,....n}={|f(ug) — f(w;)|: 1 =1,2,...,n}
{1 (wo) = flur)l, | f(uo) — f(uz)l, ., [f(wo) = f(un)l}
{I1Fo = Fangm—1l,1Fo = Fonym—3l, -, |[Fo — Frnyal}

{F2n+m71; F2n+m73; ceey Fm+37 Fm+1};

Es

{f*(wov1), f*(v1v2)} = {|f (uo) — f(v1)], [f(v1) = f(v2)[}
{|F0 - Fm|v |Fm - m72|} = {Fvamfl}-

Let By = {f*(vavs)}. The edge labeling between the vertex vy and starting vertex vz of
the first loop is

Ey={[f(v2) = f(w3)[} = {|Frm—2 = Frna[} = {Fn—3}.
For [ = 1, let E5 = {f*(ngng) 01 S ) S 2} Then

Es = {[f(vit2) — f(vigs)| 1 1 <0 <2}
{1/ (vs) = f(va)], | f (va) = f(05)]}
= {|Fm71_Fm73|;|Fm73_Fm75|}:{Fm727Fm74}-

Let B2 = {f*(vsvg)}. We find the edge labeling between the end vertex vs of the first loop
and starting vertex vg of the second loop following.

E5 ={|f(vs) — f(e)|} = {|Fin—5 — Fin—al} = {Fns}.
For I =2, let Eg = {f*(vi42vi+3) : 4 <i < 5}. Then

Eg {Uf(iv2) = f(vigs)] : 4 < i <5} = {|f(ve) — f(vr)l, | f(vr) — fvs)]}

= {|Fm*4 - Fm76|a |Fm76 - Fm78|} = {Fm757Fm77}-

For labeling between the end vertex vg of the second loop and starting vertex vg of the
third loop, let E} = {f*(vsvg)}. Then

Eg = {|f(vs) = f(vo)l} = {|Frn—s = Fin—rl} = {Fi-o},
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etc.. For [ = mT—S —1, let E?_l = {f*(vig2vit3) :m —10 < i <m —9}. Then

{If(vit2) — f(vigs)| :m —10<i <m — 9}
{1f(m—g) = f(m—7)|,|f (Vm—7) — f(vm—6)|}
{|F1o — Fg|, |Fs — Fg|} = {Fy, Fr}.

Emn-s
m=5_q

For the edge labeling between the end vertex v,,_g of the (m - 1)th loop and starting

(m

)
vertex vy, s of the (———)"? loop, let Ey s = {f*(Vm—6vm—s5)} Then
3

Eus = {If(vm-s) = fom-s)I} = {|Fs — Fr} = {F5},

En-s

3

{f*(vis2vigs) :m —7<i <m— 6}
{If(vig2) = f(vigs)| :m =T <i<m—6}
{1f (vm—s) = fvm=-a)|,|f (vm-1) = f(vm—3)[}
{|F7 — F5|, | F5 — F3|} = {Fs, Fu}.

-4
For [ = mT —1,let Em_a_y = {f*(Wigoviys) :m—9 <i<m— 8} Then

Ens_y = {|f(vit2) = f(vigs)[ :m =9 < i <m — 8}
= {If(vm-7) = fom—6)|;|f(Vm—6) = f(vm-5)|}
{[Fo — Fr|, |F7 — F5|} = {F5s, Fe }.

For the edge labeling between the end vertex v,,_5 of the (m —— — 1) loop and starting

-4
)" loop, let E}

vertex v,,_4 of the (m mea | = {f*(Vm-5Vm—4)}. Then
3

B ={lf(vm-s) = Fom-a)} = {|Fs — F|} = {F}.

—4
For | = mT’ let E% = {f*(vig2viy3) : m — 6 < i < m — 5}. Calculation shows that

Ens = {|f(vit2) = f(vigs)[ :m =6 < i <m -5}
= {lf(m-1) = fom-3)l, | f(vm-3) = f(om-2)}
= A{lFs = Ful, |[Fy — Fo[} = {F5, F3}.
Now for [ = mT_?) —1let Ems_, = {f*(Vigavit3) :m —8 <i<m—7T7} Then
Ems_y = {lf(vit2) = f(vigs)| :m =8 <i <m -7}

{1f(vm—6) = f(vm-5)|, [ f(vm—5) = f(vm-a)[}
{|Fs — Fg|,|Fs — Fs|} = {Fr, F5}.

m—3

Similarly, for finding the edge labeling between the end vertex v,,—4 of the ( —1)th

-3
loop and starting vertex v,,_3 of the (mT)Td loop, let E}n,g_l = {f*(vm—-4vm—3)}. Then
3

Ens_ = {lf(m-a) = fom-s)[} = {|Fs = Po[} = {F3}.
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For | = mT—ES’ let E% = {f*(vit2vit3) :m — 5 <i<m—4}. Then

{1f(vit2) = f(vigs)] :m =5 < i <m —4}
= {lf(vm=3) = f(om—2)|; [f(vm—2) — f(vm-1)[}
{|Fs — F3|,|F5 — F1|} = {Fy, F2}.

Emf?x

3

Now let

20 = (BB Usg ) U(EUERU - UPba ).
E® = (E UEz 7UEM_%)U(E51UE%U UE’” 4 1)
E® — (E UEQU A JEn s)U(EéUEéU UJBhs 1)

If m = 0(mod3), let Ef = {f*(vm-19m)}, then EF = {|f(vm-1 — (vm)|} ={|F

{F1}. Thus,
E=FE;|JEY ={F\,Fy,..., Fanym1}.

For example the super Fibonacci graceful labeling of Fy & Ps is shown in Fig.1.

Fyd P -
Fig Fio Fyy Fy Fy Fs Fy

Fy Fy

If m = 1(mod3), let B = {f*(vm—2Vm-1), f*(Um—1Um)}, then
By = {lf(vm-2 = f(om=l, [f(vm-1 — f(om)[}
= {2 — B3| |Fs — Fi|} = {F}, Fo )

Thus,
E=FE;UE® ={F,F,...,Fapnim_1}.

For example the super Fibonacci graceful labeling of Fy & P; is shown in Fig.2.

Fyo Py
FL14 F13 FIQ F11 }:10 FQ FS

- R} =
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If m = 2(mod3), let B = {f*(vm—3Vm—2), [ (Um—2Um=1), [*(Um—1Um)}, then

Ey = {lf(vm-s) = flom-2)|,|f(vm—2) = f(om-2)|;[f (0m—1 = f(vm)I}
{|F5 — Fyul, |Fy — Fy|, |Fo — F1|} = {Fy, F3, F1 }.

Thus,
E=EiUE® ={F,F, ..., Fopim_1}.

For example the super Fibonacci graceful labeling of F5 & Ps is shown in Fig.3.

F5d Ps -
Fup,fe pya o BB B F

12 |F B
i) 10 8 Fs

Fs . Fa Iy I3 Iy

Fig.3

Therefore, F,, & P,, admits a super Fibonacci graceful labeling. Hence, F,, & P,, is a super
Fibonacci graceful graph. O

Definition 2.4 An (n,m)-kite consists of a cycle of length n with m-edge path attached to one
vertex and it is denoted by C,, & Py,.

Theorem 2.5 The graph G = C,, ® P,, is a super Fibonacci graceful graph when n = 0(mod3).

Proof Let {ui,u2,...,u, = v} be the vertex set of C,, and {v = uy,v1,v2,...,v;,} be
the vertex set of P, joined with the vertex w, of C,. Also, |V(G)| = |E(G)] = m + n.

Define f : V(G) — {Fo, F1, ..., F,} by f(un) = Fo, f(u1) = Ftn, f(u2) = Fyqin—2 and for
n—3 .
I1=1,2,..., 3 f(uiyo) = Fpyn—1-2(i—1)+30—1), and for 31 =2 <4 < 31, f(v;) = Fo_a3—1),

and for 1 <14 <2,

F, if m = 0(mod3) F; if m = 1(mod3)
flom) = . f(om-1) = .
F,  if m=1,2(mod3), F,  if m = 2(mod3)
— —4 _
and f(v;—2) = Fy when m = 2(mod3). Forl =1,2,..., m=3 or m3 or 2 > according
to m = 0(mod3) or m = 1(mod3) or m = 2(mod3), let f(viya) = Fr—1_23i—1)4+301-1) for

3l—-2<q¢ <3l
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We claim that all these edge labels are distinct. Let By = {f*unu1), f*(u1u2)}. Then

By = A{lf(un) = flud)], | f(ur) = f(u2)l}
= {|FO_Fm+n|7|Fm+n_Fm+n—2|}:{Fm+nuFm+n—l}-

For the edge labeling between the vertex ug and starting vertex ws of the first loop, let
E; = {f*(uau3)}. Then

By = {|f(u2) = f(us)|} = {|Fmtn—2 — Fnyn_1l} = {Fnin-3}
For I =1, let B35 = {f*(uijt2uits3) : 1 <i < 2}. Then

Es = {[f(uit2) = fluirs)[ : 1 <i <2}
{1/ (us) = fua)l, [ f(ua) = flus)[}

= {lFm-i-n—l - Fm+n—3|u |Fm+n—3 - Fm+n—5)|} = {Fm+n—27Fm+n—4}-

For the edge labeling between the end vertex us of the first loop and starting vertex ug of
the second loop, let Eél) = {f*(usug)}. Then

B = {|f(us) — f(ue)]} = {|Finsn-s — Fmtn-al} = {Fmtnsc}.
For I =2, let Ey = {f*(uit2uits3) : 4 <i <5}. Then

Ey = {[f(uit2) = fluirs)] : 4 <i <5} = {[f(ue) — f(ur)l], | f(ur) — f(us)|}

- {|Fm+n74 - Fm+n76|7 |Fm+n76 - Fm+n78|} = {Fm+n757 Fm+n77}-

For the edge labeling between the end vertex ug of the second loop and starting vertex ug
of the third loop, let Eil) = {f*(usug)}. Then

By = {1f(us) = f(s)l} = {1 Fmsn-s — Fnsn-il} = {Fmsno},

n—3

etc.. For [ = —1,let Ens_, = {f*(wip2uir3) :n—8 <i<mn—T} Then

Ens = {lf(uit2) = fluigs) :n =8 <i<n—T}
= {lf(un-6) = fun—s)[,[f(un—5) = f(un-a)|}
= {lFm+8_Fm+6|a|Fm+6_Fm+4)|}:{Fm+7aFm+5}'
-3
For finding the edge labeling between the end vertex u,_4 of the (nT — 1)th loop and

-3
starting vertex u,,_3 of the (nT)Td loop, let E%71 = {f*(un—atn—3)}. Then
3

E%,l = {lf (un—a) = Flun—3)[} = {[Fmsa — Frysl} = {Fnis}-
n—3 .
For [ = 5 let En_s = {f*(uwipauiys) :n—5<i<n-—4} Then

Ens = A[f(uiy2) = fuips)| :n =5 <i<n—4}
{f (un—3) = f(un—2)|, [f(un—2) = f(un-1)[}
= {|Fm+s — Fontals [Fnts — Fntal} = {Fnta, Fnga}
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Let Ef = {f*(up—1un)} and E} = {f*(unv1), f*(v1v2)}. Then

EY = {|f(un—1) = f(un)l} = {|Fms1 = Fol} = {Fm1},

Ey = Alf(un) = for)| [f(v1) = fv2)[}
{lFO _Fm|a |Fm - Fm—2|} = {Fvam—l}'

For finding the edge labeling between the vertex vo and starting vertex vs of the first loop,
let B4 = {f*(vavs)}. Then

Ez ={|f(v2) = f(ws)[} = {|Fim—2 — Fna|} = {Fins}-
For I =1, let Ef = {f*(viy2vi4+3) : 1 <i < 2}. Then
Ep = {lf(vir2) = f(vigs)| : 1 <0 <2}

= A{lf(vs) = fva)l, [ (va) — f(vs)[}
- {|Fm71_Fm73|7|Fm73_Fm75|}:{Fm72;Fm74}-

Now let Ei*l) = {f*(vsvs)}. Then

By = {1(v5) = f(06)[} = {|Fin—s = Fun-al} = {Fuu—c}.

For | =2, let Ef = {f*(vit2vi+3) : 4 <i < 5}. Calculation shows that

By = {lf(vig2) — f(vigs)| 1 4 <0 <5}
= A{lf(ve) — fvr)l | f(v7) = f(vs)l}
= {|Fm—4_Fm—6|7|Fm—6_Fm—8|}:{Fm—5uFm—7}-

Let Eé*l) = {f*(vsvy)}. We find the edge labeling between the end vertex vs of the second

loop and starting vertex vg of the third loop. In fact,

B = {|f(vs) = f(v9)[} = {|Fn—s = Funrl} = {Fru—o}

-5
etc.. For | = mT —1, let ET,HLI = {f*(Vig2viy3) :m—10 < i <m — 9}. Then

3

Euns_, {If(vis2) = fvigs)| :m =10 < i <m -9}
{1f(m-s8) = f(Wm-7)|; |f (vm—7) = f(vm—6)[}
{[Fro — Fs|, | Fs — Fs|} = {Fy, Fr}.

m—5_1)th

Similarly, for finding the edge labeling between the end vertex v,,—g of the (

loop and starting vertex v,,_5 of the (mT_5)Td loop, let B L = {/"(vm-6vm-5)}. Then
-3

Bt = Al (ns) = flom-s)l} = {|Fs = Fil} = {F5}.
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For | = mT—S, let B, s = {f*(vig2vi43) :m —7 <i <m—6}. Then

3

Ens = A{[f(vir2) = f(vigs)] :m =T < i <m—6}
{1f(vm=s5) = f(vm-a)|, | f(Vm—-a) — f(om-3)[}
{|F7 — F5|, | F5 — F3|} = {Fs, Fu}.

—4
For | = mT —1, let E’:n,4_1 = {f*(Vit2vits) 1 m—9 <i <m —8}. We find that
3

Ens_y = Alf(vir2) = figs)] :m =9 <d<m -8}
= {If(vm-7) = f(om—6)|;|f(Vm—6) — f(vm-5)|}
{[Fo — Fr|, |F7 — F5|} = {F5s, Fe }.

For getting the edge labeling between the end vertex v,,_s5 of the (m —— 1)th loop and

—4 .
starting vertex v,,_4 of the (mT)Td loop, let E( 1) = {f*(vm—-5Vm—4)}. Then

Eii‘il_l = {|f(vm-s5) = Fom-2)|} = {|Fs — Fs[} = {Fu}.

3

Forl— 3 ,le tEm s = {[*(Wigaviy3) :m —6 <i<m—5} Then

{If(iv2) = f(vigs)| :m =6 < i <m -5}
= {If(vm-1) = fm-3)|,[f(vm-3) = f(vm-2)[}
{IF6 = Fal, |Fy — Fol} = {F5, F3}.

*
Em74

3

m—3 .
Forl—T—l let E’fn o3 1—{f*(vi+gvi+3):m—8§z§m—7}. Then

Ena ;= Alf(vir2) = fvigs)] :m =8 <i<m — 7}
{1f(m-5) = f(Wm-a)|; |f (vm—-1) = f(vm-3)[}
{[Fs — Fol, |[F6 — Ful} = {Fr, F5}.

-3
— 1) loop and starting

For the edge labeling between the end vertex v,,_3 of the (m

_3 .
vertex vp,_o of the (m )" loop, let E( D= = {f*(Vm-3Vm—2)}. Then

Eul = {1 (ns) = f(om-2)l} = {|F2 = Fs[} = {F3}.

Similarly, for [ = mT let E’fn s = {f*(Vigaviys) :m —5 < i <m —4}. Then

{If(ivz) = flvigs)| i m =5 <i<m—4}
{If (vm=3) = fom=2)l, |f(Vm—2) = f(vm-1)[}
{Fs = B3|, |[Fs — Fl} = {Fy, Fb}.

*
Em73

3

Now let
B (E1UE2UUE7LT73)U(E31UE&UUE£;3)
UEUEBU U U (B UE™S U Urh_ -
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@ — (EIUEQUUE%S)U(E%UEA}UUE}L_?)
UEUEEU-Us) U (B UE U UESS )

3

and
E® = (ElUEzU“'UE"T*S)U(EQIUEiU"'UE%s)
U UBU-Urs) U (s U U st )
If m = 0(mod3), let E* = {f*(vm—1vm)}, then

BT = {|f(vm-1 = flom)} = {|F7 — 2|} = {F1}.

Thus,
E=E*UEY ={F,Fs,...,Fpin}.

For example the super Fibonacci graceful labeling of Cs @ Py is shown in Fig.4.

CG@PGS
Fiy Fio
Fy Fy
Fio Fs
F1y a
F12F F7 F5 _ F3 F4 . F2 . Fl .
12 FO FG F6 F4 F5 F3 Fl F2
Fig.4

If m = 1(mod3), let E3* = {f*(vm—20m-1), f*(Um—1Um)}, then
B = Alf(vm—2 = f(om-1ls |f(vm-1 — f(vm)[}
= {|F2 - B3||F3 — F1|} = {F1, Fo}.

Thus,
E=EyUE® ={F,Fs,...,Fpin}.

For example the super Fibonacci graceful labeling of Cs & Pr is shown in Fig.5.

Ce @ Pr:




32 R. Sridevi, S.Navaneethakrishnan and K.Nagarajan

If m = 2(mod3), let E3* = {f*(vm—3Vm—2), [ (Um—2Um—1), [*(Vm—10m)}, then

B3t = Alf(om-3) = flom=2)l, |f (vm—2) = f(om-1)], |f (0m—1 = fom)[}
= {|F— B, |Fy — B, |F - Fi|} = {F, F, F1 ).

Thus,

E=FEUE® ={F,F, ..., Fpin}.

For example the super Fibonacci graceful labeling of Cs @ Ps is shown in Fig.6.

FlO F9
Fy 8
Ce @ Ps5 : Fy 7
F1p s
F Fo
HF' g fu , Fy | F3  Fy
R Fy Fj Fy Fy F
Fig.6

Therefore, C,, & P,, admits a super Fibonacci graceful labeling. Hence, C,, & P,, is a super
Fibonacci graceful graph. g

Definition 2.6 The graph G = F,, & Kf:m consists of a fan F, and the extension graph of
K+

1.m which is attached with the mazimum degree of the vertex of IFy,.

Theorem 2.7 The graph G = F,, & K;

1.m 18 a super Fibonacct graceful graph.

Proof Let V(G) = UUYV, where U = {ug,u1,...,u,} be the vertex set of F,, and
V = (V4,V2) be the bipartion of K ,,, where Vi = {v = ug} and Vo = {v1,vq,..
w1, Wa, . . ., Wy, be the pendant vertices joined with vy, vs, ..
2m+n+1and |E(G)| =2m+2n — 1.

., Um } and

., U Tespectively. Also, |V(G)| =

Case 1 m,n is even.

Define f: V(G) — {Fo, F1,..., Fy} by f(uo) = Fo, f(wi) = Famyon-1-2¢i-1) if 1 <i <mg
fvaic1) = Fop_y—y if 1 < < 5 f(v2i) = Fopz g1y if 1 <4 < o flwai—1) =
Fom—o_a@i—1) if 1 <i < % and f(wa;) = Fopm—1-4(i—1) if 1 <4 < Uy

We claim that all these edge labels are distinct. Calculation shows that

By = {ff(wiuit1):i=1,2,...,n—1}

= {If(wi) = fluipr) i =1,2,..

n—1}

= Alf(u2) = f(u2)l, [f (u2) = f(us)],

= {|Fontom—1 — Fontom—3l: | Font2m—3 — Fontom—sl, - - -, | Fom+s — Fom41]}

= {Fontom-2, Fontom—u, ..

o [ f(un—1) — fun)l}

o Fomya, Fopia},
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E2 = {f*(uoui):i=1,2,...,n}
= {|f(u0)_f(ui)|:i:172a"'7n}
= Alf(uo) = f(ur); |f(uo) = fluz)l,-. -, [f (uo) = f(un—1)l; | f(uo) = f(un)[}

= 0 — L'2n4+2m—1/, [£'0 — L'2n4+2m—3|y -+ -5 |[L'0 — L'2m+3|, |£'0 — L'2m+1
{IFo - F | [Fo — F e [ Fo = Pomaal, |Fo — Pama|}
= {Foniom—1, Fontam—3,- -, Famts, Fam1},
* . m
Es = {f*(uov2i—1):1<4 < 5}
. m
= {|f(uo)—f(v2i_1)|:1§z§§}

= {[f(uo) = f(v1)l;|f(uo) = f(v3)],-- s [f(wo) = flom—3)|, | f(uw0) — f(vm—-1)[}
= {|Fo — Foml|, |Fo — Fom—al,...,|Fo — Fs|,|Fo — F4|}

= {Fom, Fom—u,..., Fs, Fu},

E, = {f*(UOU%):lSiS%}
<

= {[f(uo) = f(v2)], | f(uo) = f(va)ls- - |f(uo) — flom—2)|,|f(u0) — f(vm)[}
= {|Fo — Fom—3l,|Fo — Fom—v|,...,|Fo — F5|,|Fo — F1|}

= {Fom-3,Fom—7,...,F5, F1},

Es = {f*(vaiciwai—1): 1< <

}

= {[f(vai—1) = flwai—1)|:1 <3< =}

= {If(v1) = fw)l, | f(v3) = f(ws)l, -, [f(vm—3) = fF(wm-3)|, [f(vm-1) = fF(wm-1)[}
= {|Fom — Fom—al, |[Fom—a — Fom—ql, -, |Fs — Fo|,|Fs — Fa|}

= {Fom1,Fom_s...., Fr, 3},

A E

m
2

Eg = {f*(U2iw2i)31§i§%}
<

= {lf(v2i) = fwa)| : 1
= Alf(v2) = f(w2)|, | f(va) = flwa)l,...; | f(om—2) = fwm—2)| |f(vm) = f(wn)]
= A{lFom-—3 — Foml, |[Fom—7 — Fom—s|, ..., |F5 — F7|, |[F1 — F3|}

= {Fom—2,Fom—¢....,Fs, Fa}.

Therefore,
E=F UE2U"'UE6 ={F,F,...,Fonion-1}-

Thus, the edge labels are distinct. Therefore, F;, & K1+ m admits super Fibonacci graceful
labeling. Hence, F,, ® K" is a super Fibonacci graceful graph.

1,m

For example the super Fibonacci graceful labeling of Fy & K 1+ , is shown in Fig.7.
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F4@K1+)42

Fig.7

Case 2 m even, n odd.

Proof of this case is analogous to case(i).

For example the super Fibonacci graceful labeling of F5 & K 1+ 4 is shown in Fig.8.

Fir Fig Fis Fyy Fas iy Fii By Io

F5@Kf:4l

Fig.8

Case 3 m,n is odd.
Deﬁne f . V(G) — {FQ,Fl, .. .,Fq} by f(UO) = FO, f(ul) = F2m+2n7172(i71) 1f 1 S Z S n;
. ._om—+1 . .om-—1
f(wm) = Fi; f(v2i-1) = Fopp_agio1) if 1 <0 < 5 f(v2i) = Foppg a1y if 1 <i < 5
Jwai1) = Fopy_o_yi—1) if 1 <@ <

m—1 m—1
We claim that the edge labels are distinct. Calculation shows that

and f(wa;) = Fapm—1-43-1) f 1 <@ <

E, = {f*(wui1):i=1,2,...,n—1}

= {[f(wi) = fluip1)]:i=1,2,...,n— 1}

= A{[f(ua) = flu2)l, [f(u2) = fus)l,- -, [f(tn—2) = f(tn-1)|,|f(un—1) = f(un)[}
= {IFnt2m—1 — Fantom-3|, [Fent2m—3 — Fontom—sls - - 5 [Fomts — Fameal,

| Fom+3 — Fomt1|} = {Font2m—2, Fontom—a, - Fomya, Fomya},
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E2 = {f*(uoui):i=1,2,...,n}
= {|f(u0)_f(ui)|:i:172a"'7n}
= Alf(uo) = f(ur); |f(uo) = fluz)l,-. -, [f (uo) = f(un—1)l; | f(uo) = f(un)[}

= {|Fo — Fonyom—1l, |[Fo — Fangom-—3l,- -, |[Fo = Famys|, [Fo — Fomyl}
= {Foniom—1, Fontam—3,- -, Famts, Fam1},
Es = {f*(uwovzi—1):1<i < T}
m+1

= {lf(uo) = flvai—1)]: 1 <i < }
= A{lf(uo) = f(v1)], [f(uo) = f(v3)l, -, [f(uo) = f(vm—2)l, | f(uo) — f(vm)|}
= {|Fo — Foml, |Fo — Fom—4l, ..., |Fo — Fg|, |Fo — F»|}
= {F2m7F2m747...,F6,F2}7
E, = {f*(uovzi)!lﬁiﬁmgl}

m—1

= {lf(uo) = flv2g)| : 1 <i < }

= Alf(uo) = f(v2)], [f(wo) = f(va)l, -, [f(uo) = f(vm—3); [ f(uo) = f(vm-1)[}
= A{|Fo — Fom—3|,|Fo — Fam7l,...,|Fo — Fr|,|Fo — F3|}

= A{Fom-s,Fom—7....,F7, F3},

Es = {f*(vmwm)} = {|f(vm) = f(wm)[} = {|F2 — F1[} = {F1},

m—1

2
= {|f(vaic1) — f(wai—1)] : 1 <0 < }

= {Ifw1) = fwn)].1f(ws) = fws)], .., | f (Vm—1) = F(Wm-a)|,|F (Vm—2) = f(wm—2)[}
= {|Fam — Fom—al, |[Fom—1 — Fom—sl, -, | Fs — Fy|, |[Fs — Ful}

= {Fom—1,Fom—5....,Fo, F5},

Es = {f*(vaiciwai—1) 1< <

}

m—1

. _om—1
Er = {f"(vaiwe): 1 <i < 5 }

m—1

= {lf(v2i) = flwz)]: 1< < }

= {[f(v2) = f(w2),[f(va) = fwa)ls- -, | f(vm=3) = f(wm=3)|; |f(vm-1) = f(wm-1)[}
= {|Fom-3 — Fom—1|, |Fom—7 — Fam—s|, ..., |F7r — Fy|, |F3 — F5|}

—  {Foms, Fom—g. ..., Fs, F).

Therefore,
E=F UE2UUE7 ={F, Fs,..., Fomion-1}.
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Thus, the edge labels are distinct. Therefore, F,,® K 1+ ., admits super Fibonacci graceful labeling.
Whence, F,, & K {F m 1s a super Fibonacci graceful graph.
For example the super Fibonacci graceful labeling of F5 & K 1+ 3 is shown in Fig.9.

Fis 1y Fis Fip FuFy £y Fg Fr

F5@K1Jf3:

Case 4 m odd, n even.

Proof of this case is analogous to Case 4.

For example the super Fibonacci graceful labeling of Fy & K 1+ 3 is shown in Fig.10.

Fig Fip I'n Fyy Fy Iy Iz

F4@Ki’:32

O

Definition 2.8 The graph G = C,, ® K1 ,, consists of a cycle C,, of length n and a star K p,
is attached with the verter u, of C,,.

Theorem 2.9 The graph G = C,, &K p, is a super Fibonacci graceful graph when n = 0(mod3).

Proof Let V(G) = V4 U Vi, where Vi = {uj,us,...,u,} be the vertex set of C,, and
Vo = {v = up, v1,02, ..., } be the vertex set of K ,,,. Also, |V(G)| = |E(G)| = m+n. Define
[ V(G) = {Fo, F1, Fa, ..., Fy} by f(un) = Fo; f(ui) = Fpyn—oa-1) if 1 <i <25 f(v) = F

-3
if 1 S 7 S m and for [ = 1, 2, ey i ) f(ul'+2) = Fm+n—1—2(i—l)+3(l—l) if 31 — 2 S ) S 3l.
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We claim that the edge labels are distinct. Calculation shows that

Ei = {f(uav):1<i<m)
= () — fl)] 11 <i < m)
= {F ) = FDL1F n) = F@)], o F i) = F@m)], | (n) = F 0]}
= {|Fo— F1l|,|Fo — Fa|,...,|Fo — Frm—1l, |Fo — Fnl}
= {F,Fs,...,Fh_1,Fn},

Ey = A (unw), f*(wauz)} = {[f (un) = f(ur)l, [f (u1) = f(uz)[}
{|FO - Fm+n|7 |Fm+n - Fm+n72|} - {Fm+n7 Fm+n71}-

For the edge labeling between the vertex us and starting vertex us of the first loop, let
Eg = {f*(’(,LQ’LL3)} Then

By = {|f(u2) — f(us)|} = {|Fmtn-—2 — Fnsn-1} = {Fntn-3}
For I =1, let By = {f*(uis2uits) : 1 <i < 2}. Then

By = {[f(uit2) = fuirs)| : 1 <i <2}

{1f(us) — flua)l, [f (ua) — flus)[}

UEmtn—1 = Fnin—3ls [Fntn—3 — Fnin—s)|}
= {Fn+tn-2 Fnyn-a}.

Let Eil) = {f*(usug)}. Then

E{Y = {|f(us) = £(u6)[} = {|Frntn-s = Fnn-al} = {Frn—c}-

For [ = 2, let E5 = {f*(ququ) 14 S ) S 5} Then

Es = {[f(uit2) = f(ui+s)] : 4 < i < 5}
= {lf(ue) = f(ur)l, | f(ur) = f(us)[}
= {|Fmtn-1— Fotn—sl [Fntn—6 — Fngn-s)[}
= A{Fmtn—5 Fnin-1}

For finding the edge labeling between the end vertex ug of the second loop and starting
vertex ug of the third loop, let Eél) = {f*(usug)}. Then

By = {1f(us) = f(9)l} = {|Fmsn-s = Fsn-rl} = {Frnsn-o}

-3
etc.. Similarly, for [ = nT —1, let E%fl = {f*(uit2uiyr3) :n— 8 <i<n—7T} Then

Ens_y = {lf(uit2) = fluirs) :n =8 <i<n—T}
{If(un—6) = f(un—s)|,[f(un—s) = f(un—a)|}
= {[Fm+s — Fotols [Fmte — Fnta)l} = {Fomt7, Fnts )
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. . n—3 th
For finding the edge labeling between the end vertex wu,_4 of the (T —1)"" loop and

-3
starting vertex u,_3 of the (n )Td loop, let ES} s | = = {f*(un—atn—3)}. Then

En sy = Uf(un—a) = fun-3)[} = {|Fmta = Fmysl} = {Finys}-

For | = nT—?)’ let Eane, = {f*(uit2uitr3) : n — 5 <1i<n—4}. Then

Ens = A{[f(uiy2) = fuips)| :n =5 <i<n—4}
= A{lf(un—s) = fun—2)|, |f(un—2) = fun-1)[}

= {|Fm+5_Fm+3|7|Fm+3_Fm+1)|}:{Fm+4uFm+2}-
Let Ef = {f*(un—1un)}. Then
EY = {|f(un—1) = f(un)l} = {|Fms1 — Fol} = {Fm1}-
Therefore,

B o= (RUBU-Up)UEUSU-UR ) UE

{F1,Fa ..., Fpint.

Thus, all edge labels are distinct. Therefore, the graph G = C,, ® K ,, admits super Fibonacci
graceful labeling. Whence, it is a super Fibonacci graceful graph. O

Example 2.10 This example shows that the graph Cs @& K; 4 is a super Fibonacci graceful
graph.

Co® Kiyq:

)

Fig.11

Definition 2.11 G = K1, © K12 is a graph in which K1 2 is joined with each pendant vertex
Of Kl,n-

Theorem 2.12 The graph G = K1, © K12 is a super Fibonacci graceful graph.
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Proof Let {ug, u1,us, ..., u,} be the vertex set of K1 ,, and vy, ve, . .., v, and wy, wa, . .., Wy
be the vertices joined with the pendant vertices wi,us,...,u, of Ki, respectively. Also,
[V(G)] = 3n+1 and |E(G)| = 3n. Define f : V(G) — {Fy, F1, F»,..., Fy} by f(uo) = Fo,
flui) = Fy 361y, 1 <@ < n, f(vi) = Fyp1-36-1), 1 <0 < n, f(wi) = Fy_0-36-1),
1<i<n.

We claim that the edge labels are distinct. Calculation shows that

Er = {f*(uwow;):i=1,2,...,n}
= {lf(uo) = f(w)]:i=1,2,...n}
= A{lF(uo) = f(ur)], [ f(uo) = f(uz)l,- ., | f(uo) = f(un—1)], [f (uo) — f(un)[}
= {|Fo — Fsul,|Fo — F3n—3l|,-..,|Fo — Fs|,|Fo — F3|}
= {F3n,F3n-3,...,Fs, F3},

Ey = {f(wv;):i=1,2,...,n}
= {|f(w) = flv)| :i=1,2,...,n}
= A{lf(w) = fa)l [ (w2) = F(2)lsoos f (nm1) = f0u-n)l = |f (un) = f(0n)]}
= {|F3n — Fsn1l,|Fan—s — Fsn_al,...,|Fs — Fs|,|Fs — Fa[}
= {F3p_o,F3n_5,...,Fy, F1},

Es = {f*(ww;):i=1,2,...,n}
= {|f(uw) = flw)|:i=1,2,...,n}
= HIf(ur) = flwi)] [f(uz) = flw2)l, s [f(un—1) = flwn-1)l, [f(un) = f(wn)[}
= A{|Fsn — Fan—2l|,|F3n—3 — F3n—s|,. .., [F6 — Fal, | F3 — F1[}
= {Fsn-1,F5n-4,...,F5, Fo}.
Therefore,
E=E|JE|JBs={F.Fs.... Fsn}.
Thus, all edge labels are distinct. Therefore, K;, © K;2 admits super Fibonacci graceful

labeling. Whence, it is a super Fibonacci graceful graph. 0

Example 2.13 This example shows that the graph K 3 © K is a super Fibonacci graceful
graph.

Ki30Kip:
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