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Abstract: Topological groups, particularly, Lie groups are very important in differential
geometry, analytic mechanics and theoretical physics. Applying Smarandache multi-spaces,
topological spaces, particularly, manifolds and groups were generalized to combinatorial man-
ifolds and multi-groups underlying a combinatorial structure in references. Then whether can
we generalize their combination, i.e., topological group or Lie group to a multiple one? The
answer is YES. In this paper, we show how to generalize topological groups and the homo-
morphism theorem for topological groups to multiple ones. By applying the classification

theorem of topological fields, the topological multi-fields are classified in this paper.
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81. Introduction

In the reference [9], we formally introduced the conceptions of Smarandachely systems and

combinatorial systems as follows:

Definition 1.1 A rule in a mathematical system (X;R) is said to be Smarandachely denied if
it behaves in at least two different ways within the same set X, i.e., validated and invalided, or
only invalided but in multiple distinct ways.

A Smarandache system (3;R) is a mathematical system which has at least one Smaran-

dachely denied rule in R.

Definition 1.2 For an integer m > 2, let (X1;R1), (X2; R2), -+, (Zm; Rm) be m mathematical
systems different two by two. A Smarandache multi-space is a pair (3;R) with

Definition 1.3 A combinatorial system € is a union of mathematical systems (21; R1),(X2; Ra),

oy (B Rm) for an integer m, i.e.,

1Received December 12, 2008. Accepted January 8, 2009.



10 Linfan Mao

e =(J=s UR)
i=1 i=1
with an underlying connected graph structure G, where
V(G) = {Ela Yoy 7Em}7
E(G)={(5,%) | 5iN% #0,1<d,j <m}.

These notions enable us to establish combinatorial theory on geometry, particularly, com-
binatorial differential geometry in [8], also those of combinatorial theory for other sciences [7],
for example, algebra systems, etc..

By definition, a topological group is nothing but the combination of a group associated with

a topological space structure, i.e., an algebraic system (’;0) with conditions following hold
([16]):

(i) (H#;0) is a group;
(ii) S is a topological space;
(

i71) the mapping (a,b) — a o b~ is continuous for Va,b € 7,

Application of topological group, particularly, Lie groups shows its importance to differential
geometry, analytic mechanics, theoretical physics and other sciences. Whence, it is valuable to

generalize topological groups to a multiple one by algebraic multi-systems.

Definition 1.4 A topological multi-group (Fa; O) is an algebraic multi-system (,&Tﬁ) with
—~ m m
o = |J A and 0 = |J{o;} with conditions following hold:
i=1 i=1
(i) (HG;0;) is a group for each integer i, 1 < i < m, namely, (J,0) is a multi-group;
(i) o is a combinatorially topological space L, i.e., a combinatorial topological space
underlying a structure G;

(iii) the mapping (a,b) — aob™! is continuous for Va,b € H, Vo € O;, 1 <i < m.

A combinatorial Euclidean space is a combinatorial system %g of Euclidean spaces R™?,
R"2, ...  R™" with an underlying structure G, denoted by & (n1,- - ,n,) and abbreviated to
éa(r) if ng =+ =n,, =r. It is obvious that a topological multi-group is a topological group

if m =1 in Definition 1.4. Examples following show the existence of topological multi-groups.

Example 1.1 Let R™,1 < ¢ < m be Euclidean spaces with an additive operation +; and

scalar multiplication - determined by

()\1'$17A2'I25"' 7)‘711’ xn1)+l (Cl'ylaCQ'yQa"' acni ynz)
=z +G -y A T2+ Y2, A Ty + Gy Yng)

for VA;, i € R, where 1 < A;,(; < n;. Then each R™ is a continuous group under +;. Whence,
the algebraic multi-system (8g(ni, -+ ,nm); 0) is a topological multi-group with a underlying
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m

structure G by definition, where & = |J {+;}. Particularly, if m = 1, i.e., an n-dimensional
i=1

FEuclidean space R™ with the vector additive + and multiplication - is a topological group.

Example 1.2 Notice that there is function x : My, x, — R™ from real n x n-matrices M, «n
to R determined by

ayiy A1n
a1y -+ G2p

K - aii st Qln, -ttt ,0nl ot Qpxn
Gn1 crr OGpxn

Denoted all n x n-matrices by M(n,R). Then the general linear group of degree n is defined
by

GL(n,R)={ M e M(n,R) | detM #0 },

where detM is the determinant of M. It can be shown that GL(n,R) is a topological group.
In fact, since the function det : My, — R is continuous, det 'R \ {0} is open in R", and
hence an open subset of R".

We show the mappings ¢ : GL(n,R x GL(n,R)) — GL(n,R) and ¢ : GL(n,R) —
GL(n,R) determined by ¢(a,b) = ab and v¥)(a) = a~! are both continuous for a,b € GL(n,R).
Let a = (aij)nxn and b = (b;j)nxn € M(n,R). By definition, we know that

ab = ((ab)s;) = (D ambr;).
k=1

Whence, ¢(a,b) = ab is continuous. Similarly, let ¥(a) = (¢i;)nxn- Then we know that

o
Vij deta
is continuous, where a; is the cofactor of a;; in the determinant deta. Therefore, GL(n,R) is

a

a topological group.

Now for integers ny,ng,- -,y > 1, let &&(GLy,, -+ ,GLy,,,) be a multi-group consisting
of GL(n1,R), GL(n2,R), -+, GL(n;,,R) underlying a combinatorial structure G. Then it is
itself a combinatorial space. Whence, &G(GLy,, -+ ,GLy,, ) is a topological multi-group.

Conversely, a combinatorial space of topological groups is indeed a topological multi-group

by definition. This means that there are innumerable such multi-groups.

82. Topological multi-subgroups

A topological space S is homogenous if for Va, b € S, there exists a continuous mapping f : S —
S such that f(b) = a. We have a simple characteristic following.

Theorem 2.1 If a topological multi-group (Sa; O) is arcwise connected and associative, then

it is homogenous.
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Proof Notice that ¥ is arcwise connected if and only if its underlying graph G is con-

nected. For Va, b € ¥, without loss of generality, assume a € 7 and b € J¢; and
P(aub):%%%u 8207

a path from %) to JZ; in the graph G. Choose ¢; € JGHNIA, co € FANGS,- -+, cs € Ho_1NF5.
Then

aoq €1 01 01_1 02 €2 03C304 051 05_1 05 b1

is well-defined and

aoq ¢l 01 cl_l 09 (2 03C304 04 1C5 0sb osb=a.

Let L =aogci01¢; 0acp03¢304---04 1¢;  0sb o, Then L is continuous by the definition
of topological multi-group. We finally get a continuous mapping L : /¢ — .Y such that
L(b) = Lb = a. Whence, (%g; 0) is homogenous. O

Corollary 6.4.1 A topological group is homogenous if it is arcwise connected.

A multi-subsystem (Zm; O) of (Sg; 0) is called a topological multi-subgroup if it itself is a
topological multi-group. Denoted by £y < .#. A criterion on topological multi-subgroups is

shown in the following.

Theorem 2.2 A multi-subsystem (Lu; O1) is a topological multi-subgroup of (La; O), where
01 C O if and only if it is a multi-subgroup of (Fg; O) in algebra.

Proof The necessity is obvious. For the sufficiency, we only need to prove that for any
operation o € Oy, ao b~ is continuous in Zy. Notice that the condition (iii) in the definition

of topological multi-group can be replaced by:

for any neighborhood N, (a o b~ ') of aob™! in S, there always ewist neighborhoods
Ny (a) and Ny, (b™1) of a and b= such that Ny, (a) o Ny, (b™1) C Ng,(aob™t), where
Ngg(a) o N (b1) = {z o ylVz € Nyy(a),y € Novg (b71)}
by the definition of mapping continuity. Whence, we only need to show that for any neighbor-
hood Ng,, (zoy™1) in Ly, where x,y € £y and o € Oy, there exist neighborhoods N.g,, () and
Ny, (y~1) such that Ng, (r) o Ny, (y™1) C Ny, (zoy™!) in L. In fact, each neighborhood

! can be represented by a form Ny, (z oy~!) N .ZLy. By assumption,

Ny (‘T ° y_l) of z oy~
(Fg; 0) is a topological multi-group, we know that there are neighborhoods N, (7), Nog(y~1)
of z and y~! in /5 such that Ny, (z)o Ny, (y~) C Ny (xoy™t). Notice that N, (x) N L,
Ny, (y~') N Ly are neighborhoods of x and y~! in Zy. Now let Ny, (v) = Ny, () N Ly
and N, (y™1) = Nog(y™') N Ly. Then we get that Ny, (z) 0 Ny, (y1) € Ngy, (xoy™t)

in .y, i.e., the mapping (z,y) — zoy~!

is continuous. Whence, (Zy; O1) is a topological
multi-subgroup. g

Particularly, for the topological groups, we know the following consequence.

Corollary 2.2 A subset of a topological group (T';0) is a topological subgroup if and only if it

is a subgroup of (I';0) in algebra.
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§3. Homomorphism theorem on topological multi-subgroups

For two topological multi-groups (%, ; 01) and (S,; O2), amapping w : (Fa,; O1) — (S5 O2)

is a homomorphism if it satisfies the following conditions:

(1) w is a homomorphism from multi-groups (Z¢,; €1) to (La,; O2), namely, for Va,b €
S, and o € O1, w(a o b) = w(a)w(o)w(b);

(2) w is a continuous mapping from topological spaces .7, to S, , i.e., for Yz € #5, and
a neighborhood U of w(z), w™(U) is a neighborhood of z.

Furthermore, if w : (Hg,;01) — (Fg,; O2) is an isomorphism in algebra and a home-
omorphism in topology, then it is called an isomorphism, particularly, an automorphism if
(a5 01) = (La,; O2) between topological multi-groups (S, ; 1) and (La,; Os).

Let (S¢; 0) be an associatively topological multi-subgroup and (Zy; O) one of its topo-
logical multi-subgroups with .75 = Lnj A, Ly =L, 9 and O = G {0;}. In [8], we have

i=1 =1
know the following results on homomorphisms of multi-systems following.

Lemma 3.1([8]) Let (42, 6) be an associative multi-operation system with a unit 1o for Yo € O
and G C .

(1) If ¢ is closed for operations in O and forVYa e 9, o€ 6, there exists an inverse element
SLin (4;0), then there is a representation pair (R, P) such that the quotient set §|(R,1~3) is

o

a partition of A, i.e., for a,b € I ,Noy, 09 € O, (ao19)N(bos¥)=0 orao1 4 =boy¥.

a

(ii) For Yo € O, define an operation o on §|(R,f’) by

(ao19)o(bog¥)=(aob)o1 ¥.

Then (§|(R)I~D);6)~is an associative mulftvi-opemtion system. Particularly, if there is a repre-
sentation pair (R, P) such that for o' € P, any element in R has an inverse in (A;0'), then

(§|(R,f’)’o/) is a group.

Lemma 3.2([8]) Letw be an onto homomorphism from associative systems (J4; 61) to (Js; 62)
with (Z(03); 03) an algebraic system with unit 1,— for Yo~ € Oy and inverse =1 for Vi €
(Z(O2) in ((Z(O3);07). Then there are representation pairs (Ry,Pi) and (Ra,Py), where

P, C O,P, C Oy such that

(Ketw; O1) ™) (Z(0q); 05) 1)

if each element of Kerw has an inverse in (A5 0) foro € O;.

Whence, by Lemma 3.1, for any integer ¢, 1 < i < m, we get a quotient group J4/%;, i.e.,
m
a multi-subgroup (¢ /Lu; O) = U (94 /%;; 0;) on algebraic multi-groups.
i=1
Notice that for a topological space S with an equivalent relation ~ and a projection 7 :

S — S/ ~={[z]|Vy € [z],y ~ x}, we can introduce a topology on S/ ~ by defining its opened
sets to be subsets V in S/ ~ such that 7= 1(V) is opened in S. Such topological space S/ ~
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is called a quotient space. Now define a relation in (Sg; @) by a ~ b for a,b € ¢ providing
b = hoa for an element h € £y and an operation o € O. It is easily to know that such relation
is an equivalence. Whence, we also get an induced quotient space /L.

Theorem 3.1 Let w : (Fa,; O1) — (S, O2) be an opened onto homomorphism from associa-
tively topological multi-groups (e, ; O1) to (La,; O2), i.e., it maps an opened set to an opened
set. Then there are representation pairs (R1,P1) and (Rz, Pa) such that

(‘SﬂGl; ﬁl) | ~ ~ (sz; ﬁQ) | _
(Kerw; 071) (B1,P) (Z(02);02) (R2,P2)?

where Py C 01, P2 C Oz, Z(O3) = {1o,0 € Os} and
Kerw = { a € g, | w(a) =1, € I(6,) }.

Proof According to Lemma 3.2, we know that there are representation pairs (Ry,P;) and
(R2,P2) such that

(ycl;ﬁl) | ~ (ycz;ﬁQ) | ~
(Ketw; 01) 7 7 (Z(0y); 0y) )

IR

in algebra, where o(a o Kerw) = o(a) o1 Z(05) in the proof of Lemma 3.2. We only need to
prove that o and o~! are continuous.

On the First, for x = o(a)o 1 Z(05) € %k&ﬁz) let U be a neighborhood of o~ (x)
in the space %k&j’l)’ where U is a union of a o Kerw for a in an opened set U and

o € Py. Since w is opened, there is a neighborhood V of z such that w(U) D 17, which enables
us to find that 0’1(‘7) C U. In fact, let § € V. Then there exists y € U such that w(y) = 7.
Whence, 0~ 1(7) = y o Kerw € U. Therefore, 0~ is continuous.
= . -1 . (FL4:02) N

On the other hand, let V be a neighborhood of o(z)o~'Z(&3) in the space mk&)&)
for z o Kerw. By the continuity of w, we know that there is a neighborhood U of x such that
w(U) C V. Denoted by U the union of all sets z o Kerw for z € U. Then o(U) C V because
of w(U) C V. Whence, o is also continuous. Combining the continuity of ¢ and its inverse
o~ 1, we know that ¢ is also a homeomorphism from topological spaces %| (Ry,P1)

Fyil) |
(Z(02);02) (B2, P2)

to

O

Corollary 3.1 Let w: (Fg;0) — (47;0) be a onto homomorphism from a topological multi-
group (S¢; O) to a topological group (f;0). Then there are representation pairs (R, ﬁ), Pco
such that

1

S O
(e ))|(R,15) (e;0).

(I/—(\e/rw; o

Particularly, if 0 = {e}, i.c., (Fq;e) is a topological group, then

Fa/Kerw = (&f;0).
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84. Topological multi-fields

Definition 4.1 A distributive multi-system (;zgjﬁl — O9) with o = U4, 01 = J{:i} and
i=1 i=1

7=

Oy = |J {+i} is called a topological multi-ring if
i=1

i
(i) (J;+i,-) is a ring for each integeri, 1 <i < m, i.e., (J,01 — Os) is a multi-ring;
(ii) o is a combinatorially topological space La;

(iii) the mappings (a,b) — a-; b=, (a,b) — a +; (—;b) are continuous for Va,b €
1<i<m.

Denoted by (Sg; 01 — 02) a topological multi-ring. A topological multi-ring (Sg; 01 —
0>) is called a topological divisible multi-ring or multi-field if the previous condition (i) is
replaced by (J;+;, ;) is a divisible ring or field for each integer 1 < i < m. Particularly,
if m = 1, then a topological multi-ring, divisible multi-ring or multi-field is nothing but a
topological ring, divisible ring or field. Some examples of topological fields are presented in the

following.

Example 4.1 A 1-dimensional Euclidean space R. is a topological field since R is itself a field

under operations additive + and multiplication x.

Example 4.2 A 2-dimensional Euclidean space R? is isomorphic to a topological field since
for ¥(z,y) € R?, it can be endowed with a unique complex number x + iy, where 2 = —1. It

is well-known that all complex numbers form a field.

Example 4.3 A 4-dimensional Euclidean space R* is isomorphic to a topological field since for
each point (z,y, z, w) € R?, it can be endowed with a unique quaternion number x+iy+jz+kw,

where

1j=—ji=k, jk=—-kj=1, ki=—ik=j,
and

i?=72=k>=-1.
We know all such quaternion numbers form a field.

For topological fields, we have known a classification theorem following.

Lemma 4.1([12]) A locally compacted topological field is isomorphic to one of the following:

(i) FEuclidean real line R, the real number field;
(ii) Euclidean plane R?, the complex number field;

(iii) Euclidean space R*, the quaternion number field.

Applying Lemma 4.1 and the definition of combinatorial Euclidean space, we can determine

these topological multi-fields underlying any connected graph G following.
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Theorem 4.1 For any connected graph G, a locally compacted topological multi-field (Sa; O1 —

05) is isomorphic to one of the following:

(i) Buclidean space R, R? or R* endowed respectively with the real, complex or quaternion
number for each point if |G| = 1;

(ii) combinatorially Euclidean space (2, ,2,4,- -+ ,4) with coupling number, i.c., the
dimensional number l;; = 1,2 or 3 of an edge (R, R7) € E(G) only if i = j = 4, otherwise
Ly =1if |G| > 2.

Proof By the definition of topological multi-field (#4; &1 — 0%s), for an integer i, 1 <
it < m, (J;4i,-;) is itself a locally compacted topological field. Whence, (Sg; 01 — Os)
is a topologically combinatorial multi-field consisting of locally compacted topological fields.

According to Lemma 4.1, we know there must be

(%74_1; ’L) = R7 R2a or R4

for each integer i, 1 < i < m. Let the coordinate system of R,R2 R* be z, (y1,y2) and
(21, 22, 23, 24). If |G| = 1, then it is just the classifying in Theorem 6.4.4. Now let |G| > 2. For
V(R R7) € E(G), we know that R"\ R/ # () and R7 \ R? # () by the definition of combinatorial
space. Whence, 7,7 =2 or 4. If i =2 or j = 2, then l;; = 1 because of 1 <;; < 2, which means
li; > 2 only if i = j = 4. This completes the proof. O
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