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Abstract The main purpose of this paper is to study the asymptotic property of the k-
power complement numbers (where £ > 2 is a fixed integer), and obtain some
interesting asymptotic formulas.
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§1. Introduction

Let k > 2 is a fixed integer, for each integer n, let C'(n) denotes the small-
est integer such that n x C(n) is a perfect k-power, C'(n) is called k-power
complement number of n. In problem 29 of reference [1], Professor F. Smaran-
dache asked us to study the properties of the k-power complement number se-
quences. Let n = p{*p5? - - - p%s, we define two arithmetic function D(n) and
I(n) similar to the derivative and integral function in mathematical analysis as

follows:
D(n) =D (pi") D (p5?)---D (pg*),  D(p*) = ap®!
and

1

a+1
o+ LA

I(n) =1(py")I(p*)---1(s*), I(p*)=

In this paper, we use the analytic method to study the asymptotic properties of
the functions D(n) and I(n) for the k-power complement number sequences,
and obtain some interesting asymptotic formulas. That is, we shall prove the
following conclusions:
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Theorem 1. For any real number x > 1, we have the asymptotic formula

1
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2k—1
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_|_O (ka:(k—l) ) ,

where € denotes any fixed positive number.
Theorem 2. For any real number x > 1, we have the asymptotic formula

> 1(C(n))d(C(n))

n<x
6¢(k(k + 1)) - zh+! p (=Pt 1
= 2 H 1+ Z (k+1)i  pk(k+1)
(k+ 1) p p+1 =D P

+0 (xlc-‘r%-i-e) ,

where d(n) = Z 1 is the divisor function.
din

§2. Proof of the theorems

In this section, we shall complete the proof of the theorems. Let

s 1
f(s) = T; D)

Because D(n) and C'(n) are all multiplicative function, so from the Euler prod-
uct formula [2] and the definition of D(n) and C'(n) we have
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where ((s) is Riemann zeta function. Obviously, we have the inequality

1 o 1 1
DEmy b ,; DO | = 0= 5

where o > ﬁ is the real part of s. So by Perron formula [3]

Z a(n)

n<x no
1 b+iT 5 be(b—i— o0)
= — —ds+0 | ———
i Sy T TS0 s < T
1
+O (xl_OOH(Q:c) min(1, Ojgf”)) +0 (az—”OH(N) min(1, ||:C||)> ,
x
where N is the nearest integer to z, ||z|| = |z — N|. Taking so = 0, b =
1
1+ 5. T =o' 7500, H(z) =1, B(o) = —L—, we have
k—1
Z 1
2 D{Cw)
1 425 +iT ¢ (k E—1 s
_ L e Cks)e(( )S)R(s)x—ds
2im Jip —ir C((2k — 2)s) s
+0 <x2’€2(k’€11>+€> ,
where
(k—1)s k=2 1
p
R(s) = 1+ - — | .
( ) 1;[ ( p(k—l)s +1 ; (k _ Z)pkflfz ,pzs>

To calculate the main term
LR () — 1)s)a?
2im Jig v C((2k —2)s)s

R(s)ds,

we move the integral line from s = 1 + k—il +iT'tos = % + m + 7.
This time, the function

fl(s) _ C(ks)C((k — 1)8)R(8)Jj

C((2k —2)s) s
. . 1o . (k—1)<(,€7§1).xﬁ 1
have a simple pole point at s = =7 with residue K0 —).
So we have

1 . 1 1 . 1 1 . 1 .
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We can easy get the estimate

L[ ErmT T (ks)C((k — 1)s)a
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S ¢((2k = 2)(o +4T)) T
< xHTkll = pF I
and
RS /+<)T C(ks)C((k = Ds)a® b
2700 by 4T C((2k — 2)s)s
B /T C(1+ sy + Rt + ik — 1)) g7t e »
0 C(BE=L +i(2k — 2)t) t
< pFYEET e

Note that ((2) = %2, we have

1

1 6(k—1)¢ (A= )-aF-T _
> pey — e ()

(k—i)ph=1=ip T
k—
+0 (:52k2<k11>+ E) .

This completes the proof of Theorem 1.
Let

g(s) = Y_I(C(n))d(C(n))
n=1
from the definition of /(n) and C'(n), we can also have

oo = T <1 L CEACE) | HCENACHE) |, )
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1 k k—1
= C(kS)H<1ka+];s+pp23 +-~+p§s)
p
s Ry pr (ot (1
((2s — 2k) 1;[<1+p3’“+1<§ ps p) )

Now by Perron formula [3] and the method of proving Theorem 1, we can
also obtain Theorem 2.
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