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A proof of Smarandache-Patrascu’s theorem
using barycentric coordinates

Claudiu Coanda

The National College “Carol I” Craiova, Romania

Abstract In this article we prove the Smarandache-Patrascu’s theorem in relation to the

inscribed orthohomological triangles using the barycentric coordinates.
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Definition. Two triangles and ABC and A, B;C4, where A; € BC, By € AC, C; € AB,
are called inscribed ortho homological triangles if the perpendiculars in Ay, By, C; on BC, AC,
AB respectively are concurrent.

Observation. The concurrency point of the perpendiculars on the triangle ABC’s sides
from above definition is the orthological center of triangles ABC and A, B, C,.

Smarandache-Patrascu Theorem. If the triangles ABC and A; B1C; are orthohomo-
logical, then the pedal triangle A;Bl1 Ci of the second center of orthology of triangles ABC and
A1 B,Cq, and the triangle ABC are orthohomological triangles.

Proof. Let P(a, 3,7), o+ 8+ v =1, be the first orthologic center of triangles ABC and
A1 B1Cy (See Figure 1).

Fig. 1

The perpendicular vectors on the sides are:
Ufgc = (2a2, —a® = b+ —a®+ b — 02) ,
Ué?A = (fa2 — b+ 22070 — b — 02) ,
Uip = (—a2 + b —c%a® - b — 02,262) .
We know that:
—_— = —
A1B BiC CiA

— = = = 1, (1)

A,C BiA CiB
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and we want to prove that:
—
AB B,C C;A
A\C BA C|B

We will show that:
—_— — — 2 T2
AB BiC C1A AB B,C C,A
AC BiA CiB 4\c B)A C,B

implies the relation (2)
The equation of the line BC is x=0, and the equation of the line PA; is

0 Y z
o I} 0 =0.
20> —a? 0>+ —a?+b> -2

It results that:

@ y @ 16}
y. P Z.
202 —a?+ b2+ 2 202 —a? —b%+ 2
Because y+z=1, we find:
@ o 2 2 a9 2 2
Ay (O,ﬁ(a +b*—c )—i—ﬁ,ﬁ(a —-b—c )—l—v).

Similarly:
B

(@ =) 4a),

-3 2
B (21)2( a? —bv* + )+ a,0,

- 2 V2 52 2
o <22( a’ + b — )+a,202(a b c)+ﬂ,0>.

We will make the following notations:
— - =i, - - +PF=4d -V - =k,
And we have:

Ay <0,22]+ﬁ, ’L+’}/>

p —B

B <2b2j+a0 52 okt
- . -

CVl <2C2Z+a7262k+ﬁ70>7
AlB ﬁz—i—v
AC 3i+ 0
RN 5.

BlC W]+a
—
BlA szk""}/
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CiA  Z3k+8
CiB sital

It P’ (a/,ﬁ/, ”/) is the second center of orthology of the triangles ABC and A; B;C4, and

A/l, Bi, Ci are the projections of P on BC, AC, AB respectively, similarly, we will find:

It is known the theorem [2].

Theorem. Given two isogonal conjugated points P(«, 3,7) and P'(

AB ;:22._'_7/'
/ __—Ol/‘ r?

AC 207 T8

- ¢ ,

B,C %jﬁ-a.

— 0

B, A 2b2k+7

—

CIA_ 2c2k+ﬂ
e

C,B 2621+04

to the triangle ABC (BC=a, CA=b, AB=c), then:

oL g, 7/) with respect

ad’ BB
w2
On the other side:
_— —a - _a’, ’
LB AB  (3E+0) (W’+7) o o 2a2z+w U
E— — = o - _o , B , 7a
A0 e (5i+0) (WJJrﬁ) s 95— sRi+ 88
50 Bo o8 it oo
BlC Blc o b4] _7 b2j+aa _ UQ.
A o 8812 _ A
B A BlA 20T k 252 k 2b2 Tk + ’Y’V
—
CiA ClA 134k2 gfzk 262k+ﬂ6 Us
N - = .
G\B Gp [P i ifitea Vs
The only thing left to be proved is that:
WU U
Vi Vo Vs o
if and only if
a? b2 ?
U @2l @l _
i Va2 Vs
We show that
b2 a?
CTQUQZVthU?, V2707U1:V3;
b2 g8 , Ba  af ;o , fa Ba
O _ P8 o Po b _ap e, Lo, vV
a2 2 4a2b2‘] 2(12] 2a2]+ 4a4j 2a2] 2a2 +ﬁ'6 b
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M e W, VB, 88, 8 v B /
U, — K- Sk - Tik — ok — gk =Va;
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a? ad , oy ay. a9y 2 oy ay
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