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§1. Introduction

A Pseudo-FEuclidean space is a particular Smarandache space defined on a Fuclidean space R™
such that a straight line passing through a point p may turn an angle 6, > 0. If 6, > 0, then p
is called a non-Euclidean point. Otherwise, a Euclidean point. In this paper, normed spaces are
considered to be Euclidean, i.e., every point is Euclidean. In [7], S. Gahler introduced n-norms
on a linear space. A detailed theory of n-normed linear space can be found in [9,12,14,15].
In [9], H. Gunawan and M. Mashadi gave a simple way to derive an (n — 1)- norm from the
n-norm in such a way that the convergence and completeness in the n-norm is related to those
in the derived (n — 1)-norm. A detailed theory of fuzzy normed linear space can be found
in [1,2,4,5,6,11,13,18]. In [16], A. Narayanan and S. Vijayabalaji have extended the n-normed
linear space to fuzzy n-normed linear space and in [20] the authors have studied the completeness
of fuzzy n-normed spaces.

The main purpose of this paper is to study the results concerning infinite series (see,
[3,17,19,21]) in fuzzy m-normed spaces. In section 2, we quote some basic definitions of fuzzy
n-normed spaces. In section 3, we consider the absolutely convergent series in fuzzy n- normed
spaces and obtain some results on it. In section 4, we study the property of finite convergence

sequences in fuzzy n-normed spaces. In the last section we introduce and study the concept of
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function preserving convergence of series in fuzzy n-norm spaces and obtain some results.

82. Preliminaries

Let n be a positive integer, and let X be a real vector space of dimension at least n. We recall

the definitions of an n-seminorm and a fuzzy n-norm [16].

Definition 2.1 A function (z1,22,...,2n) — ||T1,..., 2] from X™ to [0,00) is called an

n-seminorm on X if it has the following four properties:

(S1) ||z1,x2,-..,2n]| =0 if 1,29, ..., x, are linearly dependent;
(S2) ||z1,x2, ..., 2, is invariant under any permutation of 21, za, ..., Zy;
(S3) ||z1, .-y n_1,cxn| = lc|||1,, .-, Tn_1,zn]| for any real ¢;
(S4) ||z1,. -y o1,y + 2| < |21, s Tne1, Yl + |21, -+ Tne1, 2]|-
An n-seminorm is called a n-norm if |1, 22,...,x,| > 0 whenever x1,xa,...,T, are

linearly independent.

Definition 2.2 A fuzzy subset N of X™ x R is called a fuzzy n-norm on X if and only if:
(F1) For all t <0, N(x1,xa,...,2n,t) = 0;

(F2) For all t > 0, N(x1,x2,...,Zn,t) =1 if and only if x1,x9,..., 2, are linearly dependent;
(F3) N(z1,22,...,Zn,t) is invariant under any permutation of x1,xa, ..., Ty;

(F4) For allt >0 and c € R, ¢ # 0,

N(x1,22,...,cxn,t) = N(T1,22,...,Tn, —

(F5) For all s,t € R,
N(z1,... &p_1,y+ 2,8 +t) >min{N(x1,...,2p-1,9,5), N(x1,...,Tpn_1,2,t)}.

(F6) N(z1,%2,...,%n,t) is a non-decreasing function of ¢ € R and
lim N(x1,za,...,2,,t) = 1.
t—o0

The pair (X, N) will be called a fuzzy n—normed space.

Theorem 2.1 Let A be the family of all finite and nonempty subsets of fuzzy n-normed space
(X,N) and A € A. Then the system of neighborhoods

B={B(t,rA):t>0,0<r<1, Ac A}



On Functions Preserving Convergence of Series in Fuzzy n-Normed Spaces 63

where B(t,r,A) = {x € X: N(ay, -+ ,an—1,2,t) > 1—7r, a1, - ,an—1 € A} is a base of the
null vector 6, for a linear topology on X, named N -topology generated by the fuzzy n-norm N.

Proof We omit the proof since it is similar to the proof of Theorem 3.6 in [8]. O

Definition 2.3 A sequence {xy} in a fuzzy n— normed space (X,N) is said to converge
to x if given r > 0, t > 0, 0 < r < 1, there exists an integer ny € N such that
N(xz1,22,... ,&n_1,2x — 2, t) > 1 —1 for all k > nyg.

Definition 2.4 A sequence {zx} in a fuzzy n— normed space (X, N) is said to be Cauchy
sequence if given € > 0, t > 0, 0 < € < 1, there exists an integer ng € N such that

N(x1,%2, ...y Tpne1,Tin — T, t) > 1 — € for all m, k > nyg.

Theorem 2.1([13]) Let N be a fuzzy n— norm on X. Define for x1,x2,...,2, € X and
a€(0,1)
|1, z2,... 25|, =inf {t: N(z1,22,...,2n,t) > }.

Then the following statements hold.
(A1) for every a € (0,1), ||e,eo,... 0|4 is an n— seminorm on X;
(A2) If 0 < a< <1 and x1,22,...,2, € X then

Hxlax27' "7xn||a < ||x17x27"'7xn”ﬁ .

Example 2.3[10, Example 2.3] Let ||e, e, ..., o| be an-norm on X. Then define N (x1, xa,...,2n,t) =
0if ¢t <0 and, for ¢t > 0,

t
N t) = .
A = I A
Then the seminorms (2.1) are given by
o
lz1, 22, ..y Tnlla = m”xl,xg,...,xnﬂ.

83. Absolutely Convergent Series in Fuzzy n—Normed Spaces

In this section we introduce the notion of the absolutely convergent series in a fuzzy n-normed

space (X, N) and give some results on it.

Definition 3.1 The series > xy is called absolutely convergent in (X, N) if
k=1

oo
Z ||a15"'a an—1, IkHa < oo
k=1

for all ay, ..., an—1 € X and all a € (0,1).
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Using the definition of ||...||, the following lemma shows that we can express this condition
directly in terms of V.

o0
Lemma 3.1 The series Y xy is absolutely convergent in (X, N) if, for every ay, ..., an—1 € X
k=1

and every a € (0,1) there are t, > 0 such that Y t < oo and N(ay,...,an—1,%k,tg) > «
k=1
for all k.

proof Let > xj be absolutely convergent in (X, N). Then
k=1

)
Z Hallv"'v Qn—1, xk”a < 00
k=1

for every aq, ..., an—1 € X and every o € (0,1). Let aq, ..., ap—1 € X and « € (0,1). For every
k there is t; > 0 such that N(a1,...,an—1,zk, tx) > o and

te < |lat, ..., an—1, x|, + o
Then
oo oo oo 1
Ztk < Z lai, ..., an—1, k|, + 22—k < 00.
k=1 k=1 k=1
The other direction is even easier to show. O

Definition 3.2 A fuzzy n—normed space (X, N) is said to be sequentially complete if every
Cauchy sequence in it is convergent.

o0
Lemma 3.2 Let (X, N) be sequentially complete, then every absolutely convergent series >, xy

k=1
converges and
o0 o0
Q1y..ey Gn—1, E rE|| < E lat, ..., an—1, =i,
k=1 o« k=1
for every a, ..., an—1 € X and every o € (0,1).
o0 o0
Proof Let ) xj be an infinite series such that > a1, ..., an—1, zi|, < oo for every
k=1 k=1

n
a1, ..., ap—1 € X and every a € (0,1). Let y, = > x) be a partial sum of the series. Let
k=1

o0
ai,..., an—1 € X , @ € (0,1) and € > 0. There is N such that >~ |la1,..., an—1, @i, <€
k=N+1
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Then, for n > m > N,

|||a15"'a Ap—1, Z/n”a - Hala"'a [ ) ym||a| < Hala"'a Ap—1, yn_ym”a
n
< Z a1, ... an—1, @kl
k=m-+1
oo
S Z ||a17"'7 Ap—1, kaa
k=N-+1
< €.

This is shows that {y,} is a Cauchy sequence in (X, N) . But since (X, N) is sequentially
o0

complete, the sequence {y,} converges and so the series > x, converges. O
k=1

Definition 3.3 Let I be any denumerable set . We say that the family (xo)acr of elements in
a complete fuzzy n—normed space (X, N) is absolutely summable, if for a bijection ¥ of N(the

set of all natural numbers) onto I the series ) xy(y) is absolutely convergent.
n=1

The following result may not be surprising but the proof requires some care.

Theorem 3.1 Let (zo)acs be an absolutely summable family of elements in a sequentially

complete Juzzy n— normea space . € n e an mjnite sequence o a non-em; suose
plete fuzzy d space (X, N). Let (By,) b infinite seq f pty subset

o0
of A, such that A=U B,,, B;N B; =& fori#j, then if z,, = Y, =z, the series Y, z, is
n aEeB, n=0

[e.e]
absolutely convergent and Yz, = Y. Zq.
n=0 acl

N
Proof 1t is easy to see that this is true for finite disjoint unions I = Ul B,,. Now consider
n=

the disjoint unions I = °CJl B,. By Lemma 3.2
e

o0 o0
S olat s anoty zally <Y Y0 Nlar, o ano1, wll,
n=1

n=1 i€B,

= Z ||a1,..., an—1, IiHa < 0
el

o0
for every as, ..., an—1 € X, and every o € (0,1). Therefore, > z, is absolutely convergent.
n=0

Let y = > a;, 2= > 2, Let € >0, a1,..., ap—1 € X and a € (0,1). There is a finite set
i€l n=1
J C I such that

€
Z ||(11,...7 Ap—1, J,'i”a < 5
i¢J

N
Choose N large enough such that B = 91 B, D J and

N
€
Alyeeey Ap—1, 2 — E Zn 5
n=1

<
a
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Then
€
A1,y AQp—1, Y — sz < 3
i€B a
By the first part of the proof
N
> s - Yo
n=1 i€B
Therefore, |lai,..., an—1, y — 2|, < €. This is true for all € so ||ay, ..., an—1, y — 2|, = 0. This
is true for all aq,..., a1 € X, « € (0, 1) and (X, N) is Hausdorff see [8, Theorem 3.1].
Hence y = 2. O

Definition 3.4 Let (X*,N) be the dual of fuzzy n-normed space (X, N). A linear functional
f: X* — K where K is a scalar field of X is said to be bounded linear operator if there exists
a A >0 such that

||a1; tee 7an71;f(xk)||a S A||a’1; tee ,anfl,kaa,

forallay, - ;an—1 € X and all a € (0,1).

Definition 3.5 The series > o, ) is said to be weakly absolutely convergent in (X, N) if

o
Z ||(11,' o 7an—17f($/€)|‘a <0
k=1

forall f € X*, allay, -+ ,an—1 € X and all a € (0,1).

Theorem 3.2 Let the series Y .-, xx be weakly absolutely convergence in (X, N). Then there

exists a constant X > 0 such that

o0
> llar a1, f@)lla < Mlaz,- - an-1, £ (@)l
k=1

Proof Let {e,}22, be a standard basis of the space (X, N). Define continuous operators
Sy: X* — X where r € Z by the formula S,(f) = >, _, f(zx)er, we have

r
Hala e 5an7178’r‘(f)||0¢ - Z Ha’la e aanflvf(xk)ekHa-
k=1

Since for any fixed f € X*, the numbers ||a1, -+ , an—1, Sr(f)|la are bounded by >°77; |lar, -+, an—1, f (k)] o

by Banach-Steinhaus theorem, we have
sup ||(11, o, Qp—1, Sr(f)”oz =< 0.
T

Therefore,

oo
ZHala"' 7an—17f(xk)”oz = SUP”ala"' 7an—lusr(f)||o¢
k=1 "

IN

)\Hal, o, Ap—1, f(xk)Ha
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84. Finite Convergent Sequences in Fuzzy n—Normed Spaces

In this section our principal goal is to show that every sequence having finite convergent property
is Cauchy and every Cauchy sequence has a subsequence which has finite convergent property

in every metrizable fuzzy n—normed space (X, N).
Definition 4.1 A sequence {zx} in a fuzzy n—normed space (X,N) is said to have finite
convergent property if

oo
Z llay, ..., an—1, xj —x;_1]|, < o0
=1

forallay,..., an—1 € X and all a € (0,1).

Definition 4.2 A fuzzy n— normed space (X, N) is said to be metrizable, if there is a metric

d which generates the topology of the space.

Theorem 4.1 Let (X,N) be a metrizable fuzzy n—normed space, then every sequence having
finite convergent propperty is Cauchy and every Cauchy sequence has a subsequence which has

finite convergent property.

proof Since X is metrizable, there is a sequence {||a17T, s Q1. x||aT} forallair,..., an—1,r €
X and all a,- € (0,1) generating the topology of X. We choose an increasing sequence {myg_1}
such that

o0

E Hal,17 seey a’n—l,lu xmk+1,1 - :Emk’lHal < o0

k=1
where a1.1,..., an—1,1 € X and a1 € (0,1). Then we choose a subsequence my o of my 1 such
that

o0

E Ha1,27 ey An—1,2, Imk+112 - ImkaHOtg < o0

k=1
where a1 2,..., an—12 € X and az € (0,1). Continuing in this way we construct recursively

sequences my, , such that my 41 is a subsequence of my, and such that

oo
§ Hal,ra ceey an—l,ru xmk+1,T - xmk,THaT < 00
k=1
for all a1,y ..., an—1, € X and all o, € (0,1). Now consider the diagonal sequence my = my, k.

Let 7 € N. The sequence {my},—,. is a subsequence of {my,},- . Let k > r. There are pairs of

integers (u,v), u < v such that my = my, and mp41 = my . Then by the triangle inequality

v—1
||a’1,’l";"'; anfl,ra Imk+1 _xmkHOtT S E ||a1,’r’;"'; an7117-7 xmi+1’r _Imiﬂ'HaT
1=

and therefore,

oo oo
§ Ha/17"'7 Un—1, xmk+1 _xmkHa S E Ha/17"'7 An—1, xmj+1m _‘ijm a
k=r j=r
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for all a1,..., ap—1 € X and all a € (0,1). The statement of the theorem follows. O
The above theorem shows that many Cauchy sequence has a subsequence which has finite
convergent. Therefore, it is natural to ask for an example of Cauchy sequence has a subsequence

which has not finite convergent property.

Example 4.2 We consider the set S consisting of all convergent real sequences. Let X be the
space of all functions f : S — R equipped with the topology of pointwise convergence. This
topology is generated by
i Fatns Flo = 17 (5)],
for all f1,s,..., fn-1,sf € X and all a5 € (0,1), where s € S. Then consider the sequence
fn € X defined by f, (s) = s, where s = (s,,) € S. The sequence f,, is a Cauchy sequence in X

but there is no subsequence f,, such that
o0
Z Hfl,sa sy fn—l,sa fnk+1 - f"’éHas < o0
k=1

for all s € S. We see this as follows. If n; < no < ng < ...1is a sequence then define s,, = (—l)k
for n, <n < ngg1. Then s = (s,) € S but

IS 00 00
Z Hfl,su"'7 fn—l,sa fnk+1 _fnkHas :Z ’Snk+1 _Snk‘ ZZ
k=1 k=1 k=1

Bl

= Q.

e

85. Functions Preserving Convergence of Series in Fuzzy n—Normed Spaces

In this section we shall introduce the functions f: X — X that preserve convergence of series
in fuzzy n—normed spaces. Our work is an extension of functions f: R — R that preserve
convergence of series studied in [19] and [3].

We read in Cauchy’s condition in (X, N) as follows: the series > ;- | ) converges if and

only if for every € > 0 there is an N so that for alln > m > N,

n

||al o, Ap—1, Z xk” < €,

k=m

where ay -+ ,a,_1 € X.

Definition 5.1 A function f: X x X — X is said to be additive in fuzzy n-normed space
(X, N) if
||a15 t -1, f(xa y)”a = ||a17 Ty -1, f(I)HOL + ||a17 T, Gn-1, f(y)”av
for each x,y € X, a1, ,an—1 € X and for all « € (0,1).
Definition 5.2 A function f: X — X is convergence preserving (abbreviated CP) in (X, N) if

for every convergent series Y o, xk, the series Y po, f(xk) is also convergent, i.e., for every

Ay, " ,0n-1 €X7

e
Z ||a15 e ,anfl,f(zk)Ha < oo
k=1
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whenever Y oo |la1, -+, an—1, Tglla < 00.

Theorem 5.1 Let (X,N) be a fuzzy n-normed space and f: X — X be an additive and
continuous function in the neighborhood B(t,r, A). Then the function f is CP of infinite series
in (X,N).

Proof Assume that f is additive and continuousin B(w, d, A) = {z € X: |ja1, - ,an-1,%|la <
0}, where a1, -+ ,an,—1 € A and § > 0. From additivity of f in B(«,d, A) implies that f(0) = 0.
Let Y 7,z be a absolute convergent series and z € X (k = 1,2,3,---). We show that
>ore f(zk) is also absolute convergent.

By Cauchy condition for convergence of series, there exists a k € N such that for every

peN
k+p

1)
||a’15' T 70’7171; Z x]Ha < 5
Jj=k+1
From this we have
s )
||a’17' ct o, Ap—1, Z x]Ha < 5
j=k+1

By the additivity of f in B(«,d, A), we get

k+p k+p 5
lav, a1, FC D2 @) o= llar, - sanv, 0 fl@g)la < 5
Jj=k+1 Jj=k+1

Now, let y, = E?L’C’H zjforp=1,2,3,--- andy = 372, .| x; belong to the neighborhood
B(a,d, A). The function f is continuous in B(e,d, A), i.e., f(yp,) — f(y) because y, — y for

p — 00. Hence

k+p 00
lim [l a1, f(OY @)l =llat, s an 1, F( D 2)]a-
p—00
Jj=k+1 j=k+1
This implies
k+p )
lim [lar, - yan-1, D f@)lla = llar, - san-1, Y f@)lla
pHOO
Jj=k+1 Jj=k+1

and this guarantee the convergence of the series 3377, | f(z;) and therefore the series 332, f(;)
must also be convergent in X, i.e., the function f is CP infinite series in (X, N). |
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