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Abstract: Let G be a (p,q) - graph. An injective function f : V(G) —
{lo,l1,l2,- -+ ,la},(a € N), is said to be Lucas graceful labeling if an induced edge la-
beling fi(uv) = |f(u) — f(v)| is a bijection onto the set {li,lz,---,lq} with the as-

sumption of lp = 0,l1 = 1,12 = 3,l3 = 4,l4 = T7,ls = 11, etc.. If G admits Lu-
cas graceful labeling, then G is said to be Lucas graceful graph. An injective function
V(G — {lo,l1,l2, - ,la—1,lav1}, (a € N), is said to be almost Lucas graceful la-
beling if the induced edge labeling fi(uwv) = |f(u) — f(v)| is a bijection onto the set
{li,la, - Jlgtor{li,la, -+ ,lg—1,lq+1} with the assumption of I = 0,11 = 1,lo = 3,l3 =
4,14 = 7,15 = 11, etc.. Then G is called almost Lucas graceful graph if it admits almost
Lucas graceful labeling. Also, an injective function f : V(G) — {lo,l1,l2,- - ,la}, (a € N), is
said to be nearly Lucas graceful labeling if the induced edge labeling fi(u,v) = |f(u) — f(v)|
onto the set {l1,l2, -+ ,lic1,lit1, liva, - 5 Li—1, v, Loy le—1, b1, begay - 0o (D e N
and b < a) with the assumption of lop = 0,11 = 1,lp = 3,l3 = 4,14 = 7,l5 = 11, etc.. If G
admits nearly Lucas graceful labeling, then G is said to be nearly Lucas graceful graph. In
this paper, we show that the graphs Sp, n, Sm,n@QP; and F,,QP, are almost Lucas graceful
graphs. Also we show that the graphs Sy, »@QP; and C,, are nearly Lucas graceful graphs.
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§1. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A cycle of
length n is denoted by C,, - G is a graph obtained from the graph G by attaching pendant
vertex to each vertex of G. The concept of graceful labeling was introduced by Rosa [3] in 1967.
A function f is called a graceful labeling of a graph G with ¢ edges if f is an injection from
the vertices of G to the set {1,2,3,---, ¢} such that when each edge uv is assigned the label
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|f(u) — f(v)], the resulting edge labels are distinct. The notion of Fibonacci graceful labeling
was introduced by K.M.Kathiresan and S.Amutha [4]. We call a function f, a Fibonacci
graceful label labeling of a graph G with ¢ edges if f is an injection from the vertices of
G to the set {0,1,2,---,F,}, where F; is the ¢*" Fibonacci number of the Fibonacci series
Fy=1,F,=2F;=3,F;=5,--- and each edge wv is assigned the label |f(u) — f(v)|. Based
on the above concept we define the following.

A Smarandache-Fibonacci triple is a sequence S(n), n > 0 such that S(n) = S(n —
1) + S(n — 2), where S(n) is the Smarandache function for integers n > 0. Clearly, it is a
generalization of Fibonacci sequence and Lucas sequence. Let G be a (p, ¢)-graph and {S(n)|n >
0} a Smarandache-Fibonacci triple. An bijection f: V(G) — {S(0),5(1),5(2),...,S(q)} is
said to be a super Smarandache-Fibonacci graceful graph if the induced edge labeling f*(uv) =
|f(u) — f(v)| is a bijection onto the set {S(1),S5(2),...,5(¢)}. Particularly, if S(n),n > 0 is
just the Lucas sequence, such a labeling f : V(G) — {lo,l1,l2,--+ ,la} (a € N) is said to be
Lucas graceful labeling if the induced edge labeling f1(uv) = |f(u) — f(v)| is a bijection on to
the set {l1,l2,--- ,l4}. If G admits Lucas graceful labeling, then G is said to be Lucas graceful
graph. An injective function f : V(G) — {lo, 11,12, -+ ,la—1,lat1}, (a € N), is said to be almost
Lucas graceful labeling if the induced edge labeling f1(uv) = |f(u) — f(v)| is a bijection onto the
set {li,l2, -+, lq} or {l1,la, -+ ,lg—1,lq41} with the assumption of Iy = 0,l; = 1,1y = 3,13 =
4,14 = 7,15 = 11, etc.. Then G is called almost Lucas graceful graph if it admits almost Lucas
graceful labeling. Also, an injective function f : V(G) — {lo,l1,l2, - ,la}, (a € N), is said to
be nearly Lucas graceful labeling if the induced edge labeling fi(u,v) = |f(u) — f(v)| onto the
set {l1,02, -+ Lzt L, Lo, - o1 L, Lk, -+ 5 lo—1, D1, L, -, e (b e N oand b < a)
with the assumption of Iy = 0,1y = 1,1y = 3,l3 = 4,14 = 7,15 = 11, etc.. If G admits nearly
Lucas graceful labeling, then G is said to be nearly Lucas graceful graph. In this paper, we
show that the graphs Sy, n, Sm,n@QP; and F,,@QF, are almost Lucas graceful graphs. Also we
show that the graphs Sy, ,QP; and C,, are nearly Lucas graceful graphs.

82. Almost Lucas Graceful Graphs

In this section, we show that some graphs namely Sy, », Sm,n@QP; and F,,,@P,, are almost Lucas

graceful graphs.

Definition 2.1 Let G be a (p,q) - graph. An injective function f : V(G) — {lo,l1,l2, - ,la—1,
lav1}, a € N, is said to be almost Lucas graceful labeling if the induced edge labeling f1(uv) =
|f(u) — f(v)| is a bijection onto the set {I1,la,--- 1} or {li,la, - ,lg—1,lg+1}. Then G is
called almost Lucas graceful graph if it admits almost Lucas graceful labeling.

Definition 2.2 ([2]) S, denotes a star with n spokes in which each spoke is a path of length

m.
Theorem 2.3 Sy, ., is an almost Lucas graceful graph when m = 1(mod 2) and n = 0(mod 3)

Proof Let G = Sy, 5. Let V(G) = {u;;: 1 <i<mand1l<j<n} be the vertex set of
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G. Let E(G) = {uoui1: 1 <i<m}U{u; u;+1:1<i<m, 1<j<n-—1} be the edge set
of G. So, |V(G)| = mn + 1 and |E(G)| = mn. Define f: V(G) — {lo,l1,l2, -+ ,la},a € N by
0) =lo. Fori=1,2,--- ,m—2and i = 1(mod 2), f(uij) = lnii—1)+2j-1,1 < j < n. For

,2,---,m—1and i = 0(mod 2), f(ui;) = lnit2—25, 1 <j<n. Fors=1,2,--- ,n;3
. n

m,j) = lm—1)n+2(j+1)—3s» 35—2 < j < 3s. and for s = 3 S j) = lm—1)nt2(j+1)—3s, 35—

< j < 3s—1. We claim that the edge labels are distinct. Let

=
S

By = U {Awwny= U  {f(uw) = flusn)}
zEl(in:ul)d 2) iEl(in:ulad 2)
= U {lo-twvnl}= U Ao}
i=1(mod 2) i=1(mod 2)
— {ll, l2n+17 l4n+17 T 7l(m71)n+1} )
E, = U {(heww)t=|J {1f(w)— flu)l}
i=0(mod 2) i=0(mod 2)
= U o-tut= U {l}
i=0(mod 2) i=0(mod 2)

= {12n7l4n7"'7l(m71)n}7

m—2 n—1 m—2
By = U U (i)} = U U {1/ (i) = f(uijral}
i:1(§§éd o i=1(mod 2)°
= U U {‘ln (i—1)+25—-1 — ln(z 1)+2]+1’} - U U {ln(z 1)+2]}
= l(mod 2) = l(mod 2)
m—2

= U {lngi—1)+2 ngim )44, s bnGim1)42n—2}
zEl(in:ul)d 2)

= {lolu a2} {l2nt2s langas - lan—2}
o U {l(me)n+2= lm—3)nt4a,- - 7l(m73)n+2n72}

- {127 147 T 71277,—27 l2n+47 T 7l4n—27 T 7l(m73)n+27 l(m73)n+47 T 7lmn—n—2} )
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m—1 n—1 m—1
By = U U {Awijuga)} = U U {1 (ui5) = fuijra)l}
i:o(ﬁéd N i=0(mod 2)°
- U U {|lnz 25+2 — n172j|} = U U {lnz 2j+1}
= O(mod 2) = O(mod 2)
= U U {lnl 1; ni—3, """ 7lni72n+3}
(mod 2)

= {lon-1,lon—3,---,l3} U {lan—1,lan—3,- - ,lang3} U
o U {l(m—l)n—17 l(m—l)n—?n T almn73n+3}

= {l2n—17 l?n—?n T 7l37 l4n—17 l4n—37 T 71271-1-37 ce 7l(m71)n717 l(mfl)n737 e 7lmn—3n+3} 5
n 3

Es = U {f1(tm jtim jr1) : 35 —2 < j < 3s—1}
s=1

n—‘

= Uf(um,g) = f(um 1) :3s =2 <7 <3s—1}

s=1

w

n—

= U {|lnim=1)42j-8542 = ln(m—1)+2j-3s44| 1 35 =2 < j < 3s — 1}
s=1
n-3
3

= U {lam-1yr2j-3013 138 =2 < <3s -1}
s=1

= {ln(mfl)+27 ln(m71)+4} U {ln(m71)+57 ln(m71)+7} U

e U {ln(m71)+2n7107n+3+37 ln(m71)+2n787n+3+3}
- {ln(mfl)+27 ln(m71)+47 ln(m71)+57 ln(m71)+77 T ln(m71)+n747 ln(mfl)Jran}

- {ln(m—1)+25 ln(m—1)+47 ln(m—1)+57 ln(m—l)-i—?; Ty lmn74; lmn72}-

We find the edge labeling between the end vertex of s loop and the starting vertex of (s+1)"
n—3
. Let

loopand s =1,2,---,

77.3 n'i

Ee = U {f1(um jum,j1) 2 j = 3s} = U {1f (umj) = f(um,js1) - j = 3sl}
= {|f(um 3) f(um,ﬁl)l ) |f(um,6) - f(um,7)| PR |f(um,n—3) - f(um,n—2)|}

= {|lgm-1n+8-3 = lm—1ynt+10-6| » [lim—1)n+14—6 — lm—1)n+16-9] »

s lom=1ynt2n-1-n+3 — lm—1)nt2n—2-n|}
= {Jlm-1nt5 = lm-vynta| s lm-ymss—ilan-1yn + 7+ s [lm-1yntn—1 = Lm—-1)nsn—2|}
= {llm=1n+3>lm=1)n+6> " > lim—1)n+n—3l}

- {l(mfl)n+37 l(mfl)n+67 T 7lmn—3} .
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n
F = —, let
or s 3,e

Er = {filumjtum; 1) 135 =2 < < 3s = 1} = {[f(um) = f(umj1)] : 3s =2 < j <3s— 1}

- {|l(m—1)n+2n—2—n - l(m—l)n+2n—n‘ ) |l(m—l)n+2n—n - l(m—l)n+2n+2—n|}

- {’l(m—l)n+n—2 - l(m—l)n+n l(m—l)n+n - l(m—l)n+n+2’}

)

- {l(mfl)nJrnflu l(mfl)nJrnJrl} = {lmn—lu lmn-i—l} .

7
Now, E = {J E; = {l1,l2, --es lnn—1, lmn+1}- So, the edge labels of G are distinct. Therefore, f

i=1
is an almost Lucas graceful labeling. Thus G = S5,;, ,, is an almost Lucas graceful graph, when
m = 1(mod 2) and n = 0(mod 3). O

Example 2.4 An almost Lucas graceful labeling of S7 g is shown in Fig.2.1.

Is Iz ly i hs s by
ly I Is 1o liz2 lua lie

lag las o7 lpo 31 33 I35

log lag lag  log lzg I3z I3

Ise Iss Ist Ilso ler leo le2  lea

Fig.2.1 57)9

Definition 2.5([2]) The graph G = Sy nQP; consists of Sm.n and a path Py of length t which

is attached with the maximum degree of the vertex of Sy, -

Theorem 2.6 S, ,QP, is an almost Lucas graceful graph when m = 0(mod 2) and t =
0(mod 3).

Proof Let G = S,,,,QP, with m = 0(mod 3) and t = 0(mod 3). Let

V(G):{uo,uiyj:lgigmandlgjgn}U{vk:lgkgt},

EG) = {uoum:1§i§m}U{umuij+1:1§i§mand1§j§n—1}

U{uovl}U{vkka 1<k<t—1}
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be the vertex set and edge set of G, respectively. Thus |[V(G)| = mn+t+1 and |E(G)| = mn+t.
Define f : V(G) — {lo,l1,l2, - ,la},a € N by f(up) = lp. For ¢ = 1,2,---,m and for
i = 1(mod 2), f(uij) = lni-1)42j-1,1 < j < n. Fori=1,2,--- ,m and for i = 1(mod 2),

t—3
f(uw- = lni72j+27 1 S j S n. For s = 1,2, cee ,T, f(vk) = lmn+2k73s+2; 3s—2 S k S 3s

t
and for s = 3’ fg) = lmntor—3s+2, 3s —2 < k < 3s — 1. We claim that the edge labels are
distinct. Let

m

B = U {fiwow)}
i=1(mod 2)
= U W) —rwolt= U {lo=lagnl}
i=1(mod 2) i=1(mod 2)

= U {ln(ifl)Jrl} = {llu l2n+17 l4n+17 T 7ln(m71)+1} )

i=1
i=1(mod 2)

Ey = U {(hewouwny=J {If(uo)— flui)l}
i=1(mod 2) i=1(mod 2)
— U {|ZO_lnz|}: U {lni}:{l2n7l4n7"' 7lmn}7
i=1(mod 2) i=1(mod 2)
m n—1 m n—1
B3 = U U {Awiu)y= U U 1) = Fluo)l
i=1(mod 2)” i=1(med 27"
m n—1 m n—1
= U Ul —bansznalt= U U e}
i=1 Jj=1 i=1 Jj=1
i=1(mod 2) i=1(mod 2)

= U {l"(i*1)+27 ln(i71)+47 T 7ln(i71)+2n72}
i=1(mod 2)

= {lo, g, lon_2} U {lonto, lonsd, -+ s lan—o} U
o U {l"(m*2)+27 ln(m72)+47 T 7lmn—2}

= Alo, 1, S lan—2, ot lanta, - s lan—2, 5 ln(m—2)42, In(m—2)+4> =+ » lmn—2},
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m n—1 m n—1
U Uty = U U0 = ful)
i=1(mod 27 i=1(mod 27"

U U {|ln1 2j+2 — n172j|}

(mod 2)

U U {lnz 2g+1} - U {lnifla lnif?n e 7lni72n+3}
= l(mod 2) = O(in:ul)d 2)
{lon—1,l2n-3,- -+, 13} U{lan—1,lan—3, -, lons3} U oo U{lmn—1,lmn—3, -+ s lmn—2n+3}
{l2n71; l2n737 e ;137 l4n71; l4n737 e 712n+37 e ;lmnfly lmn73; e 7lmn72n+3}7

’

By = {fi(wov1)} = {If(uo) = f(v1)|} = {llo = lmn+1|} = {lmn+1}

3
B, = U {filogvps1) 135 —2 <k <3s—1}
s=1
t73
= {If(vk) — f(vp41) :3s —2 <k <3s—1]}
s=1

o
w

3

= {llmnt2k+2-3s — lmnt2k+a—3s] 135 =2 <k <3s—1}

« O
Il
W=

3
= {lmn+2k+3—35 135 —2<k<3s— 1}
1

»

- lmn+2; lmn+4} U {lmn+5; lmn+7} U---u {lmn+t74; lmn+t72}

- {lmn+2; lmn+4; lmn+5; lmn+7; Tty lmn+t74; lmn+t72}

We find the edge labeling between the end vertex of s loop and the starting vertex of (s+1)%"

t—3

loop for integers s =1,2,--- | = Let

/

By

t—3 '3

U {fl ussuss+1)}

{|f(u3s) — f(uss+1)[}

{1f(uz) = fua)|, | f(ue) = fur)|, s [ fe—s) = Fu—2)|}

{llmnys—3 = lnt10-6l  llmnt14—6 = lmns16-9 s s lmnt2t—a—t43 — lmnt2t—2-¢[}
{lmn+s = lmnsal s llmnts — bnng7l s o [lnngt—1 — lnnte—2|}

{lmn+37 lmn-i-ﬁu eeey lmn—i—t—?)} .
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t
F = -, let
or s 3,e

E, = {fi(vpvgy1):3s—2<k<3s—1}
{If(vr) = flog41)] :3s —2 <k <3s—1}

{{lnnt2t—at2—t — lmnt2t—242—t]  |lmnt2t—242—¢ — lmnyot42—¢|}

- {|lmn+t72 - lmn+t+2| |lmn+t - lmn+t+1 |} - {lanrtflv lanrtJrl} .

4 /
Now, E = J (E;UE;) ={li,loa," ylmns -y lmntt—1, lmntt+1}- So, the edge labels of G are

=1
distinct. Therefore, f is an almost Lucas graceful graph. Thus G = S,, ,QP,; is an almost
Lucas graceful graph when m = 0(mod 2) and ¢t = 0(mod 3).

Example 2.7 An almost Lucas graceful labeling on Sy 7@Ps is shown in Fig.2.2.

lis iyl Iz ls 3

i lo lg g U

I3 ls lz lg i
lor  las laz lo1 Lo lLi

lie  lis lao laa o

lie lig lao Il lag lag 2
iz lyg lar lag o

Fig.2.2 8477@P6

Definition 2.8([2]) The graph G = F,,QP,, consists of a fan F,, and a path P, of length n

which is attached with the mazimum degree of the vertex of Fy,.

Theorem 2.9 F,,,QP, is almost Lucas graceful graph when n = 0(mod 3).

Proof Let vy,va, -+ ,vm+1 and ug be the vertices of a Fan F,,,. Let uy,ug,--- ,u, be the
vertices of a path P,. Let G = F,,QP,, |[V(G)| =m+n+2 and |E(G)| = 2m +n + 1. Define

fV(G) = {lo, U1, la, -+ g2 by f(uo) = los f(vi) = laim1; f(uj) = lom+2j-3s13, 3s—2<j <
3s. We claim that the edge labels are distinct. Let

Er = Ao} = JAF@) = floim))}

i=1 =1
= U {l2i—1 — l2ita[}
i=1

= (J{lai} = {laslas s lom}

i=1



96 M.A.Perumal, S.Navaneethakrishnan and A.Nagarajan

m+1 m+1
By, = U {f1(uov:)} = U {1f(uo) = flui)l}
- -

= U o —taialy = | {l2ica} = {11 Is, s lamia }
i=1 i=1

Es = {fi(uou1)} = {[f(uo) — f(u)[} = {llo — lem+2|} = {lam+2},

3
E4 = U {fl(UjUj+1) :3s—2 S ] S 3s — 1}

s=1
= U {If(u;) = flujp1)] :3s —2<j <3s—1}
s=1

= {If(ua) = Flua)l, [ £(uz) = fua) [} J {1 F(ua) = Fus)], 1 f(us) = fus)}
A\ J A (uns) = Fun—a)| s [ f(un—a) = fun—3)}
= {llzm+z = lzmval s llomsa = lomers} (J {ll2mss = lamrl s lomrr = lomrol}
E U {ll2m+2n—10+3-n+3 = l2m+2n—8+3—n+3l s lem+2n—8+3-n+3l2m+2n—6+3-n+3/}

= {lam+3;lomss} U {lamyes lamas} U+ U {lemin—3, lamin—1}

- {12m+37 12m+57 12m+67 12m+87 Ty l2m+n737 lQernfl} .

We find the edge labeling between the end vertex of 5" loop and the starting vertex of (s+1)t"
loop for s =1,2,--- ,g—l. Let

51 i1

Es = L—J1 {filujujr) 1 j = 3s} = L_Jl {1f(uj) = f(ujsa)| = j = 3s}

= {llamt643-3 — lom+s+3—6|, [lamt1243-6 — lam+1413-9],
o lomt2n—6+43—n+3 — lam+2n—a+43—nl}

= {|loam+6 — lom+s! s |l2m+9 — lam+s| s ll2mtn — lomin—1l}

- {l2m+4; l2m+77 e 712m+n72} .
For s = =, let
Es = {fi(ujujy1):3s—2<7<3s—1}

= {f(uy) = flujs1)[:3s—=2<j <3s—1}

= {f(un—2) = flun-1)[, [f(un—1) = f(un)[}

= {llom+t2n—a13-n — lomt2n—243-n| ;s lom+2n—243—n — lom42n+3-nl}

= {|l2m+n—1 - l2m+n+1| 5 |l2m+n+1 - l2m+n+3|}

= {l2m+n7 l2m+n+2} .

6

Now, E = U E; ={li,la, - Jlom, lomt1s lama2, 3 lamtn—2, laman—1, l2man, l2m4nt2}. SO,

i=1
the edge labels of G are distinct. Therefore, f is an almost Lucas graceful labeling.

Thus G = F,,@QP, is an almost Lucas graceful graph when n = 0(mod 3). ]
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Example 2.10 An almost Lucas graceful labeling on F5@QP; is shown in Fig.2.3.

Fig.23 F5@P6

83. Nearly Lucas Graceful Graphs
In this section, we show that the graphs Sy, ,@QP; and C), are nearly Lucas graceful graphs.

Definition 3.1 Let G be a (p,q) - graph. An injective function f: V(G) — {lo,l1,l2, - ,1a},
(a € N), is said to be nearly Lucas graceful labeling if the induced edge labeling fi(u,v) = | f(u)—
f()| onto the set {l1,la, -+ L1, liva, livos -+ s l—vs lns Los oo s le—1, lon Lo, oo 1y (Be N
and b < a) with the assumption of lo = 0,11 = 1,13 = 3,13 =4,l4 = 7,15 = 11, ete.. If G admits

nearly Lucas graceful labeling, then G is said to be nearly Lucas graceful graph.

Theorem 3.2 S, ,QP, is a nearly Lucas graceful graph when n =1,2(mod 3) m = 1(mod 2)
and t = 1,2(mod 3)

Proof Let G = Sy, nQP, with V(G) = {up,u;; : 1 <i<mand 1 <j <njU{vg:1<k <t}
Let E(G) = {uousj: 1 <i<m}U{wijuijt1:1<i<mandl<j<n}lJ{uowv:}U{vkvgs1 :
1<k<t—1} be the edge set of G. So, |V(G)| = mn +t+ 1 and |E(G)| = mn + t.
Define f : V(G) — {lo,l1,- - ,la}, a € N by f(up) = lp. For i = 1,2,---,m and for
i = 1(mod 2) f(uij) = ln-1)42j-1, 1 < j < n. Fori=1,2,--- ,m and for i = 0(mod 2),

-2 -1
Wi ;) = lin—2j42, 1 < j < n. For s = ,,---,n —1ors:1,2,---,n —1or
fluij) = lin2j42, 1 < j < n. F 1,2

-2 -1

s =123 5 = L f(tng) = bantag+n)-sss 35 =2 < j < 3s. For s = ——— or —
t—2 t—1

5 (g = bngagen-se, 35— 2<j <35 =L Forr =12, == orr = 1,2, ——

t
orr=1,2,3,---, 3’ fg) = lntok+s—sr, 3r —2 < j < 3r — 1. We claim that the edge labels

or
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are distinct. Let

By

U {(hewouwny=J {If(uo) = fluiy)l}
zzl(irz:)d 2) izl(in:m;)d 2)

U o—to—vmnlt= U {a-vns} = {l, g1,

i=1 i=1
i=1(mod 2) i=1(mod 2)
Ey = U {hww)y= | {Ifwe) = flu)}
i=0(mod 2) i=0(mod 2)

) l(mfl)nJrl} )

= U {ZO - lln} = U {lln} = {ZQn; l4n; to ;l(m—l)n} )

i=1 i=1
i=0(mod 2) i=0(mod 2)

U U {fwijui)y = U U UFig) = Flui)l}

= l(mod 2) i=1(mod 2)

U U {‘l(l 1)n+2j—1 _l(z 1)n+2j+1’} = U U {l (i—1 n+2]}

= l(mod 2) = (mod 2)

m—2
U {li—tym+2 limynsds limnt2n—2}

i=1(mod 2)
{127 147 e 71277,—2} U {l2n+27 l2n+4, e 7l4n—2} U
o U {l(m73)n+27 l(m73)n+47 T 7lmn—n—2}

{la, 04, Jlon—2,lony2, lonta, s lan—2, s Lon—3)425 Lm—3)ntas " -
m—1 n—1 m—1
U Uhwuw;0r= U U {1 (i) = f(uigra)l}
i=0(med 2)° i=0(mod 2)°
m—1 n—1 m—1 n—1
U U {llni-2j2 = lni2gl} = (J U {lni-2j+1}
i=0(med 2)° i=0(mod 27
m—1

U {1 lin-s, - lin—2nss}
i=1
i=0(mod 2)
{lan-1,lon-3,-- I} | {lan—1: lan—3,- - s lonsa} |
o U {l(mfl)n*h l(mfl)"*& T 7lmn—3n+3}

{1271—17 l2n—37 te 7l4n—17 l4n—37 v 7l2n+37 v 7l(m71)n717 l(mfl)n737 T

) lmn—n—?} )

) lmn—3n+3} .
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—4
Fornzl(mod?))andle,Q’...7” . let
n—4
3
By = U {fi(tm, jum jt1) 1 3s —2<j<3s—1}
s=1
n—4

= U {Iftumg) = flumr1)] :3s =2 < j < 35— 1}
s=1

n—4
N
= U {|l(mfl)n+2j735+2 - l(mfl)n+2j735+4’ :3s—2<j<3s—1}

s=1

n—4

3
= U {lm-1nroj-ss45:3s —2<j <3s -1}
s=1

- {l(m—l)n+27 l(m—l)n+4} U {l(m—l)n+57 l(m—l)n—i—?} u..u {l(m—l)n+n—47 l(m—l)n+n—2}

- {l(m—l)n+27 l(m—l)n+4a l(m—l)n+57 l(m—l)n+77 AL lmn74; lmn72} .

We find the edge labeling between the end vertex of 5" loop and the starting vertex of (s+1)t"
n—4
. Let

loop for integers s =1,2,--- |

— n—1

Es = | {f1i(wmjum1) 5 =3s} = |J {If (wm ) = f(wmge1)| : j = 3s}

= {1 ums) — )| F(m6) — Ftmn)l - 2| tmnn) — f(tmn)]}

= {|l(m—l)n+5 - l(m—l)n+4’ ) ‘l(m—l)n-i-?

l(m—l)n+2n—2—n+l - l(m—l)n+2n+2—n—2‘ }

U

- {l(mfl)n+37 l(mfl)n+67 T 7lmn—1} .
-1
For s = nT, Let

E7 = {fl(um,jum,jﬂ) 135 —2 < j < 35 — 1}
= Alf(umj) = flum )] :3s =2 < j <3s -1}
= {}l(m—l)n+2n—6+2—n+l - l(m—l)n+2n—4+2—n+l| )

‘l(mfl)n+2nf4+27n+l - l(mfl)n+2n72+2fn+1 ’ }

{llmn—S - lmn—1| P |lmn—1 - lmn+l|} = {lmn—2u lmn}
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7
= U E; ={li,la, -+ ,lmn}. For n =2(mod 3) and integers s =1,2,---
=1

1=

n—2

-3

U {f1um jtim j41) :3s =2 < j < 3s — 1}

s=1

n=2

3

U {1£(umy) = f(um 1)l :3s =2 < j < 3s—1}
s=1

n—2

3
U {|lm=1ynt2j+2-35 — lim—1)n+2j44—3s] : 3s =2 < j < 35— 1}

s=1

n—2
-3
U {lim—1ynt2j13-35 :3s —2<j<3s—1}
s=1

n—2
b 3 b)

{l(mfl)n+27 l(mfl)n+4} U {l(mfl)n+5u l(mfl)n+7} u..u {l(mfl)nJrnfSu l(mfl)nJrnfl}

{l(mfl)n+27 l(mfl)n+47 l(mfl)n+57 l(mfl)n+77 Tty lmn—37 lmn—l}

We find the edge labeling between the end vertex of s** loop and the starting vertex of s + 1"

loop for integers s =1,2,--- |

For s =

n—2

. Let

n—2 —

s=1 s=1

By = U Ualmgumiin)i =35 = | (15 m ) = fCumgo) 5 = 35}

= {f(ums3) = fluma)l, [f(ume) = f(um7)|s 5 [f(Umn—2) = f(umn-1]}

= {|lim-1)n+8-3 = lm-1)n+10-6 s |lm—1)n+14-6 = Lom—1)n-+16-9] »

l(m—l)n+2n—2—n+2 - l(m—l)n+2n—n—1 ‘ }

"

- {‘l(mfl)n+5 - l(mfl)n+4 l(mfl)n+8 - l(mfl)n+7‘ )

)

) |l(m71)n+n - l(mfl)nJrnfl‘}

= {l(m—l)n-i-?n l(m—l)n—i—Gv T 7lmn72} .
1
ﬁ, let
Ey = {filumjum;ji1) 2 j =35 =2} = {[f(um;) = f(um 1) : j =n—1}

{|f(um,n71) - f(um,n)|} = {|l(m—l)n+2n—n—l - l(m—l)n+2n+2—n—1|}

= {|lmn—1 - lmn+1|} = {lmn} .

’ 3 ’
Therefore, E = |J E;. Let
=

3

Eo = {fi(uov1)} = {[f(uo) = f(v))[} = {llo = lmn+2]} = {lmn+2} -
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t—2
For t = 2(mod 3) andr:1,2,-~,T,let

2
E = U L(Upvgy1) 1 3r — 2 < k < 3r — 1}

= Uﬂf“k forg1)]:3r—2<k<3r-—1}

= {[f(v1) = f(v2)],[f(v2) = f(vs |}U{|f va) — f(vs)], | f(vs) — f(ve |}U
: U {1f (via) = f(ve=s)|, | f (vi—3) — flve—2)[}
= A{llmnt3+2-3 = bnn+s+a-3); llmny3+a—3 — lmni3ye—3|} U
{{lmn+8+3-6 = lmn-+10+3-6| ; [lmn+10+3-6 — lmnt1243-6/} U
: U {lmn+s+2t-s—t+2 — bnnts+2t—6-t+2|, lmnt3+2t—6—t+2 — lnntst2t—a—t42|}
= {llmn+e = bnntal, lnnta = bunsl} (J {lmn+s = lnnar ] lmnr = Lnavo[}

o U {|lmn+t73 - lmn+t71| ) |lmn+t71 - lmn+t+1|}

- {lmn+37 lmn+5} U {lmn+67 lmn+8} U e U {lmn-l-t—,@u lmn-i—t}

- {lmn+3u lmn+57 lmn+67 lmn+87 ) lmn+t—27 lmn-l—t}-

We find the edge labeling between the end vertex of r*" loop and the starting vertex of (r+ 1)
-2
loop for integers r =1,2,--- | —5 Let

By = U {A@eonsn) :k =30} = [ {1F@0) = Flonra)] s k =3r}
r=1 r=1
= {lf(ws) = flva)l,|f(vs) = flvr)],- -, | f(vi—2) = flve1)[}

= {|/lmn+3+6—3 — bun+3+8—6| s lmn+3+12—6 — lmn+3+14—9| ,

) |lmn+3+2t747t+2 - lmn+3+2t727t71|}

= {|lmn+6 - lmn+5| 5 |lmn+9 - lmn+8| PIREET) |lmn+t+1 - lmn+t|}
= {lmn+4u lmn—i—?u te 7lmn+t—1} .
t
For s = i, let
3
By = {fi(ogonsr) : k= 3r =2} = {|f (o) = f(ver1)| s k = 3r — 2}

= {|lmn+3+2t—2—t—l - lmn+3+2t—t—l|} = {|lmn+t - lmn+t+2|} = {lmn-i-t-l-l}

Therefore, E” = Eq U E; U Ey U E; = {lmn+2; lmn+3, lmn+5, lmn+6, lmntg, s lmntt—25 lmnt,

lmn+t+17 lmn+47 lmn+77 e 7lmn+t—1}- NOW7 EUE U E UEO UEl UE2 UE3 - {llu 127 3

=1
lmn7 lmn+27 lmn+37 lmn+4u o 7lmn+t—27 lmn-{-t—la lmn-i—ta lmn+t+1}' SO, the edge labels of G are
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t—1

distinct. For ¢t = 1(mod 3) and integers r = 1,2, -, —3 let

1"

E,

—_
U filogvgs1) :3r—2<k<3r—1}

U{|ka fopg1)] :3r—2<k<3r-1}

{1 (1) = f2)|, 1 (v2) = Fos) {1 F(va) = F0s)] £ (v5) = F(ve) |}
U ims) = foia)] 1 f (vem2) = o)}

{llmnt3r2—3 = lmna3+a—sl, lmna3+a—3 — lnntsre-3l}

U {llmn+3+8-6 = lmn+3+10-6] s llmn+3+10-6 = lmnt3+12-6/} U
te U {|lmn+3+2t767t+1 - lmn+3+2t74ft+l| ) |lmn+3+2t747t+1 - lmn+3+2t727t+1| }
{|lmn+2 - lmn+4| B |lmn+4 - lmn+6|} U {|lmn+5 - lmn+7| 5 |lmn+7 - lmn+9|} U

te U {|lmn+t72 - lmn+t| ) |lmn+t - lmn+t+2|}

{lmn+37 lmn+57 lmn+67 lmn+87 T lmn—i—t—la lmn+t+1} .

We find the edge labeling between the end vertex of " loop and the starting vertex of (r+1)t"

t—1
loop for integers r =1,2,-- -, 3 Let

+—

-

B, = |J{Awvrs) b =3r}

r=1

= (JUFr) = flong)] k= 3r}
r=1
= {If(vz) = f(va)l,[f(v6) = flvr), -, [flve—1) — flve)]}

= {{lmn+3+6—3 — lnt3+8=6| > [lmnt3+2t—2—141 — lmnt34+26—1—2|}

= {llmn+e = lmnts| s llmnyo = bnnas| s ooos lnng 42 = lmnyes1 |}

= {lmn+47 lmn+77 T ulmn-i-t}
Therefore E = EqUE, UEy = {lmns2: lonss, - s bt 1 bontt41 bmnsds bmns 7 =+ 5
it} = {lmnss bontss bnsas -+ s bont—1 bty bmma i1} Now, EU E U E" = L4J E;

U { U E. } U {E() UE;N UE;”} - {ll 5 127 Tty lmn; lmn+27 lmn+3; Y lmn+t71 B lmn+t7 lmn+t+1 }
So, the edge labels of G are distinct. In both cases, f is a nearly Lucas graceful labeling. Thus

G = S»nQP; is a nearly Lucas graceful graph when m = 1(mod 2), n = 1,2(mod 3) and
t=1,2,(mod 3).

Example 3.3 A nearly Lucas graceful labeling of S5 y@QP; is shown in Fig.3.1.
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liz lin log Iz Is I3 I

lig o ls I U o

lo 1y lg I lio liz liuNa

I3 I lo " T11 g 4

lor las 2z lo1 lig li7 15 lo I37 l30 a1 lgo

log loa lo2 lao lig g U1 l37 l3g lao I3 l42
lie lig lao la2 laa los 128/’2;/ i N
lir lig 21 2z l25 lo7 l2g Li~Ja3

I35 l36 l3a l32 33 l31 12
[34 I35 33 I31 I32 l30

Fig.3.1 5577@P7

Theorem 3.4 C,, is a nearly Lucas graceful graph. when n = 1,2(mod 3).

Proof Let G = C,, with V(G) = {u; : 1 <i<n}. Let E(G) = {uuip1:1<i<n—1}U
{unu1} be the edge set of G. So, |V(G)| = n and |E(G)| = n.

Case 1 n = 1(mod 3).

4
Define f : V(G) — {lo.l1,lo,+ ,la}, a € N by f(u) = lp. Fors =12,

3 )
-1
f(u;) =lai—3s, 3s—1<i<3s+1 and for s = nT, fu;) = lai—3s, 3s—1 < i < 3s. We

claim that the edge labels are distinct. Let

By = {fi(wiuz), filupur)} = {|f(w1) — f(u2)], | f(un — f(u)l}
= {llo —ll;llan—nt1 —lol} = {l1,lns1} -
Fors:1,2,-~,n_1,1et
E2 = 6 {fl (uiuiﬂ) 3s—1 S ) S 38}

= JAIf(w) = flugr)] :3s =1 <i < 3s}
s=1

= {If(u2) = f(ua)|, | f(us) = f(ua) [} ({1 f(us) = fue)], |f (us) = f(ur)]}
" U {If (un—2) = f(un—1)l, |f (un—1) = f(un)[}

= Al = tal s = s} (Ul = L] 116 = 13} [

x U {llon—a—n+1 — lon—2—n+1|, [lon—2-n+1 — lon—n+1|}

{12, L} |J {0, 17} ( {ln—2, 10} -

We find the edge labeling between the end vertex of 5" loop and the starting vertex of (s+1)t"
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-1
loop for integers s =1,2,--- | n — 1. Let
n—4
3
E3 = U {fl(uiulqu) 11 =3s + 1}
s=1

= U f ) — fluin)] i =35 +1}
= {If(ua) = f(us)l,|f(uz) = flus)|,-- s |f(un—3 — f(un—2)[}

= {lls—3 — lio=sl, [lia—6 — li6—9|, -, [lan—6—n+4 — lan—a—n+1|}
= {|l5 - l4| ’ |lS - l7| PR |ln72 - ln73|} = {lg,lg, T ,ln,4}

3
NOW7 E = U El = {117127137147 e 7ln—27lnul’n+1}'
i=1

(2

Case 2 n = 2(mod 3).

Define f : V(G) — {lo,l1,l2, -+ ,la}, a € N by f(u1) = lo, f(un) = lpte. For s =

-2 -2
1,2,--- ,nT—l, f(u;) =lgi—3s, 3s—1 < i < 3s+1andfors = nT, fu;) =lgi—3s, 3s—1 <

i < 3s. We claim that the edge labels are distinct. Let

Er = {filwiu2), fi(up—1un), fi(upur)}
= {If(u1) = f(u)l, [f(un—1) = f(un)|, | f(un) — fur)|}

= {llo =l llan—2-nt2 = lnsal, llnte —lo|} = {l1,lny1, lny2}

3
|
M)

By = {fi(uu;i41) : 3s — 1 < i < 3s}

wn
i ( w|
N

3
|

= U {1 () — Fuis)] 285 — 1< < 3s)
s=1

= A{If(uz) = flus)|, | f (us) = flu) {1 f (us) = f(ue)|, |f (u6) = f(ur)}
A\ J S (wnms) = flun—2)l | f(wn—2) = fun-1)[}

= {lla-s = lo-3], lls-3 — ls—s[} [ {1lio-6 — Lz, |26 — L]} |
| J{lon—s-nt2 = lon—a-nyol}

= {lh =l lls = ANl = 1ol s 16 — 1s[3 |

o\ J s = ]l — L]}
= {lo,la, 15,07, ... ln—3,ln—1}.

We find the edge labeling between the end vertex of (s — 1)** loop and the starting vertex of
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-5
st loop for integers s = 1,2, | DO et
ngS
E3 = U {fl(uiulqu) 11 =23s + 1}
s=1
n—>5

= U UFfw) = flup)] i =3s+ 1}
= {lF(ua) = fus)], [ (uz) = flus)], s [ f(un—a) = f(un—3)[}

= {lls —lal,lls = l7|,- -  llon—8—nts — lon—6—ns2|} = {l3,16, - ,ln_2}

3
Now, E = U E; = {l1,l2,l3,l4, -, ln—3,ln—2,ln—1,lnt1,lnt2} So, all these edge labels of G

i=1
are distinct. In both the cases, f is a nearly Lucas graceful graph. Thus G = C,, is a nearly

Lucas graceful graph when n = 1,2(mod 3). O

Example 3.5 A nearly Lucas graceful labeling on C13 in Case 1 is shown in Fig.3.2.

Fig.3.2 013

Example 3.6 A nearly Lucas graceful labeling on C14 in Case 2 is shown in Fig.3.3.

Fig.3.3 014
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