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§1. Introduction

Neutrosophy is a branch of philosophy introduced by Florentin Smarandache in 1980. It is the
basis of neutrosophic logic, neutrosophic probability, neutrosophic set and neutrosophic statis-
tics. While neutrosophic set generalizes the fuzzy set, neutrosophic probability generalizes
the classical and imprecise probabilty, neutrosophic statistics generalizes classical and impre-
cise statistics, neutrosophic logic however generalizes fuzzy logic, intuitionistic logic, Boolean
logic, multi-valued logic, paraconsistent logic and dialetheism. In the neutrosophic logic, each
proposition is estimated to have the percentage of truth in a subset T, the percentage of inde-
terminancy in a subset I, and the percentage of falsity in a subset F. The use of neutrosophic
theory becomes inevitable when a situation involving indeterminancy is to be modeled since
fuzzy set theory is limited to modeling a situation involving uncertainty.

The introduction of neutrosophic theory has led to the establishment of the concept
of neutrosophic algebraic structures. Vasantha Kandasamy and Florentin Smarandache for
the first time introduced the concept of neutrosophic algebraic structures in [2] which has
caused a paradigm shift in the study of algebraic structures. Some of the neutrosophic al-
gebraic structures introduced and studied in [2] include neutrosophic groups, neutrosophic
bigroups, neutrosophic N-groups, neutrosophic semigroups, neutrosophic bisemigroups, neutro-
sophic N-semigroup, neutrosophic loops, neutrosophic biloops, neutrosophic N-loop, neutro-

sophic groupoids, neutrosophic bigroupoids and so on. The study of neutrosophic rings was
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introduced for the first time by Vasantha Kandasamy and Florentin Smarandache in [1]. Some
of the neutrosophic rings studied in [1] include neutrosophic polynomial rings, neutrosophic
matrix rings, neutrosophic direct product rings, neutrosophic integral domains, neutrosophic
unique factorization domains, neutrosophic division rings, neutrosophic integral quaternions,
neutrosophic rings of real quarternions, neutrosophic group rings and neutrosophic semigroup
rings.

In Section 2 of this paper, we present elementary properties of neutrosophic rings. Section
3 is devoted to the study of structure of neutrosophic polynomial rings and we present algebraic
operations on neutrosophic polynomials. In section 4, we present factorization in neutrosophic
polynomial rings. We show that Division Algorithm is generally not true for neutrosophic
polynomial rings. We show that a neutrosophic polynomial ring (R U I) [x] cannot be an Integral
Domain even if R is an Integral Domain and also we show that (R U I) [x] cannot be a Unique
Factorization Domain even if R is a Unique Factorization Domain. In section 5 of this paper, we
present neutrosophic ideals in neutrosophic polynomial rings and we show that every non-zero

neutrosophic principal ideal is not a neutrosophic prime ideal.

§2. Elementary Properties of Neutrosophic Rings

In this section we state for emphasis some basic definitions and results but for further details

about neutrosophic rings, the reader should see [1].

Definition 2.1([1]) Let (R,+,.) be any ring. The set
(RUI)={a+bl:a,be R}

is called a neutrosophic ring generated by R and I under the operations of R.

Example 2.2 (ZUI), (QUI), (RUI) and (C U I) are neutrosophic rings of integer, rational,

real and complex numbers respectively.

Theorem 2.3 Fvery neutrosophic ring is a ring and every neutrosophic ring contains a proper

subset which is just a ring.

Definition 2.4 Let (RUI) be a neutrosophic ring. (RUI) is said to be commutative if
Vx,y € (RUI), zy = yx.

If in addition there exists 1 € (RUI) such that 1.r = .1 =7 for all r € (RU I) then we
call (RUI) a commutative neutrosophic ring with unity.

Definition 2.5 Let (RUI) be a neutrosophic ring. A proper subset P of (RUIT) is said to be
a neutrosophic subring of (RUI) if P = (SUnlI) where S is a subring of R and n an integer.
P is said to be generated by S and nl under the operations of R.

Definition 2.6 Let (RUI) be a neotrosophic ring and let P be a proper subset of (R U I) which

is just a ring. Then P is called a subring.
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Definition 2.7 Let T be a non-empty set together with two binary operations + and . T is said
to be a pseudo neutrosophic ring if the following conditions hold:
(1) T contains elements of the form (a+bl), where a and b are real numbers and b # 0 for at
least one value;

(#3) (T,+) is an Abelian group;

(zit) (T,.) is a semigroup;

() Va,y,2€T, 2(y+2) =ay +xz and (y + z)x = yx + 2.

Definition 2.8 Let (RUI) be any neutrosophic ring. A non-empty subset P of (RU I) is said
to be a neutrosophic ideal of (RUI) if the following conditions hold:

(i) P is a neutrosophic subring of (RUI);

(i) for everyp € P andr € (RUI), rp € P and pr € P.

If only rp € P, we call P a left neutrosophic ideal and if only pr € P, we call P a right
neutrosophic ideal. When (R U T) is commutative, there is no distinction between rp and pr

and therefore P is called a left and right neutrosophic ideal or simply a neutrosophic ideal.

Definition 2.9 Let (RUI) be a neutrosophic ring and let P be a pseudo neutrosophic subring
of (RUI). P is said to be a pseudo neutrosophic ideal of (RUI) if V p € P and r € (RUI),
rp,pr € P.

Theorem 2.10([1]) Let (ZUI) be a neutrosophic ring. Then (ZUI) has a pseudo ideal P
such that
(ZUI) = 2,

Definition 2.11 Let (RUI) be a neutrosophic ring.
(1) (RUI) is said to be of characteristic zero if V x € R, nx = 0 implies that n = 0 for
an integer n;

(#3) (RUI) is said to be of characteristic n if Vo € R, nxz = 0 for an integer n.

Definition 2.12 An element x in a neutrosophic ring (RUI) is called a left zero divisor if

there exists a nonzero element y € (RUI) such that xy = 0.

A right zero divisor can be defined similarly. If an element € (RU I) is both a left and

a right zero divisor, it is then called a zero divisor.

Definition 2.13 Let (RUI) be a neutrosophic ring. (RUI) is called a neutrosophic integral

domain if (RUI) is commutative with no zero divisors.

Definition 2.14 Let (RUI) be a neutrosophic ring. (RUI) is called a neutrosophic division

ring if (RUI) is non-commutative and has no zero diwvisors.

Definition 2.15 An element x in a neutrosophic ring (RUI) is called an idempotent element

if 22 = x.

Example 2.16 In the neutrosophic ring (22 UT), 0 and 1 are idempotent elements.
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Definition 2.17 An element x = a+ bl in a neutrosophic ring (RU I) is called a neutrosophic

idempotent element if b # 0 and x> = x.

Example 2.18 In the neutrosophic ring (Z3 U ), I and 1421 are neutrosophic idempotent
elements.

Definition 2.19 Let (RUI) be a neutrosophic ring. An element x = a + bl with a # +b is
said to be a neutrosophic zero divisor if there exists y = ¢ + dI in (RUI) with ¢ # +d such
that xy = yx = 0.

Definition 2.20 Let x = a + bl with a,b # 0 be a neutrosophic element in the neutrosophic
ring (RUI). If there exists an element y € R such that xy = yx = 0, then y is called a semi

neutrosophic zero divisor.

Definition 2.21 An element x = a+ bl with b # 0 in a neutrosophic ring (RUI) is said to be
a neutrosophic nilpotent element if there exists a positive integer n such that " = 0.

Example 2.22 In the neutrosophic ring (Z; U I) of integers modulo 4, 2421 is a neutrosophic
nilpotent element.

Example 2.23 Let (Msx2 UI) be a neutrosophic ring of all 2 x 2 matrices. An element

0 2I | . L . 9 0 0
= is neutrosophic nilpotent since A =

0 0 0 0
Definition 2.24 Let Let r be a fized element of the neutrosophic ring (RUI). We call the set
N(r)={x e (RUI):ar =rz}
the normalizer of rin (RUI).
Example 2.25 Let M be a neutrosophic ring defined by

a b
M = ca,be (Z,U1)
0 0

It is clear that M has 16 elements.

(1) The normalizer of in M is obtained as
0 0
01 00 0 I 0 1+171
N = ) ’
0 0 0 0 0 0 0 0
g : 0 s .
(#¢) The normalizer of in M is obtained as
0 0
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0 0 0 141 1+1 0 147 1 1+1 1 1+71 1+1
ool o o || o o 0 0 0 0 0 0
. 0 I . .
It is clear that IV and N are pseudo neutrosophic subrings of
0 0 0 0

M and in fact they are pseudo neutrosophic ideals of M. These emerging facts are put together

in the next proposition.

Proposition 2.26 Let N(r) be a normalizer of an element in a neutrosophic ring (RUI).
Then

(1) N(r) is a pseudo neutrosophic subring of (RUI);
(i1) N(r) is a pseudo neutrosophic ideal of (RUI).

Definition 2.27 Let P be a proper subset of the neutrosophic ring (RUI). The set
Anny(P)={x € (RUI):2p=0 Vpe P}

is called a left annihilator of P and the set
Ann,.(P)={ye (RUI):py=0 Vpe P}

is called a right annihilator of P. If (R U I) is commutative, there is no distinction between left

and right annihilators of P and we write Ann(P).

Example 2.28 Let M be the neutrosophic ring of Example 2.25. If we take

O R 10 141 141
ool loo]| | o 0 ’

then, the left annihilator of P is obtained as

0 0 0 1 0 I 0 1+1
Anny(P) = ) ) 5
0 0 0 0 0 0 0 0

which is a left pseudo neutrosophic ideal of M.

Proposition 2.29 Let (RUI) be a neutrosophic ring and let P be a proper subset of (RUI).
Then the left(right) annihilator of P is a left(right) pseudo neutrosophic ideal of (RUI).

Example 2.30 Consider (Z,UI) ={0,1,1,1+ I} the neutrosophic ring of integers modulo 2.
If P={0,1+ I}, then Ann(P)={0,1}.

Example 2.31 Consider (Z3UI) = {0,1,1,2I,1+ 1,1+ 2I,2+ I,2+ 2I} the neutrosophic
ring of integers modulo 3. If P = {0, 1,21}, then Ann(P) = {0,1+ 21,2+ I'} which is a pseudo

nuetrosophic subring and indeed a pseudo neutrosophic ideal.
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Proposition 2.32 Let (RUI) be a commutative neutrosophic ring and let P be a proper subset
of (RUI). Then Ann(P) is a pseudo neutrosophic ideal of (RUI).

Definition 2.33 Let (R U I) be a neutrosophic ring and let P be a neutrosophic ideal of (R U I).
The set
(RUI)/P={r+P:re(RUI)}

is called the neutrosophic quotient ring provided that (RUI) /P is a neutrosophic ring.

To show that (RUI) /P is a neutrosophic ring, let x = ry + P and y = ro + P be any two
elements of (RUI) /P and let 4+ and . be two binary operations defined on (RU I) /P by:

x4+y = (rn+mr)+P
xy = (rira)+ P, ri,re € (RUI).

It can easily be shown that

(i) the two operations are well defined;

(1) ((RUI)/P,+) is an abelian group;

(zit) ((RUI)/P,.) is a semigroup, and

(tv) if z = r3 + P is another element of (RUI) /P with r3 € (RUI), then we have
z(x+y) =zx+zy and (z +y)z = xz+yz. Accordingly, (RU I) /P is a neutrosophic ring with
P as an additive identity element.

Definition 2.34 Let (R U I) be a neutrosophic ring and let P be a neutrosophic ideal of (R U I).
(RUI) /P is called a false neutrosophic quotient ring if (RUI) /P is just a ring and not a

neutrosophic ring.

Definition 2.35 Let (RUI) be a neutrosophic ring and let P be a pseudo neutrosophic ideal of
(RUI). (RUI) /P is called a pseudo neutrosophic quotient ring if (RUI) /P is a neutrosophic
ring. If (RUI) /P is just a ring, then we call (RUI) /P a false pseudo neutrosophic quotient
ring.

Definition 2.36 Let (RUI) and (SUI) be any two neutrosophic rings. The mapping ¢ :
(RUI) — (SUI) is called a neutrosophic ring homomorphism if the following conditions hold:
(i) ¢ is a ring homomorphism;

(i) ¢(I) = 1I.

The set {x € (RUI) : ¢(x) = 0} is called the kernel of ¢ and is denoted by Kerg.

Theorem 2.37 Let ¢ : (RUI) — (SUI) be a neutrosophic ring homomorphism and let
K = Ker¢ be the kernel of ¢. Then:

(1) K is always a subring of (RUI);

(73) K cannot be a nuetrosophic subring of (RUI);

(i41) K cannot be an ideal of (RUI).

Proof (i) It is Clear. (ii) Since ¢(I) = I, it follows that I ¢ K and the result follows. (iii)
Follows directly from (ii). O



Neutrosophic Rings I 7

Example 2.38 Let (R U I) be a nuetrosophic ring and let ¢ : (RUI) — (RU I) be a mapping
defined by ¢(r) =r V r € (RUI). Then ¢ is a neutrosophic ring homomorphism.

Example 2.39 Let P be a neutrosophic ideal of the neutrosophic ring (RUI) and let ¢ :
(RUI) — (RUI) /P be a mapping defined by ¢(r) =r+ P, Vr € (RUI). ThenV r,s €
(RUI), we have

o(r+s) = o(r) + ¢(s), o(rs) = ¢(r)e(s),
which shows that ¢ is a ring homomorphism. But then,
p(I)=I+P #£1.

Thus, ¢ is not a neutrosophic ring homomorphism. This is another marked difference between

the classical ring concept and the concept of netrosophic ring.

Proposition 2.40 Let ((RUI),+) be a neutrosophic abelian group and let Hom ({(RUI) ,(RUI))
be the set of neutrosophic endomorphisms of ((RUI),+) into itself. Let + and . be addition
and multiplication in Hom ((RUI),(RUI)) defined by

(¢+¢)(z)
(¢-1) (x)

P(x) + (),
¢ (Y(x)),Y d, € Hom({(RUI),(RUI)),x € (RUI).

Then (Hom ((RUI),(RUI)),+,.) is a neutrosophic ring.

Proof The proof is the same as in the classical ring. O

Definition 2.41 Let R be an arbitrary ring with unity. A neutrosophic left R-module is
a neutrosophic abelian group ((M UI),+) together with a scalar multiplication map . : R X
(MUI) — (M UT) that satisfies the following conditions:

(1) r(m+n)=rm+rn;

(i) (r+ s)m =rm + sm;
(ii7) (rs)m = r(sm);
(

iv) 1.m =m, wherer,s € R and m,n € (M UI).

Definition 2.42 Let R be an arbitrary ring with unity. A neutrosophic right R-module is a
neutrosophic abelian group ((M U I),+) together with a scalar multiplication map . : (M U I) x
R — (M UI) that satisfies the following conditions:
(1) (m+n)r=mr+nr;
(i1) m(r 4+ s) = mr + ms;
(iid) m(rs) = (mr)s;
(

iv) m.l =m, wherer,s € R and m,n € (M UI).

If R is a commutative ring, then a neutrosophic left R-module (M U I') becomes a neutro-

sophic right R-module and we simply call (M U I) a neutrosophic R-module.
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Example 2.43 Let ((M UI),+) be a nuetrosophic abelian group and let Z be the ring of
integers. If we define the mapping f: Zx (M UI) - (M UI) by f(n,m)=nm,Vn € Z,m¢E
(M UI), then (M UI) becomes a neutrosophic Z-module.

Example 2.44 Let (R U I) [x] be a neutrosophic ring of polynomials where R is a commutative
ring with unity. Obviously, ((RUI) [z],+) is a neutrosophic abelian group and the scalar
multiplication map . : R x (RUI) [z] — (RUI) [z] satisfies all the axioms of the neutrosophic
R-module. Hence, (R U I) [z] is a neutrosophic R-module.

Proposition 2.45 Let ((RUI),+) be a neutrosophic abelian group and let Hom ((RUI),(RUI))
be the meutrosophic ring obtained in Proposition (2.40). Let . : Hom((RUI),(RUI)) x
(RUI) — (RUI) be a scalar multiplication defined by .(f,7) = fr, V f € Hom((RUI),(RUI)),
r € (RUI). Then (RUI) is a neutrosophic left Hom ({(RUI), (R U I))-module.

Proof Suppose that Hom ((RUI),(RUT)) is a neutrosophic ring. Then by Theorem
(2.3), it is also a ring. It is clear that .(f,r) = fr is the image of r under f and it is an element
of (RUI). It can easily be shown that the scalar multiplication ”.” satisfies the axioms of
a neutrosophic left R-module. Hence, (RUI) is a neutrosophic left Hom ((RUI),(RUI))-

module. O

Definition 2.46 Let (M U I) be a neutrosophic left R-module. The set{r € R:rm =0 Vm €
(M UI)} is called the annihilator of (M U I) and is denoted by Ann((M UI)). (M UI) is said
to be faithful if Ann((M UI)) = (0). It can easily be shown that Ann((M UI)) is a pseudo
neutrosophic ideal of (M UI).

§3. Neutrosophic Polynomial Rings

In this section and Sections 4 and 5, unless otherwise stated, all neutrosophic rings will be

assumed to be commutative neutrosophic rings with unity and x will be an indetrminate in

(RUT)[a].

Definition 3.1 (i) By the neutrosophic polynomial ring in x denoted by (R U I) [x] we mean the
set of all symbols Y1 | a;x" where n can be any nonnegative integer and where the coefficients
ai, i=n,n—1,...,2,1,0 are all in (RUI).

(id) If f(x) = Y1, a;x" is a neutrosophic polynomial in (R U I) [x] such that a; = 0, ¥V i =
n,n—1,...,2,1,0, then we call f(x) a zero neutrosophic polynomial in (RUI) [z].

(iii) If f(z) = >, a;z’ is a nonzero neutrosophic polynomial in (R U I) [z] with a, # 0,
then we call n the degree of f(z) denoted by deg f(x) and we write degf(x) = n.

(iv) Two neutrosophic polynomials f(z) = >_1 | a;x" and g(x) = >t bjzd in (RUI) []
are said to be equal written f(x) = g(z) if and only if for every integer i > 0, a; = b; and
n=m.

(v) A neutrosophic polynomial f(z) = Y1 a;z’ in (RUI)[z] is called a strong neutro-
sophic polynomial if for every i > 0, each a; is of the form (a + bI) where a,b € R and b # 0.
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fl@)y=>", a;x" is called a mived neutrosophic polynomial if some a; € R and some a; are of
the form (a4 bI) with b # 0. If every a; € R then f(z) =Y., a;x’ is called a polynomial.

Example 3.2 (ZUI)[z],(QUI) [z],(RUI)[z],(CUI)[x] are neutrosophic polynomial rings

of integers, rationals, real and complex numbers respectively each of zero characteristic.

Example 3.3 Let (Z,, U I) be the neutrosophic ring of integers modulo n. Then (Z,, U I) [z] is
the neutrosophic polynomial ring of integers modulo n. The characteristic of (Z,, U I) [z] is n.
Ifn=3and (Z3U1)[z] = {az?+bx+c:a,b,c € (Z3UI)}, then (Z3 U I)[z] is a neutrosophic

polynomial ring of integers modulo 3.

Example 3.4 Let f(x),g(z) € (ZUI)[z] such that f(z) = 2[2% + (2 + I)x + (1 — 21) and
g(z) =% — (1 —3I)2% + 3Iz + (1 + I). Then f(x) and g(x) are strong and mixed neutrosophic

polynomials of degrees 2 and 3 respectively.

Definition 3.5 Let « be a fized element of the neutrosophic ring (RUI). The mapping
¢ : (RUI)[z] = (RUI) defined by

b (ana™ +an 12"+ F a1z 4 ag) = an@” + an10" " 4+ ara +ag

is called the meutrosophic evaluation map. It can be shown that ¢, is a neutrosophic ring
homomorphism. If R = Z and f(x) € (ZUI)[z] such that f(z) = 2Iz* + x — 31, then
d141(f(x)) =1+61 and ¢;(f(x)) =0. The last result shows that f(x) is in the kernel of ¢r.

Theorem 3.6([1]) Every neutrosophic polynomial ring (R U I) [x] contains a polynomial ring

R/x].

Theorem 3.7 The neutrosophic ring (RUI) is not an integral domain (ID) even if R is an
ID.

Proof Suppose that (RUI) is an ID. Obviously, R C (RUI). Let x = (o — o) and
y = BI be two elements of (R U I) where « and § are non-zero positive integers. Clearly, x # 0
and y # 0 and since I? = I, we have zy = 0 which shows that x and y are neutrosophic zero
divisors in (R U I) and consequently, (R U I) is not an ID. O

Theorem 3.8 The neutrosophic polynomial ring (R U I) [z] is not an ID even if R is an ID.

Proof Suppose that R is an ID. Then R]z] is also an ID and R[x] C (RUI) [z]. But then
by Theorem 3.7, (R U I) is not an ID and therefore (R U I) [x] cannot be an ID. O

Example 3.9 Let (Z U I) [z] be the neutrosophic polynomial ring of integers and let f(x), g(x),
p(x)and q(x) be neutrosophic polynomials in € (Z U I) given by f(z) = (2 — 2I)2* + 3Iz — 1,
g(z) = Io+(1+1), p(x) = (8—8I)2® and q(z) = 7Ix3. Then f(x)g(z) = (2+1)2®+5Ix—2I and
p(z)q(z) = 0. Now deg f(x)+deg g(x) =3, deg(f(x)g(x)) = 2 < 3, deg p(x)+deg g(x) = 8 and
deg(p(z)q(x)) = 0 < 8. The causes of these phenomena are the existence of neutrosophic zero
divisors in (Z U T) and (Z U I) [z] respectively. We register these observations in the following
theorem.
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Theorem 3.10 Let (RU I) be a commutative neutrosophic ring with unity. If f(z) = > | a;x*
and g(x) = >0, bjzl are two non-zero neutrosophic polynomials in (R U I) [x] with R an ID

or not such that a, = (a— ) and b,, = BI where a and B are non-zero positive integers, then
deg(f(x)g(x)) < deg f(x) + deg g(x).

Proof Suppose that f(z) = 71, a;z’ and g(z) = Y_7" bja/ are two non-zero neutrosophic
polynomials in (R U I) [x] with a,, = (o« —al) and b,,, = 3] where « and 3 are non-zero positive
integers. Clearly, a,, # 0 and b,, # 0 but then a,b,, = 0 and consequently,

deg(f(x)g())

(n—1)+(m—-1)
(n4+m)—2<(n+m)
= deg f(z) + deg g(z).

84. Factorization in Neutrosophic Polynomial Rings

Definition 4.1 Let f(z) € (RUI) [z] be a neutrosophic polynomial. Then

(1) f(z) is said to be neutrosophic reducible in (RUI) [x] if there exits two neutrosophic
polynomials p(x),q(x) € (RUI) [z] such that f(z) = p(x).q(x).

(#3) f(z) is said to be semi neutrosophic reducible if f(x) = p(x).q(x) but only one of p(z)
or q(z) is a neutrosophic polynomial in (RUI) [x].

(i3t) f(z) is said to be neutrosophic irreducible if f(x) = p(x).q(x) but either p(z) or q(x)
equals I or 1.

Definition 4.2 Let f(z) and g(z) be two neutrosophic polynomials in the neutrosophic polyno-
mial ring (RUI) [x]. Then

(¢) The pair f(x) and g(x) are said to be relatively neutrosophic prime if the ged (f(z), g(z)) =
r(z) s not possible for a neutrosophic polynomial r(x) € (RUI) [x].

(i) The pair f(z) and g(x) are said to be strongly relatively neutrosophic prime if their ged
(f(x),g(x)) =1 or I

Definition 4.3 A neutrosophic polynomial f(x) = apa™+an_12" 4+ +a1x+ag € (ZUI) [z]

is said to be neutrosophic primitive if the ged (an,an-1, -+ ,a1,a0) =1 or L

Definition 4.3 Let f(z) = Y., a;z’ be a neutrosophic polynomial in (RU I) [z]. f(z) is said
to be a meutrosophic monic polynomial if a, = 1.

Example 4.5 Let us consider the neutrosophic polynomial ring (R U I) [z] of all real numbers
and let f(x) and d(x) be two neutrosophic polynomials in (R U I [z].

(i) If f(z) = 212®> — (1 4+ 71)z + 61 and d(z) = x — 31, then by dividing f(x) by d(x)
we obtain the quotient ¢(z) = 21z — (1 + I) and the remainder () = 0 and hence f(z) =
2Ix—(1+1I))(z —3I)+0.
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(i) If f(z) = 212> + (1 + 1) and d(z) = Iz + (2 — I), then g(z) = 2[2? — 2z + 2I),
r(x) =1—1Tand f(z) = (2[2% — 2Ix +21))(Ix + (2—-1)) + (1 = I).

(i10) If f(z) = 24+ 1)2*+2[z+(141) and d(z) = (24+1)z+(2—1), then g(z) = 2— (1 — 31),
r(@)=3—3Tand f(z)=(z—(1-3)) (2+DNz—2-1))+ (3—31).

(iv) If f(z) = I2?> +x— (1+5I) and d(z) = x — (1+ 1), then g(z) = Tz + (1+21), r(x) =0
and f(z) = (Je+ (1 +2I))(z— (1 +1))+0.

() If f(x) =22 — Iz + (1 + 1) and d(z) =2 — (1 — I), then g(x) =z + (1 — 2I), r(x) = 2
and f(z) = (x+ (1 -20))(z—(1-1)) +2.

The examples above show that for each pair of the neutrosophic polynomials f(x) and
d(x) considered there exist unique neutrosophic polynomials ¢(z),r(z) € (R U I) [x] such that
f(z) = q(z)d(z) + r(z) where deg r(z) < deg d(x). However, this is generally not true. To see
this let us consider the following pairs of neutrosophic polynomials in (R U I [z]:

(i) f(z) =4I2® + (14 D) — 21, d(x) = 21z + (1 + I);

(i1) f(z) =2I22+ (1 + Da+ (1 = I),d(x) = 21z + (3 — 2I);

(i) f(x) = (=81)a* + (T+ 5z + (2—1I),d(z) = Iz + (14 1);

(iv) f(z) =I2* =2z + (1 + I),d(z) = Iz — (1 = I).

In each of these examples, it is not possible to find g¢(z),r(x) € (RUI)[z] such that
f(z) = q(z)d(z) + r(x) with deg r(z) < deg d(z). Hence Division Algorithm is generally not
possible for neutrosophic polynomial rings. However for neutrosophic polynomial rings in which
all neutrosophic polynomials are neutrosophic monic, the Division Algorithm holds generally.
The question of wether Division Algorithm is true for neutrosophic polynomial rings raised by

Vasantha Kandasamy and Florentin Smarandache in [1] is thus answered.

Theorem 4.6 If f(z) and d(x) are neutrosophic polynomials in the neutrosophic polynomial
ring (RUI) [z] with f(x) and d(x) neutrosophic monic, there exist unique neutrosophic polyno-
mials q(z),r(x) € (RUI) [x] such that f(x) = q(z)d(x) + r(x) with deg r(z) < deg d(z).

Proof The proof is the same as the classical case. O

Theorem 4.7 Let f(z) be a neutrosophic monic polynomial in (R U I) [x] and for u € (RUI),
let d(x) = © —u. Then f(u) is the remainder when f(x) is divided by d(x). Furthermore, if
f(u) =0 then d(x) is a neutrosophic factor of f(x).

Proof Since f(x) and d(x) are neutrosophic monic in (R U I) [z], there exists ¢(z) and r(x)
in (RUI) [z] such that f(z) = q(z)(x — u) + r(x), with r(z) = 0 or deg r(z) < deg d(z) = 1.
Hence r(z) = r € (RUI). Now, ¢, (f(x)) =0+ r(u) = r(u) =r € (RUI). If f(u) =
follows that r(x) = 0 and consequently, d(z) is a neutrosophic factor of f(z). O

Observation 4.8 Since the indeterminancy factor I has no inverse, it follows that the neutro-
sophic rings (QU I), (RUI),(CUI) cannot be neutrosophic fields and consequently neutro-
sophic equations of the form (a + bI)x = (¢ + dI) are not solvable in (QU I),(RUI),(CUI)
except b = 0.

Definition 4.9 Let f(x) be a neutrosophic polynomial in (RUI) [x] with deg f(z) > 1. An
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element uw € (RUI) is said to be a neutrosophic zero of f(x) if f(u) = 0.

Example 4.10 (i) Let f(x) = 622 + Iz —2I € (QU I) [z]. Then f(x) is neutrosophic reducible
1 2
and (2x-TI) and (3x+2I) are the neutrosophic factors of f(x). Since f(il) =0 and f(—gl) =0,

then %I, —%I € (QUI) are the neutrosophic zeroes of f(x). Since f(x) is of degree 2 and it
has two zeroes, then the Fundamental Theorem of Algebra is obeyed.

(i1) Let f(x) = 412®> + (1 + )z — 21 € (QUI)[z]. f(z) is neutrosophic reducible and
p(z) = 21z + (1 +I) and ¢g(z) = (1 + I)xz — I are the neutrosophic factors of f(x). But then,
f(z) has no neutrosophic zeroes in (QUI) and even in (RUI) and (CUI) since I~!, the
inverse of I does not exist.

(i1i) Ix? — 2 is neutrosophic irreducible in (Q U I) [x] but it is neutrosophic reducible in
(RUI) [z] since Tz? — 2 = (Iz — v/2)(Iz + v/2). However since (R U I) is not a field, Iz? — 2

has no neutrosophic zeroes in (R U I).

Theorem 4.11 Let f(x) be a neutrosophic polynomial of degree > 1 in the neutrosophic
polynomial ring (R U I) [x]. If f(x) has neutrosophic zeroes in (R U I), then f(z) is neutrosophic

reducible in (RUI) [x] and not the converse.

Theorem 4.12 Let f(x) be a neutrosophic polynomial in (RUI) [z]. The factorization of f(z)
if possible over (RU I) [z] is not unique.

Proof Let us consider the neutrosophic polynomial f(x) = 2Iz% + (1 + I)z + 21 in the
neutrosophic ring of polynomials (Z5 U T) [z]. f(I) = 0 and by Theorem 4.11, f(x) is neutro-
sophic reducible in (Z3 U I) [z] and hence f(x) can be expressed as f(z) = 2Ixz + 1)(z — I) =
(212 4+ 1)(x + 2I). However, f(x) can also be expressed as f(z) = [(1 4+ I)a + I|[Iz + (1 + I)].
This shows that the factorization of f(x) is not unique in (Z3 U I)[z]. We note that the first
factorization shows that f(z) has I € (Z3UI) as a neutrosophic zero but the second factoriza-
tion shows that f(x) has no neutrosophic zeroes in (Z5 U I'). This is different from what obtains

in the classical rings of polynomials. O

Observation 4.13 Let us consider the neutrosophic polynomial ring (R U I) [z]. It has been
shown in Theorem 3.8 that (R U I) [x] cannot be a neutrosophic ID even if R is an ID. Also
by Theorem 4.12, factorization in (R U I) [z] is generally not unique. Consequently, (R U I) [z]
cannot be a neutrosophic Unique Factorization Domain (UFD) even if R is a UFD. Thus Gauss’s
Lemma, which asserts that R[x] is a UFD if and only if R is a UFD does not hold in the setting
of neutrosophic polynomial rings. Also since I € (RUI) and I~*, the inverse of I does not
exist, then (R U I) cannot be a field even if R is a field and consequently (R U I) [z] cannot be a
neutrosophic UFD. Again, the question of wether (R U I) [z] is a neutrosophic UFD given that
R is a UFD raised by Vasantha Kandasamy and Florentin Smarandache in [1] is answered.

85. Neutrosophic Ideals in Neutrosophic Polynomial Rings

Definition 5.1 Let (RUI) [z] be a neutrosophic ring of polynomials. An ideal J of (RUI) [z]
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is called a neutrosophic principal ideal if it can be generated by an irreducible meutrosophic
polynomial f(z) in (RUI) [x].

Definition 5.2 A neutrosophic ideal P of a neutrosophic ring of polynomials (RUI) [x] is
called a neutrosophic prime ideal if f(x)g(z) € P, then f(x) € P or g(x) € P where f(z) and
g(x) are neutrosophic polynomials in (RUI) [x].

Definition 5.3 A neutrosophic ideal M of a neutrosophic ring of polynomials (RUI) [x] is
called a neutrosophic mazimal ideal of (RUI) [x] if M # (RUI) [z] and no proper neutrosophic
ideal N of (RUI) [z] properly contains M that is if M C N C (RUI)[z] then M = N or
N =(RUI)[z].

Example 5.4 Let (ZoUI)[z] = {az? + bz + ¢ : a,b,c € (Z,UI)} and consider f(z) =
Iz? + Iz + (1 + 1) € (2, UI)[z]. The neutrosophic ideal J =< f(z) > generated by f(z) is
neither a neutrosophic principal ideal nor a neutrosophic prime ideal of (Z5 U I) [x]. This is
so because f(x) is neutrosophic reducible in (25 U I) [z] eventhough it does not have zeroes in
(ZoU ). Also, Iz +(1+1)(Iz+1)eJbut (Iz+(1+1)) &€ Jand (Iz+1) &€ J. Hence J is
not a neutrosophic prime ideal of (Z5 U I) [x]. However, < 0 > is the only neutrosophic prime

ideal of (Z2 U I) [x] which is not a neutrosophic maximal ideal.

Theorem 5.5 Let (RUI) [x] be a neutrosophic ring of polynomials. Every neutrosophic prin-
cipal ideal of (RUI) [x] is not prime.

Proof Consider the neutrosophic polynomial ring (Z3UI)[z] = {2 + ax +b : a,b €
(Z3UI)} and Let f(z) = 23 + Iz + (1 + I). Tt can be shown that f(x) is neutrosophic
irreducible in (25 U I) [z] and therefore < f(x) >, the neutrosophic ideal generated by f(x) is
principal and not a prime ideal. We have also answered the question of Vasantha Kandasamy
and Florentin Smarandache in [1] of wether every neutrosophic principal ideal of (RU I) [x] is

also a neutrosophic prime ideal. O
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