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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) =
S(n—1)+ S(n —2), where S(n) is the Smarandache function for integers n > 0. Certainly,
it is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fi-
bonacci graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006.
Generally, let G be a (p, ¢)-graph and S(n)|n > 0 a Smarandache-Fibonacci Triple. An bi-
jection f: V(G) — {5(0),5(1),5(2),...,5S(¢)} is said to be a super Smarandache-Fibonacci
graceful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{5(1),5(2),...,S5(q)}. Particularly, if S(n), n > 0 is just the Fibonacci sequence Fj, i > 0,
such a graph is called a super Fibonacci graceful graph. In this paper, we show that some

special class of graphs namely Fy, C% and S}, ,, are super fibonacci graceful graphs.
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81. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of
length n is denoted by P,11. A cycle of length n is denoted by C,,. GT is a graph obtained
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where
the vertices are assigned certain values subject to some conditions, have often motivated by
practical problems. In the last five decades enormous work has been done on this subject [1].

The concept of graceful labeling was first introduced by Rosa [6] in 1967. A function f is
a graceful labeling of a graph G with ¢ edges if f is an injection from the vertices of G to the
set {0,1,2,...,¢} such that when each edge uv is assigned the label |f(u) — f(v)|, the resulting
edge labels are distinct.

The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were in-
troduced by Kathiresan and Amutha [5]. We call a function f, a fibonacci graceful labeling of a
graph G with ¢ edges if f is an injection from the vertices of G to the set {0,1,2,..., F,}, where

1Received November 1, 2010. Accepted February 25, 2011.
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F, is the ¢*" fibonacci number of the fibonacci series Fy, = 1,F, = 2,F3 = 3, Fy = 5,.. ., such that
each edge uv is assigned the labels | f(u) — f(v)], the resulting edge labels are Fy, Fs, .. .,... Fy.
An injective function f : V(G) — {Fy, F1, ..., F,}, where F is the ¢'" fibonacci number, is said
to be a super fibonacci graceful labeling if the induced edge labeling |f(u) — f(v)| is a bijection
onto the set {F1, F, ..., Fy}. In the labeling problems the induced labelings must be distinct.
So to introduce fibonacci graceful labelings we assume F; = 1, Fy = 2, F3 =3, F, =5,..., as

the sequence of fibonacci numbers instead of 0,1,2,--- [3].

Generally, a Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) =
S(n—1)+ S(n—2), where S(n) is the Smarandache function for integers n > 0 ([2]). A (p, q)-
graph G is a super Smarandache-Fibonacci graceful graph if there is an bijection f : V(G) —
{5(0),5(1),5(2),...,5(q)} such that the induced edge labeling f*(uv) = |f(u) — f(v)] is a
bijection onto the set {S(1),5(2),...,5(¢)}. So a super Fibonacci graceful graph is a special
type of Smarandache-Fibonacci graceful graph by definition.

We have constructed some new types of graphs namely F,, ® Kffm, Cn® Py, Kin©Ki 2,

F, @ P, and C,, ® K1 ,, and we proved that these graphs are super fibonacci graceful labeling

in [7]. In this paper, we prove that F!, C? and an)n are super fibonacci graceful graphs.

82. Main Results

In this section, we show that some special class of graphs namely F!, C! and S¢, ,, are super

,n

fibonacci graceful graphs.

Definition 2.1 Let G be a (p,q) graph. An injective function f: V(G) — {Fu, F1, Fa,--- , Fy},
where F, is the ¢'"* fibonacci number, is said to be a super fibonacci graceful graphs if the induced
edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set {Fy, Fs,..., Fy}.

Definition 2.2 The one point union of t copies of fan F,, is denoted by FY.

The following theorem shows that the graph F is a super fibonacci graceful graph.

Theorem 2.3 F! is a super fibonacci graceful graph for all n > 2.

Proof Let ug be the center vertex of F! and ug, where 1 = 1,2,...,t, j = 1,2,...,n be
the other vertices of F. Also, |V(G)| = nt + 1 and |E(G)| = 2nt — t. Define f : V(F!) —
{Fo,F1,...,F,} by f(uo) = Fo, f(ul) = Foj1, 1 < j < mn. Fori=23,...t f(ul) =
Foni—1y42(j—-1)—(i—2), 1 £ 7 < n. We claim that all these edge labels are distinct. Let E; =
{f*(uoul) : 1 < j <n}. Then

By = {|f(uo) - f(u])|:1<j<n}
= {If(uo) = Fu)|,|f (uo) = fuD)], ..., [f(uo) = F(uy ™M), [f (uo) — f(ul)]}
= {|Fo — Fi|,|Fo — F3|,...,|Fo — Fon—3|,|Fo — Fon—1l}

{F\,F3,...,Fon_3,F5,_1}.
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Let By = {f*(ujul™):1<j<n—1}. Then

Ey = {Iftu]) = fli")|:1<j<n—1}

= {If(w) = F@)] | (ul) = F@d)], - [F@ ™) = fd D] 1 (uy™

= {|F\ — B3|, |F3 — F5|, ..., |Fon—s — Fon_3|, |Fon—3 — Fon—1]}
{F2,Fy,...,Fap_u,Fop_s}.

For ¢ = 2, we know that

By = {f*(uoud):1<j<n}={|f(uo) - f(ul)|:1<j<n}
= {|f(uo) = f(ud)],|f(uo) — fF(ud)], ..., [f(uo) — F(ud ™M), | f(uo) — f(ub)[}
= {[Fo — Fonl, |[Fo — Fontal,- -, |[Fo — Fan—a|, | Fo — Fan—2|}
= {Fon, Fonyo,..., Fan—a, Fan_2},
Ey = {f'(wu}t):1<j<n-1}
= {lf@)) — fy™):1<j<n—1}
= {If(ug) = f@3)],[f(u3) — Fud)],..., | f(ud™?) = flus™ D], [ f(ub™") = f(ud)]}
= {|Fon — Fonyol, | Font2 — Fonyals - o |Fan—6 — Fan—al, |Fan—a — Fan—2|}
= {Font1, Fong3s -y Fan—s, Fan_3}.
For i =3, let E5 = {f*(uou}) : 1 < j <n}. Then
Es = {|f(uo)— f(u})]:1<j<n}
= {|f(uo) = f(ud)],[f(uo) = fF(u3)],-. ., [f(uo) — F(ul™ "), | f(uo) — f(uf)[}
= {|Fo — Fun—1l,|Fo — Fan+1l, .-, |Fo — Fen—sl, | Fo — Fen—3|}
= {Fun—1,Fant1,--., Fon—s,Fon—3}.
Let Bs = {f*(u4ul™):1<j<n—1}. Then
Ee = {lf(u})—fui™):1<j<n-1}
= {If(u3) = f@3)],[f(u3) — Fud)], .- |fu™?) = flui™ D] [ f(us ™) = fug)]}
= {|Fin-1 — Fant1ls | Fant1 — Fanysls - s | Fon—7 — Fon—s|, |Fon—s — Fen—3|}
= {Fun,Fany2,..., Fon—q, Fon—a}
Now, for i =t — 1, let E;_1 = {f*(uoul_,) : 1 < j <n}. Then
By = {If(uo) — flul_y)|:1<j<n}
= {|f(uo) = f(ui_y)], [ f(uo) = fluf_ )| [ f(uo) = flup= "), [f (uo) — f(ufy)[}
= {|Fo — Font—an—t+3], [ Fo — Font—an—t45, - -, |Fo — Fopt—on—t—1], |Fo — Fopt—on—t4+1|}

= {Font—an—t+3, Font—an—t45, - -, Font—on—t—1, Font—on—t41}-

) = flup)l}

61
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Let By 1 = {f*(u]_jult]):1<j<n—1}. Then
E1r = {If(u_) — f@)]:1<j<n—1}

{If (ui—y) = Fi_) ] 1 f (uioy) = Fuizy)],
=R = Faf T L (uf D) = fugog) [}

- {|F2nt74n7t+3 - FQnt74n7t+5|7 |F2nt74n7t+5 - FQnt74n7t+7|7

| Font—2n—t—3 — Font—on—t—1|s [ Font—2n—t—1 — Font—2n—t+1/}
= {Font—an—t+4, Font—an—t+6s - - s Font—2n—t—2, Fopt—on—t}.
4.
Fh .
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Fig.1

For i =t, let By = {f*(uoul) : 1 < j <n}. Then
Er = {|f(uo) — f(ul)|:1<j<n}
= {If(uo) — f(up)],1f(uo) — FuP)l, ..., | fluo) — fuf™h)],
| f(uo) — f(u)]}
= {|Fo — Font—2n—t+2|s |Fo — Font—2n—t+als- - -+ |[Fo — Font—t—2|, |Fo — Font—t|}

= {Font—2n—t+2, Font—on—t44, - s Font—t—2, Font—t}.



Super Fibonacci Graceful Labeling of Some Special Class of Graphs 63

Let By = {f*(ulul™):1<j<n—1}. Then

{If(ul) = f@™)]:1<j<n—1}

{IFCut) = F) 1) = F@] - 1 F ™) = Flaf™ D] F ™) = Fluf)[}
= {lFont—2n—t+2 — Font—2n—t+al; [Font—2n—t+4 — Fant—2n—t16l,

oy | Font—t—a — Font—t—2|, | Font—t—2 — Font—¢|}

= {Font—on—t+3, Font—on—t4+5, -, Font—t—3, Font—t—1}.

Ey

Therefore, E = Fy U EoU,...,UE;_1 UE; = {F,Fy,..., Foni—} Thus, the edge labels are

distinct. Therefore, F! admits super fibonacci graceful labeling. O

For example the super fibonacci graceful labeling of F is shown in Fig.1.

Definition 2.4 The one point union of t cycles of length n is denoted by C?.

Theorem 2.5 C! is a super fibonacci graceful graph for n = 0(mod3).

Proof Let ug be the one point union of ¢ cycles and w1, ua, ..., uy,—1) be the other vertices

of CL. Also, |V(G)| = t(n — 1) + 1,|E(G)| = nt. Define f : V(CL) — {Fy, Fi,...,F,} by
f(uo) =Fp. Fori=1,2,...,1, f(u(n—1)(i—1)+(jf1)+1) = Fntfn(i71)72(jfl)7 1<j<2 Fors=

n—3

L2220 =120 0t f(Une1)—1)+j) = Frtm1-n(i—1)—2(j—s—2)+(s—1), 38 < J < 35+ 2.
Next, we claim that the edge labels are distinct.

We find the edge labeling between the vertex wug and starting vertex of each copy of

(U(nfl)(i,1)+1). Let E1 = {f*(UOU(nfl)(i,1)+1) 01 < ) < t} Then

Er = {lf(uo) = f(um—1y-1)+1)] : 1 < i <t}
= {lf(uwo) = f(ur)l, | f(wo) = fun)l,- .- | f(wo) = f(unt—2n—t+3)l,
|f(uo) = f(unt—n—t42)[}
= {|Fo = Fut|, [Fo = Fat—nls - -, [ Fo = Fanl, [Fo — Ful}
= {Fu, Frt—n,..., Fon, Fpn}

Now we determine the edge labelings between the vertex u(,—_1)(;—1)+1 and the vertex

U(n—1)(i—1)42 of each copy. Let Ea = {f*(u(n_1)(i-1)41%(m-1)(i—1)12) : 1 <@ < t}. Then

Ey = {lf(um-1)i-1)41) = Fu@m-1)i-142)| : 1 <i < t}
= {If(u1) = f(u2)], [f(un) = f(uns1)ls- -,
| f(unt—2n—1+3) = f(unt—2n—11a)|, |f (unt—n—1+2) = f(tnt—n—t+3)[}
= A|Fnt — Funt—2|, | Fnt—n — Fut—n—2ls -, |Fon — Fon—a|, |Fn — Frn_2|}
= {Fu-1,Fnt—n-1, .-, Fon_1,Fn_1}

We calculate the edge labeling between the vertex w,_1)(;—1)42 and starting vertex u,—1y(i—1)+3
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of the first loop. Let E3 = {f*(u(n—1)(i—1)4+2U(n-1)(i—=1)+3) : 1 <4 < t}. Then

By = {|f(um-1y-1+2) = flum-1y-143) 1 <i <t}
= {If(u2) = f(ua)|, [f (unt1) — flunt2)], [f(u2n) — fluznt1)ls- ..,
| f(unt—2n—1+4) = f(tnt—2n—145)], [f (unt—n—1+3) = f(Unt—n—t+4)[}
= {|Fni—2 — Fu—1|, |Frt—n—2 — Fri—n—1ls | Fri—2n—2 — Fnt—an—1],
ooy | Fon—2 — Fop—1|, |Fn—2 — Frn-1l}
= {Fui-3,Fut—n-3,Fnt—on-3,..., Fon_3,Fn_3}.

t
NOW, for s = 1, let E4 = .Ul{f*(u(’ﬂ—l)(i—1)+ju(n—1)(i—1)+j+1) 03 < _] < 4} Then

7=

Ey = U {lf@m-1)i-1)45) = Flum-na-1++1)| 3 <j <4}
= A{lf(us) = f(ua)l, [f(ua) = f(us)[}
U{[f (un+2) = f(unts)], | f(unts) = flunsa)| PV, ..o
U{1f (unt—2n—t+5) = f(unt—2n—t+6)], [ f(Unt—2n—t+6) — f(Unt—2n—1+7)[}
U{1f (unt—n—t+4) = f(tnt—n—t+5); | f(Unt—n—t+5) = f(Unt—n—t+6)[}
= A|Fu-1 — Fu-3l,|Fut—3 — Fui—s|}
U{|Fnt—n—1 — Fut—n—3|s [ Frnt—n—3 — Fnt—n—s|}
Uy .oy U{|Fon—1 — Fon—3|, |[Fon—3 — Fon—s|}
U{|Fn—1 - Fn—3|7 |Fn—3 - Fn—5|}
= {Fu—o, Fui—a} U{Fnt—n—2, Fnt—n—atU, ...,
U{Fon—2, Fon_a} U{F,_o, Fh_4}

For the edge labeling between the end vertex (u(,—1)(;—1)+5) of the first loop and starting

vertex (u(,—1)(i—1)+6) of the second loop, calculation shows that

E; = {If(up-1yi-1)+5) = fW@m-1)i-1)46)] : 1 <i <t}
= {lf(us) = f(ue)l, | f(un+a) — funys)l, -,
| f(unt—2n—147) = f(tnt—2n—148)|, [f (unt—n—t+6) = f(Unt—n—t+7)[}
= {|Fut—s5 — Fat—al, | Fnt—n—5 — Fat—n—al,. . [Fon—5 — Fop_al, |Fr5 — Fr_4l}
= {Fui—6,Fnt—n—6,---, Fon—6,Fn—6}

For s = 2, let E5 = Ug:l{f*(u(nf1)(1'71)+ju(n71)(i71)+j+1) : 6 < j < 7} Then
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Bs = Uiy {lf(um-1)i-1)+5) = flum-1yi-1)411) : 6 <j <7}
= {[f(ue) — f(ur)l,|f(ur) — f(us)|}
U{[f (un+s) — funte)l, [ f(unte) = flunsn)[ PV, ...
Ulf (unt—2n—t+8) = f(unt—2n—t49)], |f (tnt—2n—t+9) = f(tunt—2n—t+10)[}
U{If (Unt—n—t+7) = f(unt—n—t+8)[, [ f (Unt—n—t+8) = [ (tnt—n—t+9)|}
= {Fu-a1— Fui—ols [Fnt—6 — Fui—sl}
Ul Fnt—n—a — Fat—n—sl, [Fat—n—6 — Fnt—n—s|}
U,y U{|Fon—a — Fon—¢l, | Fon—6 — Fon—s|}
U{[Fn—a — Fagl, [Fr—6 — Fnsl}
= A{Fut—s5 Fne-1t U{Fnt—n—s, Fat—n-7}U, ...,
U{Fen—s5, Fan—7} U{Fy5, Fn7}

Similarly, for finding the edge labeling between the end vertex (u(,—1)(i—1)+s) of the second
loop and starting vertex (u,—1)(i—1)+9) of the third loop, calculation shows that

Es = {If(um-1i-1)+8) = F@m-1yi-1+0)| : 1 <i <t}
= {[f(us) = f(uo)l|, [f(unt7) — f(unts)ls---,
| f(unt—2n—t+10) = f(unt—2n—t411)]s | f (Unt—n—t+9) — f(Unt—n—t410)[}
= {|Fut—s8 = Fat—ls | Fnt—n-8 = Fat—n—1l,. .., |Fon—g — Fan_1,
|Frs — Fn_7l}
= {Fu-9,Fnt—n—9,...,Fon_9, Fn_o},

n— .
For s = —— —1,let Euzs_y = Uiy {f* (t(n-1) (i~ 1)+sU%n-1) (i~ 1)+j+1) 17— 6 < j <n—5}.
Then
Eos = U_{lf(um-1)6-1+5) = fW@m-1yi-1)+j+1)| :n =6 < j <n—5}

= {|f(un-6) = f(un—s)|; | f(un—s) = f(un—a)[}
U{[f (uzn—7) — f(uzn—)l, | f (uzn—s) — f(uzn—s)[}U, ...,
U{[f (unt—n—t—1) = f(unt—n—t-3)| |f (Unt—n—t-3) = f(unt—n—t—2)[}
U{[f (unt—t—5) — flunt—t—a)l; | f(unt—t—a) = f(unt—t—3)[}

= {|Fat—n+s = Fut—ntels [Frt—nt+6 = Ft—n+al} U{|Fni—2nts — Fat—2n+6l,
|Fnt—2n+6 — Fni—2nta}Us .o U{|Fais — Favels [Fre — Foyal}
U{|Fs — Fsl, [Fs — Fal}

= {Fut—n+7s Frt—nts} U {Fni—2nt7, Fni—onts U, ..., U{Fnqr, Fugs}
U{Fr, F5}
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We calculate the edge labeling between the end vertex (u(n,l)(i,1)+n,4) of the ("T_‘O’ — 1)th

loop and starting vertex (u(,—1)(i—1)+n—3) of the (252)" loop as follows.

Ens | = Af(wm-1)i-1)+n-1) = FWmn-1)-1)tn-3)| : 1 <i <t}
= {lf(un-1) = flun=3)|,[f(u2n—s) — fuzn-a)l, ...,
|f(unt—n—t+2) = f(unt—n—t-1)], [f (Uni—t—3) = f(tnt—1—2)[}
= {|Fnt—n+6 = Fut—nisl, [ Fnt—2nva — Fai—onysls- - -,
|Frta — Fnysl, |[Fu — F5}
= {Fut—nt4, Frt—on+3,- -, Fnis, F5}

n ¢ .
For s = ——, let En_s = ‘Ul{f*(u(n—1)(i—1)+ju(n—1)(i—l)+j+1) tn—3<j<n-2}hL
Then -

Ens = U {lf(wm-1)i-1+5) = fu@m-1g-1+j+1)l :n =3 <j<n—2}
= {lf(un-3) = flun—2)|,|f(un—2) — flun—1)[}
U{lf(u2n—a) — f(uzn-3)l, [f (uzn—3) — f(uzn—2)}U, ...,
Ulf (unt—n—t-1) = f(unt—n—t)| |f (Unt—n—t) = f(unt—n—t+1)[}
UL f (unt—t—2) = flunt—t—1)]s |f (unt—t—1) — f(unt—e)|}
= A{lFat—n+5 — Fat—n+sl, [Fat—nt+s — Fui—nt1l}
U{Fnt—2n+5 — Fut—2n+3ls [Fnt—2n+3 — Fui—ans1l}U, .. .,
U{IFnss = Fugsls [Fags — Foga [} U{|Fs — F3), [F5 — Fi[}
= {Fut—n+a, Fat—nto} U{Fat—2nt4, Far—2n42}U, ..,
U{Frt4, Frya} U{Fy, F5}

Calculation shows the edge labeling between the end vertex (u,—1)(i—1)4n—1) of the (”T*P’)Td

loop and the vertex ug are

E* = {[f(um-1)(i-1)4n-1) — fluo)| : 1 <i <t}
= {lf(un-1) = fluwo)l, | f(uzn—2) — fuo)l;. ..,
|f(unt—n—t41) — f(uo)l, | f(une—t) — f(uo)l}
= A{[Fat—n+1 — Fol, [Fai—2n+1 — Fol,- ., [Faga — Fol, [F1 — Fol}
= {Fut—n+1, Fnt—on+1, -, Fni1, F1}.

Therefore,

E = (BIUEU,...,UExs)U(BjUEU,...,UEL s JUE"
E 3
= {F17F27"'5Fnt}

Thus, the edge labels are distinct. Therefore, C! admits a super fibonacci graceful labeling. [J
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Cg :

Fs ¥7 Iy Fe¢ F; Fs Fy Fip F11 F1g Fag F14 F1g Fi3
Fio
9

F F1a

5 7
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FyFg Fs Fy F; Fo Iy Fig Fi7 Fig Fis Iy Fig Fis

Fig.2

For example the super fibonacci graceful labeling of C3 is shown in Fig.2.

Definition 2.6([4]) Let Sy, n stand for a star with n spokes in which each spoke is a path of
length m.

Definition 2.7 The one point union of t copies of Sy, n is denoted by ann

Next theorem shows that the graph an)n is a super Fibonacci graceful graph.

Theorem 2.8 S!  is a super fibonacci graceful graph for all m,n, when n = 1(mod3).

m,n

Proof Let vy be the center of the star and vé-, i =1,2,...,mt, j = 1,2,...,n be the
other vertices of S}, ,,. Also, [V(G)| = mnt + 1 and |E(G)| = mnt. Define f : V(S},,) —

{Fo, F1,...,F;} by f(vo) = Fy. Fori=1,2,...,mt, f(v;) = Fpnt—n(i-1)—2(j-1), 1 < j < 2.
For i = 1,2,...,mt, F(’U;) = Font—2j—n—-1)—n(i-1), n — 1 < j < n. For s = 1,2,...,"7_4,
i=1,2,... mt

f(v;) = Frnt—1-n(i—1)—2(j—s—2)+(s—1)> 35 < j < 35+ 2. We claim that all these edge labels are
distinct. Let By = {f*(vov}) : 1 < i < mt}. Calculation shows that

(v])]: 1 <i<mt}

Er = A{[f(v) -

fi)l <
= {If(wo) = f(o1)|, | (v0) = F(W),-- . [ f(wo) = fo{™TH)],
[ (vo) = f(u™)I}
= {|FO_ant|7|FO_ant7n|7---7|FO_F2n|;|FO_Fn|}

= {antyantfnv'-'7F2n7Fn}-
Let By = {f*(viv}) : 1 <i < mt}. Then

Ey = {|f(v]) = f(vb)]: 1 <i<mt}
= {If (1) = F)| [f(07) = F@)]s - [F@TY) = Flo5™ )],
|f (™) = flo5)]}
= {|Font — Font—2l, [Fnt—n — Font—n—2l, -+, | Fan — Fan_al|, | Fn — F_a|}
= {Font—ts Font—nts- -, Fon_1,Fu_1}
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For the edge labeling between the vertex v and starting vertex v} of the first loop, let
E3 = {f*(vivi) : 1 <i < mt}. Calculation shows that

By = {[f(v5) = f(v)| : 1 <i<mt}
= {If(w3) = Fa)l[f(v3) = F@, - [F5™ 1Y) = Fog )],
|f(05™) = f(03") [}

= A{|Fmnt—2 — Font—1l, [ Fmnt—n—2 — Fmnt—n—1l -+ [Fan—2 — Fon—1],
|Fr—2 — Fo1]}

= A{Fmnt-3, Fnt—n—3,- -, Fon_3,F,_3}.

For s =1, let By = U™ {f*(vivl ;) : 3 < j <4}. Then

By = UM{[f(v)) = flujy)] 13 <5 <4}

= {If(3) = FD)|:|f(vi) = F)[} U{f(03) = F)], [f(vD) = F(03)]}
Uy U{IF (03770 = F DY) = flog™ D1}
U{[f(05") = F)] | f (o) = Fu3™)[}

= {[Fmnt—1 — Fnnt—3|, [Fmnt—3 — Fnnt—s|}
U{|Fmnt—n—1 = Frnt—n-3l, |[Fmnt—n—3 — Frnt—n—s|}
U,...,U{|Fon—1 — Fon—3s|, |Fon—3 — Fon—5|}
U{[Fr-1 — Fo—sl, [Fn-3 — Frsl}

= A{Fmnt—2, Font—a} U{Fmnt—n—2, Fmint—n—a}U, ... ,U{Fap_o, Fop,_4}
U{F,—2, Fr—4}.

We find the edge labeling between the vertex vi of the first loop and starting vertex v§ of
the second loop. Let Ej = {f*(vivg) : 1 <i < mt}. Then

E; = A{lf(v) = flvp)| : 1 <i <mt}
= {If@3) = Fe)l [F(3) = FR)ls- s [FE™ ™) = Fog™ )],
| (vg") = f(og™)]}

= A{|Fmnt—5 — Frnt—al; | Frnt—n—5 — Fnt—n—al, .- ., | Fon—5 — Fan_4,
|Frnos — Fr_al}

= {Font—6: Frnt—n—6: - - -+ Fan—g, Fn_g}.

For s =2, let E5 = U™ {f*(vivl ;) : 6 < j < T}. Then
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Bs = UZ{If(v)) = f(vj1)| : 6 <j < T}
= {If(wg) = Fw)|; 1S (v7) = fog) [} U{If () = f0D)], If (v7) — F(R)I}
Upeooyee o AL ™1 = FPTHL 7Y = fg 1}

U{1f(vg") = FF)] [ F(7") = F(og™)]}

= {|Fmnt—4 — Fant—6l, | Fmnt—6 — Fmni—s|} U {|Frnt—n—a — Frnt—n—sl,
|Frnt—n—6 — Fnnt—n—s|}, ..., U{|Fan—a — Fan—¢|, [Fon—6 — Fan—s|}
U{[Fr—a — Fasl, [Fa—6 — Fn—sl}

= A{Fmni—5, Font—7} U{Fmnt—n-5, Frnt—n—7}U, .. ., U{ Fon—s, Fon_7}
U{F,—s5, Fp—7}.

Let B2 = {f*(vivi) : 1 < i < mt}. Calculation shows that the edge labeling between the

vertex vg of the second loop and starting vertex v} of the third loop are

By = {|f(vg) = f(v§)| : 1 <i <t}
= {If(vg) = F@o)l:[f(vE) = F@),- - |F(0g™™Y) = flog )],
|f(vg") — f(vg™) [}
= {|Fmnt—8 = Frnt—7|, | Frnnt—n—8 — Fmnt—n—7l5- - -,
|Fan—8 — Fan—7|, [Fn—g — Fr7|}

- {ant79; ant7n797 ) F2n79; Fn79}-
For s = ——~ _ Llet Exa_ = U {f* (vt 1) :n—7<j <n—6}. Then

Enoa = U {1 (0)) = fF(05)| :in =T <j <n—6}
= {If(va_y) = Foa_e)l:|f (vn_g) = Fon_s)}
U{|f(U721—7) (U721 )l 1 (vi_g) — f(vi_5)}
SU{F Rt = Fobs D I (ot = Flonss I
U{|f(vn77) - (Unjﬁ)lv |f(vn76) - (’Un75)|}
= {|Fmnt-n+9 — Fnnt—nt7|, [Fnnt—n+7 — Frnt—n+5}
U{|Fmnt—2n+9 — Fmnt—2n47)s [ Fmnt—2n+7 — Fnt—2n+5}
U, U{[Fago — Fasrl [Favr — Fags|}
U{|Fo — Fr[,|F7 — F5[}
= {Funnt—n+8: Fnnt—n+6} U {Fmnt—2n+8, Frnt—2n+6 U, - . -,
U{Frss, Frve} U{Fs, Fo}.

Similarly, for the edge labeling between the end vertex v?_. of the ("T"l —

starting vertex v},_, of the (25%)" loop, let En s = (0 5v,_y) : 1 < i <mt}. Calcula-

1)*" loop and
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tion shows that

E"4 1 = {|f(

-3

nes) = fon_g)] 1 < < mt}
= {If(vp_s) = Flon_o)l,|F (v 5) G|
[F o) = Fop a1 (opts) = Flop o)}
= {|Fmnt—n+5 = Fmnt—n+6l, [Fnnt—2n+5 — Fnnt—2n+6,
|[Fnts — Fasol, [F5 — Fol}

— {ant—n+4u ant—2n+47 ey Fn+4u F4}
n—4 mt * (01800 .
Now for s = 5 let En_s = 91{f (vivt, ;) :n—4 <j<n-—3} Then

BEns = UZ{|f(v)) = f(vjpq)]in—4<j<n-3}
= {Ifn_a) = flon_s)|;[f(vn_3) = fvn_5)I}
U{If (vi—a) = fon_s)|, [ f (vn_s) = f(vn_o)[} U
AR = FS YL (ot h) = flons I}
U{|f(vn74) = F)l 1 f (nts) = flonta)l}
= A{lFmnt—n+6 = Fmnt—ntals [Fmnt—nta = Frnt—ni2|}
Ul Finnt—2n+6 — Fnnt—2n+4l; | Fnnt—2n+4 — Fnnt—2n+2}
U, U{[Fase — Fgals [Frga — Frgol}
U{|Fs — Ful,|Fy — Fa[}
= {Fmnt—nts; Font—n+3} U{Fmnt—2nt5, Font—2n43}tU, . .,
U{Ft5, Frqs} U{Fs, F5}.
We find the edge labehng between the end vertex vf_, of the ("5~ 4)rd Joop and the vertex
_1. Let Bf = {f*(vi_ov%_1) : 1 <i<mt}. Then
B = {If(v_2) — flop_p)|: 1 <i <mt}
= {If(n-z) = Fon- )l [F (07 -2) = Fn-)ls- - 1 F (055") = for 7)),
|F(ots) = Flopt)l}
= {[Font—n+2 = Font—n+3l, [Fmnt—2n+2 = Frnt—2n43], - -,
|Frto — Fogsl, [F2 — F3l}
= {Funt—nt1; Fnnt—2n41, - -+, Fay1, F1}.
Let B3 = {f*(vi_;v}) :1<i<mt}. Then
By = {[f(vn_1) = fup)| s 1< i < mt}
= {lf(vp_1) = flo)l If @Wh_y) = f0R)],-
FntTh) = Fop ™D [ f(ontty) = Fo)[}
= {lFnnt—n+3 = Font—nt1|, [Fmnt—2043 — Font—2n41l, - - -,
|[Fnts — ol [F5 — Fi}

— {ant—n+2u ant—2n+27 ey Fn+27 F2}
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Therefore,
E = (BiUEU,...,UEx4)U (E; UE%U,...,UE}Q%_l) UEfUE;
= {F,F....,Font}
Thus, an)n admits a super fibonacci graceful labeling. O

For example the super fibonacci graceful labeling of Sg_j is shown in Fig.3.

Fyo Fya Fyo Fgo Fuy Fyo Fzg Fzg Fzr Fze I3z Farlsg

F?:5 F34fj33 Fao 1314 Py F32 Fyy 30 By F31 Fyy F2o

Fy
Fr Fia\Fa s pop e oy For Fog Fos poy o3 Fpy Foa g I
tr; 114 P Fo1
Fe Fi3 20
IF5 lF12 |F19
L I, 18
1 Fs E ' Fao
Fs Fra Fio
1F, Fiq P Fig
Fs Fio Fir
1Ey *Fy ' Fie
F1 Fy F15
113 e P Fi7
Fa .Fg 'F16
‘F Iy Fis
Fig.3

Theorem 2.9 The complete graph K, is a super fibonacci graceful graph if n < 3.

Proof Let {vg,v1,...,vn—1} be the vertex set of K,. Then v;(0 < i <n — 1) is adjacent
to all other vertices of K,,. Let vy and v, be labeled as Fj and Fj, respectively. Then v, must
be given F,_; or F,_o so that the edge vivy will receive a fibonacci number F,_5 or F,_;.
Therefore, the edges will receive the distinct labeling. Suppose not, Let vy and v; be labeled as
Fy and F, or Fy and Fy;_ respectively. Then vy must be given F;_; or F;_» so that the edges
vove and vyve will receive the same edge label F,,_5, which is a contradiction by our definition.

Hence, K, is super fibonacci graceful graph if n < 3. O
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