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              The description of the physical field with spin 1/3. 
 
                                       Vyacheslav  Telnin 
 
                                                                Abstract 
 
  viXra.org 1402.0167 gives general description of raising vector space W in the power M/L. The 
result is the new vector space V. In this paper we take W - the 8 – dimensional generalization of 
our 4 – dimensional vector space. Then we raise W in the power 1/3. The result is the 2 – 
dimensional vector space V. The metric and algebraic tensors for V are the same as in viXra.org 
1402.0176.  
   After that we take some vector from V and use it for construction of Lagrangian. And for 
simplicity we restrict us by only first 4 dimensions of W. Then, from the principle of minimal 
action, we get the equations for our vector. And we derive that vector from these equations. 
   Then we define the tensor and vector of energy – momentum for this Lagrangian. And also we 
find the density of spin tensor and (with the help of the algebraic tensor) the density of spin 
vector. The numerical cofactor in them is 1/3. So we consider that spin of this vector is 1/3. It 
coincides with the power of W for V (vector space we took our vector from). 
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1) The generalization of our 4-dimensional space 1W  to the 8-dimensional space W. 

 
Let us take 3

1WV = as the vector space 2
1

11 WV = . Then αnr - basis of V, and µer - basis of W. 
8,7,6,5,4,3,2,12,1 =µ=α  

So, as VVVW ⊗⊗= , then we have : 
)0.1(γβα

γβα
µµ ⊗⊗⋅= nnnee rrrr

 
and choose the cobasics (definition of cobasic see in [1] ) so : 

1111 1 nnne rrrr
⊗⊗⋅=  

11212 nnnie rrrr
⊗⊗⋅=  

12123 nnnie rrrr
⊗⊗⋅=  

)1.1(122214 nnniie rrrr
⊗⊗⋅⋅=  

21135 nnnie rrrr
⊗⊗⋅=  

212316 nnniie rrrr
⊗⊗⋅⋅=  

221327 nnniie rrrr
⊗⊗⋅⋅=  

2223218 nnniiie rrrr
⊗⊗⋅⋅⋅=  

Here the hypercomplex  numbers 321 ,, iii  behave so : 
)5.1()4.1(1)3.1()()2.1(1 iiiiiiiiiiii ⋅=⋅−=⋅β≠α⋅−=⋅−=⋅ αααββααα  
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We have for V also as for 1V  the same metric and algebraic tensors : 
)7.1(][)6.1(),( βα

γ
γβαβαβα ⋅=×= fnnnqnn rrrrr  

 
)9.1(0),()8.1(1),( 2111 == nnnn rrrr  

)11.1(1),()10.1(0),( 2212 == nnnn rrrr                                               To the Content 
 

)13.1(][)12.1(][ 221111 nnnnnn rrrrrr
=×=×  

)15.1(][)14.1(][ 122212 nnnnnn rrrrrr
=×=×  

 
For metric tensors in W and in V we have : 

)16.1(),(),(),( sn
sn

sn
sn qqqeennnnnneeg γβδα

δ
ν

γβα
µγβδα

δ
ν

γβα
µνµ ⋅⋅⋅⋅=⋅⋅⋅⋅=

rrrrrr
 

 
If  α=γ=β  and  δ== sn  then we derive : 

                           )17.1()( 3
1

νµααα
µ

δδδ
ν

δα ⋅⋅= geeq  
 
And for algebraic tensor in W - νµ

σF - we have :                                    To the Content 
                           )18.1(][ νµ

σ
σνµ ⋅=× Feee rrr  

 
)19.1()]()[( νµ

σ
σδ

δ
νγβα

γβα
µ ⋅⊗⊗⋅=⊗⊗⋅×⊗⊗⋅ Fnnnennnennne lqp

lqp
sn

sn rrrrrrrrr
 

    =×⊗×⊗×⋅⋅ γβδα
δ

ν
γβα

µ ][][][ sn
sn nnnnnnee rrrrrr

 

=⋅⊗⋅⊗⋅⋅⋅= γβδα
δ

ν
γβα

µ )()()( s
l

ln
q

q
p

p
sn fnfnfnee rrr

 

)20.1(lqps
l

n
qpsn nnnfffee rrr

⊗⊗⋅⋅⋅⋅⋅= γβδα
δ

ν
γβα

µ  
 
From (1.19) and (1.20) we have : 

)21.1(νµ
σ

σγβδα
δ

ν
γβα

µ ⋅=⋅⋅⋅⋅ Fefffee lqp
s

l
n

qpsn  

)22.1(s
l

n
qpsn

lqp fffeeeF γβδα
δ

ν
γβα

µ
σ

νµ
σ ⋅⋅⋅⋅⋅=  

 
If we take 4,3,2,1,, =νµσ , then we get the same algebraic tensor as for 1W . If we take in 
(1.16) 4,3,2,1, =νµ , then we get the same metric tensor as for 1W . So we see, that subspace 

)4,3,2,1,(2 =µµeW r  of the space W ( 8,7,6,5,4,3,2,1, =µµer ) coincide with the space 1W  in 
all significant features. Then we can say, that W is 8-dimensional generalization of 1W . 
 

2) Lagrangian for the field with spin 1/3.                                     To the Content 
 
Let us take the field  )( µαϕ x from ).( 3

1

WVV =  And restrict µ  so : .4,3,2,1=µ  And now we 
construct the Lagrangian : 
                                          )1.2(γ

µ
βα

γβα
µ ϕ∂⋅ϕ⋅ϕ⋅⋅= eiL  

And for simplicity we will consider that 

                                         )3.2(8,7,6,5)2.2(0 =µ=ϕ∂=
∂

ϕ∂
γ

µ

µ

γ

x
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3) Equations for mϕ . 
 
The principle of minimal action gives us the equations for mϕ : 

                                )2.3(2,1)1.3(0 ==
ϕ∂
∂ mL

m

 

))3.3(0)]([ =ϕ⋅ϕ∂⋅−ϕ∂⋅ϕ⋅+ϕ∂⋅ϕ⋅⋅ βα
µβα

µγ
µ

α
γα

µγ
µ

β
γβ

µ
mmm eeei  

 
Let us try  )4.3()( ν

ν ⋅⋅−
δνδ ⋅=ϕ xkiefx  

            )5.3(2121 δδδδδ ⋅⋅+⋅+⋅+= diicibiaf  
m=1 

)6.3(0)(111 =ϕ⋅ϕ∂⋅−ϕ∂⋅ϕ⋅+ϕ∂⋅ϕ⋅ βα
µβα

µγ
µ

α
γα

µγ
µ

β
γβ

µ eee               To the Content 
   

−⋅⋅⋅⋅−⋅⋅⋅⋅−⋅⋅⋅+⋅⋅⋅ 12
2112

211
1111

11
3

1
121

31
1

1
111

1 22 ffkeffkefkfefkfe  

)7.3(022 22
4122

421
3121

3 =⋅⋅⋅⋅−⋅⋅⋅⋅− ffkeffke  
 

)8.3(0222 22
4

21212
3

121
2

11
1

112
3 =⋅⋅⋅⋅⋅−⋅⋅⋅⋅−⋅⋅⋅⋅−⋅⋅−⋅⋅⋅ ffkiiffikffikffkffik  

 
m=2 

)9.3(0)(222 =ϕ⋅ϕ∂⋅−ϕ∂⋅ϕ⋅+ϕ∂⋅ϕ⋅ βα
µβα

µγ
µ

α
γα

µγ
µ

β
γβ

µ eee  
 
From (2.2), (2.3), (3.4), (3.9) we derive : 

)10.3(02)( 12
4

2111
32

2 =⋅⋅⋅⋅⋅+⋅⋅+⋅ ffkiiffkki  
 
As quaternion algebra is the algebra with division, then                             To the Content 

)11.3(2)( 2
4

211
32

2 fkiifkki ⋅⋅⋅⋅−=⋅+⋅  
 
If we now multiply (3.11) on 2i from the left, then we get 

)12.3(2)( 2
4

11
32 fkifkk ⋅⋅⋅=⋅+  

 
As )4,3,2,1( =ααk  are the real numbers, then we can write : 

)13.3(
)(

2 32

4

211 kk
kfif
+

⋅⋅⋅=  

Let us designate )14.3(
)( 32

4

kk
k
+

=α  

Then  )15.3(2 211 fif ⋅⋅α⋅=  
 
From (3.8) and (3.15) we can get : 

)16.3(2)2(4)( 2221
43

2121
221

2
23 ffiikkfifikkik ⋅⋅⋅⋅⋅+⋅α⋅−=⋅⋅⋅⋅⋅α⋅−α⋅−⋅α⋅  

 
As our algebra is the one with division, then : 

)17.3(2)2(4)( 221
43

121
221

2
23 fiikkifikkik ⋅⋅⋅⋅+⋅α⋅−=⋅⋅⋅⋅α⋅−α⋅−⋅α⋅  

 
Let us designate :    )18.3(221 α⋅+α⋅=β kk  
                                 )19.3(2 34 kk ⋅α⋅−=γ  
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From (3.5), 2=δ , (3.17), (3.18), (3.19)  we result those 4 equations : 
)20.3(22:1 222

32 dack ⋅γ−=⋅β⋅+⋅⋅α⋅−  
)21.3(22: 222

32
1 cbdki ⋅γ−=⋅β⋅+⋅⋅α⋅  

)22.3(22: 222
32

2 bcaki ⋅γ=⋅β⋅−⋅⋅α⋅−  
)23.3(22: 222

32
21 adbkii ⋅γ=⋅β⋅−⋅⋅α⋅⋅                             To the Content 

 
From (3.20) and (3.21) we have : 

)24.3(
))2((

)24(
2322

22
32

2 k
bakc

⋅α⋅+γ
⋅β⋅γ⋅−⋅⋅α⋅β⋅

=  

 
From (3.22) and (3.24) we get :  )25.3(22 bBaA ⋅=⋅                         

Here )26.3(
])2([

82 2322

322
32

k
kkA

⋅α⋅+γ
⋅α⋅β⋅

−⋅α⋅−=  

         )27.3(
])2([

4
2322

2

k
B

⋅α⋅+γ
β⋅γ⋅

−γ=  

 
From (3.23), (3.20), (3.24) we have : 
                                             )28.3(22 bDaC ⋅=⋅  

Here )29.3(
])2([

)(164 2322

23222

γ−
⋅α⋅+γ
⋅α⋅β⋅

−
γ

β
⋅=

k
kC  

      )30.3(
])2([

82 2322

322
32

k
kkD

⋅α⋅+γ
⋅α⋅β⋅

+⋅α⋅−=  

 
From (3.25), (3.28) we get one equation for 4321 ,,, kkkk :  )31.3(CBDA ⋅=⋅  
And now we derive the solution for  αϕ :  2a - any real number, and it fully defines 12 fandf . 
 

4) Tensor and vector of energy-momentum for this Lagrangian.        To the Content 
 

From  [2] (page 19 {36} equation over (2.9)) we take the definition of the tensor of energy-
momentum : 

                       )1.4(k
ll

n

k
n

k
l L

x
x

LT δ⋅−
∂
ϕ∂

⋅








∂
ϕ∂

∂

∂
=  

=δ⋅−ϕ∂⋅ϕ⋅ϕ⋅⋅=δ⋅−
∂
ϕ∂

⋅









∂
ϕ∂

∂

∂
= βα

βα
k

l
n

ln
kk

l

l

n

k

n

k
l LeiL

x
x

LT )(  

)2.4(k
l

n
ln

k Lke δ⋅−ϕ⋅ϕ⋅ϕ⋅= βα
βα  

 
 )3.4(81∫ ⋅= xdTP kk  

kP  is the vector of energy-momentum. From (2.1), (2.2), (2.3), (4.2) we have : 

)4.4()(111
n

mn
mkn

n
kk eiekT ϕϕϕδϕϕϕ βα

βα
βα

βα ∂⋅⋅⋅⋅⋅−⋅⋅⋅⋅=  
 

+⋅⋅⋅⋅+⋅⋅⋅⋅−⋅⋅⋅⋅= 112
211

2
2

111
111

1
1

111
111

1
1

1
1 ( ϕϕϕϕϕϕϕϕϕ ekekekT  

PDF created with pdfFactory Pro trial version www.pdffactory.com

http://www.pdffactory.com


 5

=⋅⋅⋅⋅+⋅⋅⋅⋅+ )122
221

4
4

121
121

3
3 ϕϕϕϕϕϕ ekek  

)5.4()( 122
4

21121
3

2112
2

1 ϕϕϕϕϕϕϕϕϕ ⋅⋅⋅⋅⋅+⋅⋅⋅⋅+⋅⋅⋅⋅−= kiikiki  
 

)6.4(1121
1

112
211

2
1

2
1 ϕ⋅ϕ⋅ϕ⋅⋅=ϕ⋅ϕ⋅ϕ⋅⋅= ikekT  

 
)7.4(1212

1
121

121
3

1
3

1 ϕ⋅ϕ⋅ϕ⋅⋅=ϕ⋅ϕ⋅ϕ⋅⋅= ikekT  
 

)8.4(12221
1

122
221

4
1

4
1 ϕ⋅ϕ⋅ϕ⋅⋅⋅=ϕ⋅ϕ⋅ϕ⋅⋅= iikekT                     To the Content 

 
5) Spin tensor. 
 

From [2] (2.15) we take the expression for spin tensor : 

                 )1.5()(
)/(

, mli
j

jk
i

ml
k Axu

xu
LS ⋅⋅

∂∂∂
∂

−=  

And from [2] page 20 {37} we take the formula, lower then formula (2.11) : 
 
                   )2.5()(

,
∑

<

ωδ⋅⋅=δ
lkj

lk
jlki

j
i xuAu  

So we have :  )3.5(
)( nmnm

LS
ω∂

ϕ∂
⋅

ϕ∂∂
∂

−= β

βλ

λ  

Let us take a vector  µ
µ ⋅= xeA rr

 from W and then rotate the system of coordinates in the plane, 

given by two vectors µer  and  νer  on the angle ν
µωδ . The whole vector A

r
 remains the same, 

only it’s projections µx  on the new basic vectors would change. So we can write : 

)4.5(0)( =⋅
ω∂
∂ µ

µ xenm

r  

)5.5(0=
ω∂

∂
⋅+⋅

ω∂

∂ µ

µ
µµ

nmnm

xex
e r
r

                                                      To the Content 

Here 

       )6.5(nmnm Axx µ
ν

ν
µ

⋅=
ω∂

∂             )7.5(nmnm Be
e

µ
ν

ν
µ ⋅=

ω∂

∂ r
r

 

From (5.5), (5.6), (5.7) we have :    )8.5(nmnm BA ν
µµ

ν −=  
 
In uncurved W projections µx  change so (from [1] page 20 {37} over the (2.11)) : 

)9.5(nm
nm

nm
mn Axgxgxxx ωδ⋅⋅=ωδ⋅δ⋅⋅=ωδ⋅⋅=ωδ⋅=δ µ

ν
νµ

ν
νλµ

λν
ν

ν
µνµ  

So  )10.5(mnnm gA µ
ν

µ
ν δ⋅=  

 
Further, we can use the connection of W with V : 

)11.5()()()( γ
γ

β
β

α
α

µ
µ ⋅⊗⋅⊗⋅=⋅= ynynynxeA rrrrr

 

If vector A
r

 stay unchanged, then β
β ⋅ ynr  also stay unchanged, and we can write : 

)12.5(0)( =
ω∂
ϕ∂

⋅+ϕ⋅
ω∂

∂
=ϕ⋅⋅

ω∂
∂ β

β
βββ

β nmnmnm n
n

n r
r

r  
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)13.5(nms
s

nm C β
β

⋅ϕ=
ω∂
ϕ∂            )14.5(nm

s
snm Dn

n
β

β ⋅=
ω∂

∂ r
r

 

From (5.12), (5.13), (5.14) we get :     )15.5(nmsnms DC ββ −=  
 
For symmetric metric tensor in )(2 yqV βα  we have the same formula for Christoffel symbols as 
for 1W  : 

         )16.5(δβΓ⋅=
δ∂

β∂
s

sn
y

n
r

r

          )17.5(2
1









∂

∂
−

∂

∂
+

∂

∂
⋅⋅=Γ δβ

β

δ

δ

β
δβ r

rrrss

y
q

y
q

y
q

q  

 
Now we can get nm

sD β :                                                   To the Content 

=
ω∂

∂
⋅








∂

∂
−

∂

∂
+

∂

∂
⋅⋅⋅=

ω∂
∂

⋅
∂

∂
=

ω∂

∂ δ
δβ

β

δ

δ

β
δ

δ
ββ

nmr
rrrs

snmnm

y
y
q

y
q

y
q

qny
y
nn

2
1r

rr

 

=







δ⋅

ω∂

∂
−δ⋅

ω∂

∂
+

ω∂

∂
⋅⋅⋅= δδβ

β
δδβ

rnmnm
r

nm
rrs

s

qqq
qn 2

1r
=








ω∂

∂
−

ω∂

∂
+

ω∂

∂
⋅⋅⋅ βββ

nm
r

nm
r

nm
rrs

s

qqq
qn 2

1r  

)18.5(2
1









ω∂

∂
⋅⋅⋅= β

nm
rrs

s

q
qnr  

From (5.14), (5.18) we have :    )19.5(2
1

nm
rrs

nm
s q

qD
ω∂

∂
⋅⋅= β

β  

Now we’ll get one useful formula for uncurved W using (5.7), (5.8), (5.9) : 

=⋅+⋅=







ω∂
∂

+







ω∂

∂
=

ω∂

∂
=

ω∂

∂
νµµν

ν
µν

µνµνµ
nm

s
snm

s
snmnmnmnm BeeBee

e
ee

eeeg
),(),(,,

),( rrrr
r

rr
rrr

 

)( nmnmm
s

nsm
s

nsnm
s

snm
s

s ggggggggAgAg νµµννµµννµµν ⋅+⋅−=δ⋅⋅−δ⋅⋅−=⋅−⋅−=  

So for uncurved W we have :    )20.5()( nmnmnm gggg
g

νµµν
νµ ⋅+⋅−=

ω∂

∂
 

From (2.1), (5.13), (5.14) we have : 

)21.5(nm
s

snmnm DeieiS γβα
γβα

λ
γ

βα
γβα

λλ ⋅ϕ⋅ϕ⋅ϕ⋅⋅−=
ω∂

ϕ∂
⋅ϕ⋅ϕ⋅⋅−=  

From (5.19), (1.5), (1.6), (1.7) we have : 

)22.5(1222
2

1111
1112

11
2
1

11
111

11 







ω∂

∂
⋅⋅ϕ+

ω∂

∂
⋅⋅ϕ⋅ϕ⋅ϕ⋅⋅−=

ω∂

∂
⋅⋅⋅ϕ⋅ϕ⋅ϕ⋅⋅−= nmnmnm

pps
snm

q
q

q
qi

q
qeiS

 
)23.5(01 21122211 ==== qqqq                                                             To the Content 

 
From (1.17), (5.20), (5.23) we have : 

=⋅⋅⋅+⋅⋅−=⋅⋅
ω∂

∂
⋅⋅=

ω∂

∂ νµ
νµµν

νµνµ 111111
3
11111112

11
3
111 )(

)(
1 eeggggee

g
q

q
nmnmnmnm  

)24.5()( 111111111111
3
1

nmmn eeee ⋅+⋅⋅−=  
From (1.16) we have : 
                                )25.5(srsr eegqqq δ

ν
γβα

µ
νµγβδα ⋅⋅=⋅⋅  

                                )26.5(111211111121
νµ

νµ ⋅⋅=⋅⋅ eegqqq  
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=⋅⋅⋅+⋅−=⋅⋅
∂

∂
⋅=

∂

∂ 111211111211
2

11

12 )(
)(

1 νµ
νµµν

νµνµ

ωω
eeggggee

g
q

q
nmnmnmnm  

)27.5()( 111211111211
nmmn eeee ⋅+⋅−=  

 
From  (5.22), (5.23), (5.24), (5.27) we get : 

)28.5())](()()([ 111211111211
2

111111111111
3
1

1112
1

1 nmmnnmmnnm eeeeeeeeiS ⋅+⋅−⋅+⋅+⋅⋅−⋅⋅⋅⋅⋅−= ϕϕϕϕ
 
 
As usual, )29.5()( mnmnnm ≠ωδ−=ωδ  and  )30.5()( mnmnnm =ωδ=ωδ  
So : 

)31.5(]2[ 111111
3
1

1112
1

1
nm

mn
nm

nm eeiS ωδ⋅⋅⋅⋅⋅ϕ⋅ϕ⋅ϕ⋅⋅=ωδ⋅            To the Content 
And we have eventually the density of spin tensor : 

)32.5()1(111111
1113

1
1

111 ==⋅⋅ϕ⋅ϕ⋅ϕ⋅⋅=⋅= mneeiSgS mnnmnm  
For density of spin vector we have (1.0), (1.1), (1.22) : 
               )33.5(111

11
1 SFgSFgS k

kp
nm

nm
k

kpp ⋅⋅=⋅⋅=  
For 2W  we have {[3] – the definition of algebraic tensor} : 

)34.5(1113
1

111111
11

1
111 ϕ⋅ϕ⋅ϕ⋅⋅==⋅⋅= iSSFgS  

( ) )35.5(4,3,20 == vS v  
 
From  (5.34), (5.35)  we see that spin of  βϕ  equals 1/3. 
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