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Abstract

In an 18-dimensional gravidynamic unification model the spacetime and the
internal symmetries of 4 generations of leptons and quarks are consolidated
in a 256-component Majorana-Weyl-Dirac fermion. In such a framework, the
dynamics of vector bosons as well as Higgs scalars would be generated at the
quantum level through a unified coupling of an antisymmetric tensor of rank 3
to the fermions. We exhibit the complete U; structure of the latter coupling.
This extensive work begins by writing the Lorentz algebra of 18 dimensional
spacetime in terms of its 4-dimensional Lorentz subalgebra and an internal
0,4 factor. The latter is expressed via its U; subalgebra. The 256-component
fermion is expressed in terms of 64 Weyl fermions, and their Dirac conjugates,
in 4 dimensions. Likewise the 3rd rank antisymmetric tensor is expressed in
terms of vectors and scalars in 4 dimensions. The emerging picture regarding
the fundamental fermions, and their interactions, would lead to aspects that
are well described by a complementing O, and SU; grand unification schemes.

1 Introduction

The consolidation of the electroweak!): 2 B3 [4: 5 6] ST, x Uy and the strong SUj3 color
symmetry™ B Pl might proceed via the SUs or SU y~5 quark-lepton!'%: 11 [121 18] grand
unification schemes. Further consolidation of the quark-lepton multiplets could advance
via orthogonal algebras!* [ The ultimate unification of the internal and spacetime
(spin) symmetries of quarks and leptons may take the road of a gravidynamic Eintein-
Dirac theory in a higher-dimensional, notably an 18-dimensionall*®l, spacetime.

The main ingredients of a higher-dimensional Einstein-Dirac theory are a spinorial
fermionic field, a vierbein field (related to the metric field), and a Lorentz connection
field. The latter enters the theory as an auxilliary field that can be eliminated via
its dynamical equations in favor of the vierbein and the fermion fields. The process
of eliminating the higher-dimensional Lorentz connection generates a quartic coupling
term in the fermion fields of the form (\ifl" 18cV)?, where T'ypc is a Dirac algebraic
element that is totally antisymmetric in the vectorial indices (ABC'). The subsequent
decomposition of such a current x current coupling in terms of 4-dimensional components
would produce many terms that include those of low-energy weak phenomenogy. The
question is, where are the vector bosons of gauge theories in such a scheme? As a matter
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of fact, in an Einstein-Dirac ultimate unification scheme, the vector bosons are part of
an antisymmetric tensor Vspc, whose dynamics are likely to arise from the effective
quantum contributions resulting from a coupling of the form

%VABC X W' ypcV¥ (1)
In an 18 dimensional unification schemel'®, the fundamental fermions that can accom-
modate quarks and leptons constitute a 256-component Majorana-Weyl spinor. Our
purpose in this article is to explore, in detail, the decomposition of the underlying Oy 17
symmetry of the above coupling through its 4-dimensional O3 (Lorentz) symmetry
and the Oq4 internal symmetry factor. The structure of the latter will take shape via
the U, subalgebrall™.

In the following section, we shall begin by constructing the O; ;7 algebra in terms of
O1,3 and Uy structural elements. This will be followed by our algebraic techniques for
representing an Oy 17 vector as well as an antisymmetric tensor of rank 3 (like the one
needed for the above coupling). Then we shall construct an Oy 17 algebraic represen-
tation of a Weyl spinor, and its Dirac conjugate, leading the path to the construction
of the components of an antisymmetric 3rd rank tensor from fermionic bilinears. This
will be used in constructing and decomposing the above boson-fermion coupling.

2 The Algebra O, ;7 in Terms of O;3 and Uy

The generators of the Lorentz algebra O, ;7 in 18 dimensions may be decomposed into
the following set of generators:

{Jpll7Jab7Qab7Qab7H}La7Hua} (2)

Here, we use the Greek symbols (u, v, A,---) to represent the vectorial indices in 4-
dimensional spacetime, and the Latin symbols (a, b, ¢, - ) to represent the indices of a
fundamental SU; multiplet. In the above, the J,,, being antisymmetric in (p, ), are
the generators of the 4-dimensional Lorentz algebra. The J,” are the generators of Uz,
the trace part of which is a U; generator, while the traceless part is that of SU;. The
conjugate generators Qq, and Q%, being antisymmetric in (a, b), would together with
J,? describe the Oqy algebra. The conjugate generators H,, and H," would describe
the coset of Oy 17 over O 3 and Oq4. We begin by writing the O; 3 commutators,

(s Ino) = oadup = Murdvp + Nupdun — Nupdun) (3)

Now J,”, Qq and Q® would have vanishing commutators with Juw. However we have

[J;uu H)\a] - nVAHua - nuAHua (4)
[J,uua H)\a] = nu)\Hua - nu)\Hua (5)

For the generators J,° of the U; subalgebra, we have
[Jab> chj| = 5cbl]ad - 6adt]cb (6)
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The commutators of the Q’s with J,” are

[Jaba ch] = 5chad - 5deac (7)
[Jaba ch] — _5a6de + 6adec (8)
and the commutators of the H’s with J,” are
[Jaba Huc} - 5chua (9)
[J.' H, ] = —6.°H," (10)
For the commutators of the (Q’s among themselves, we have
[Qaba ch] =0 (11)
[Q, Q] =0 (12)
[Qaba QCd] = (6bc°]ad - 5aCde + 5adec - 5bdt]ac) (13)
For the commutators of the (Q’s with the H’s, we have
(Qap, Hye]l =0 (14)
[Qalh H,uc] - 5bCH,ua - 6aCH,ub (15)
[Qaba H,uc:| = 5chua - 6caHub (16)
[Q“ H, ] =0 (17)
Finally, for the commutators of the H’s among themselves,
[Huaa HVb] - _nuuQab (18)
[H“a’ Hyb} = _n,ul/Qab (19)
[Huaa Hz/b] = _nuyJab - 5abJ,u1/ (20)

We can verify that all Jacobi identities involving all generators are satisfied!, and that
all generators commute with the following quadratic (Casimir) operator:

1 1 1
§<]/J,l/<]l/# + Jabea + §Qabea + éQabea - H,uaH,u,a - H,uaH,u,a (2]—)

lFor extensive manipulations and verifications of the kind presented in this, and other articles, it
would be useful to use efficient symbolic computational software. Interested researchers who have access
to a Mathematica program, or similar software, and are nonetheless unable to work with such tensorial
and algebraic stuctures, could obtain free consultation in that regard.
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3 The Representation of an O, ;; Vector

In order to represent a vector in 18 dimensional spacetime, let us introduce the operators
(K., Ko, K*). The commutators of these with the Lorentz generators .J,, are

[Jws K] = (0 Ky — 10K (22)
(S, Ka] = 0 (23)
[Ju, K] =0 (24)
The commutators of the U; generators J,> are

[Jab, K] =0 (25)
[Jo", K] = 6" K, (26)
[J.", K] = —6,°K" (27)

The commutators of (), are
[Qap, K] = 0 (28)
[Qup, K] = 0 (29)
[Qap, K = (0" Ko — 0K (30)

The commutators of Q* are
[Q”, K\ =0 (31)
Q" K] = (0."K* — 6."K") (32)
(@, K] =0 (33)

The commutators of H,, are
[Hpa, K] = =10 Ko (34)
[Hyas K] =0 (35)
[Hua, K] = 6.°K, (36)

And finally, the commutators of H," are

[H,ua, K)\] = _nu)\Ka (37)
[Huaﬂ Kc] = 6ZK/1 (38)
[H,°, K] =0 (39)

We can verify that all the Jacobi identities involving any two of the Oy ;7 generators J,,,
T Qu, Q0. H,, or H,", with either of the operators K, K,, or K*, are satisfied.
Moreover any of the O; ;7 generators can be shown to commute with the following
quadratic operator:

K,K,+ K,K*+ KK, (40)
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We proceed now to the introduction of the multiplet that can be associated with the
above operator representation, and to the construction of the infinitesimal O; ;7 trans-
formations that act on it. The desired multiplet with components {B,,, B,, B*} can be
introduced by the vector module

B=B,K,+ B,K*+ B"K, (41)
Introducing the O, ;7 parameter module,
1 1 1
W = S QT + QI + §Qaanb + §Q“anb + Qe H,* + Q, Hy, (42)

we can compute the commutator [W,B]. The latter gives a vector module whose
components would define the needed infinitesimal transformations. We obtain

0B, = QuB, +Q,,B*+Q,"B, (43)
6B, = —Q."By + QuB* — Q,,B,, (44)
§B* = "B+ Q*B, — Q,B, (45)

We can verify that, for any two vector modules A and B, the above infinitesimal trans-
formations, acting in a like manner on the components of both, would leave invariant
the following bilinear form:

A-B=A,B, + AB" + A"B, (46)

4 The Antisymmetric Tensor Representation of Rank 3

An O, ;7 antisymmetric tensor representation of rank 3 would have the following O, 3
and U; covariant components:

{K,uu)n Kp,l/aj K,* Kpaba K ’ Kuaba Kab07 Kabca Kabc> Kabc} (47)

728 pa s

The symmetries of the above components with respect to their spacetime and SU7
indices should be clear. Notice that the tensor K, could be traded for a single-
index counterpart using the 4-dimensional epsilon symbol €,,,,. However, it is more
convenient to leave it in this form, at this stage. In order to be able to write out
the infinitesimal transformations of an associated multiplet, we proceed now to the
elaborate task of writing down the commutators of the above component operators
with the generators of the Oy ;7 algebra.

For the commutators of J,,,, we have
[J;un K)\pa] = (nu)\KupJ + nupKMJ)\ + nVUKu/\p) - (,u AN V) (48)
(s Knpal = (aKiupa — MpKira) — (1 <> V) (49)
[Juw K/\pa] = (UVAKupa - anKw\a) - (/~‘ A V) (50)
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[J,uua K)\ab] = 771/)\K,uab - nu/\Kyab
|:J,u1/, K)\ab] = ny)\Kuab - nyAKuab
|:<]p,y, K)\ab:l — 7,’V/\[(H‘ab . ,rlu)\KVab

The commutators of J,, with Kupe, Ka°, K., and K¢ are vanishing.

Whereas J,° commutes with K uw, its commutators with the other K's are

[Ja", Kwe] = 0" Kuva
(1.0 K] = —6.°K,."
[Ja", Kpea] = 0" Kpag — 0d" Kac
[ K] = 0.0 K = 0,0,
[Jab’ Mc] R P
Jo, che] = 0" Kade + 64" Kaee + 0" Koea
[Jo", Kea®] = (8" Kaa® = 04" Kac®) — (0 Ked”)
[Jab7 che} (6 SOK de) — (s SO — 6, K )
[Jab’ K] = — (8, KM 4 Su T 4 6,° Kbed)
The nonvanishing commutators of ()., with the K’s are:
[Qab, K] = 00K pva — 0" Kt
[Qubs K] = 00" Kppe — 6" K e
[Qubs K, = — (0K " — 0K o + 6 Ko — 6. K1)
[Qabs Ked] = (06" Kaca — 0" Kpea)
[Qab, K] = = (6" Kae® — 0. Kpe" + 0° K" — 0 Koe”)
[Qubs K] = (8,°K,% + 6, K, + 6,°K,*) — (a > b)
The nonvanishing commutators of Q® with the K’s are:
[Q”, Kyve] = 6K, — 0K "
[Q%, Kpuea) = (0 Kud” — 0" Kpua® + 04" Ko — 64°K,.")
QK. %] = SR, — 50K,
[Q%, Kege] = (0" Kae® + 64" Ko + 6" Ked®) — (a 4> b)
QK. = (_5chdae i 5decae) ~(a s b)
[Qt, K% = 5L Kede _ 5 a pebde
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The nonvanishing commutators of H,, with the K’s are:

(H o, Koxpl = — K e + MupKora + 10K pa) (75)
(H o, Koxol = (0 Knap — Mur K vap) (76)

[Hpo, K)') = (0w Kna” — 10 Kod”) + (6. Kun) (77)
(H o Kupel = =1 Kape (78)

(H o, K] = =0 Kap + 6K (79)

[Hyar K] = = (mu Ka™) = (02" K — 00" ) (80)
[Huas K] = 00" K e (81)

[Hpuar Ko™ = =0a" K" + 04 Ky’ (82)

[Hyy K] = (82K, + 6,00, + 6,0 K, ) (83)

Finally, the nonvanishing commutators of H,* with the K’s are:
[H, Koapl = — (K" + MupKon" + 0un K )
[Huaa KV)\b] = - (anK)\ba - nuAKyba) + (5baK;w)\)
[Hua> Kl/)\b] = (nij}\ab - nuAKVab)
[Huaa KI/bC] = - (nuuKbca) - (5baKw/c - 5ca uub)

84)

85)
86)

(
(
(
(87)
(
(
(
(

(H, K] = 1w K% — 0, K " 88)
[Hua> Kybc} = K 89)

(H,", Kied) = (06" K pea + 0a" Kppe + 6" K ap) 90)

[H.*, K] = (6" K — 6. K,0*) 91)

[Hﬂa’ Kbcd] = 5K, (92)

We can verify that all the Jacobi identities involving any two of the Oy ;7 generators J,,,
Jab, Qup, QW H,, or H,", with either of the operators K,,, K4, -, are satisfied.

Moreover any of the O; ;7 generators can be shown to commute with the following
quadratic operator:

(1
gK,uuAK,uzl)\
1 a 1 a
+§K/waK/w + §KMV sza

(93)
+%KuabKuab + %KuabKuab - KuabKuba

+%Kachabc + %Kuchabc + %Kachcab + %Kachbca
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We proceed now to the introduction of the multiplet that can be associated with the
above operator representation, and to the construction of the infinitesimal O; ;7 trans-
formations that act on it. The desired multiplet with components { B, Bjvq, - - } can
be introduced by the tensor module

%BHW\KHW\ + %BWGKW“ + %BMVaKWa
B={ +i1B.uwK, "+ B.'Kuw" + 1B, K, (94)
2 Bape K + LBy K. + 1B Ky + 3B Kape
Introducing the O, ;7 parameter module,
W = SO+ QT+ S00Q™ + 0% Qut QB + 0 Hy (95)

we can compute the commutator [W,B]. The latter gives a tensor module whose
components would define the needed infinitesimal transformations.

For By, we obtain

)

( Q)\PB/WP - QMJBAVp + QVpBAup
5B,u1/)\ = +QVaB/\ua - Q,uaB/\z/a + Q)\aB,u,ua (96)

+Q)\aB,u1/a - Q,uaBAVa + anB)\,ua )
For B,.,, we obtain

( _Q)\aB/\,LW - Q)\,uB)\Va + Q)\VB)\/LG, )

5Bp,1/a = +QubBuab + QabBqu - QubByab ’ (97)

_QabB,wa + Q,u,szzab - QubB/,Lab

Vs

For B,,“, we obtain

QabB;wb o QubBuab + QubBuab
5B,uua = +Q)\VB)\,ua - Q)\,uB)\Va + QbaB,uub (98)

_QACLB)\;UJ + Q,ubBVba - QubBuba
For B,qp, we obtain

Q,uyByab - QuaBuub + QubBuua
6B;Lab = +QucBabc - QbCBuac + QacBubC (99)
+QaCB,ubc - chBuac + QNCBabc
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For B,mb, we obtain
For B,fb, we obtain
(5B ab __

o
{
|
i

For B,,., we obtain

For B,,°, we obtain

0By =
For B,”, we obtain
6B, =
Finally, for B¢, we obtain

5Babc —

chBuac - QucBabC + QacBubC

+QvaBy1/b + Q/J,uleab - QacB,ucb

b c c b b
+Qc B,ua + Qu Bac - QI/ Bw/a

QB + Q,, B, + QB
—0B,." — QB + Q. B,

Quchab o QVaB,uub + beBuya

QuaBubc + QubBuac - QucBuab
+chBabd - deBacd + Qadecd

_Qadecd + deBacd - chBabd

Q4 Bapg — UaBa™ + Qaa By
_Q,ubB;mc + Q,uaBp,bC + QadedC

_gzdeadc + Qchabd - QMCBMab

QuaB"? — QB — Q“ B¢,

deBadc . QadBdbc o deBacd

+Qchabd o Q,ubBuac + Q,ucB;Lab

chBdab . deBdac + QadBdbc

+QdaBde o deBacd + Qchabd

_Q,uaB,ubc + Q,ubB,uac . QucBuab

|
|
|
|
|
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We can verify that, for any two tensor modules A and B, the above infinitesimal trans-
formations, acting in a like manner on the components of both, would leave invariant
the following bilinear form:

%A,u,u)\B;w)\ + %A,u,uaBpua + %A,uuaB;wa
A-B= +%Auab3uab - AuabBuba + %AuabBuab (106)

3 A B + 2 A0°B" + LA Bt + LAY B,

5 The Dirac-Weyl-Majorana Spinorial Representation of O, ;7

A Dirac spinor in 18-dimensional spacetime has 2° = 512 components. A Weyl (chiral)
constraint would reduce this to 256 components. A Majorana constraint is a reality
condition that would relate these components to the components of the Dirac conju-
gate. In order to construct a corresponding multiplet of Weyl spinors in 4-dimensional
spacetime with components that are described by U7 tensors, we introduce the following

set of operators:
{R7 Lm Rab; LabC7 Rabc’ Laba Raa L} (107)

The above entities are alternately right-handed and left-handed Weyl spinors in 4-
dimensional spacetime. The indices (a,b,---) pertain to SU;, with the multi-index
objects totally antisymmetric. We now write the commutators of the the above opera-
tors with the generators of the O 17 algebra.

For the commutators with the 4-dimensional Lorentz generators, we have

1
[Jw, R] = —57#1,]% (108)

In the above, 7,, is a member of the Dirac algebra, being equal to %[%,%] in terms
of the Dirac matrix operators which satisfy {v,,7.} = 27,,. The remaining operators
{La, Rap, - - - } all have similar commutators with .J,,,, all being Lorentzian spinors.

For the commutators with J,°, the generators of Uz, we have

(1.0, R] = —%5,}’3 (109)

[J.", L] = 0."L, — %5,1%0 (110)

[J.", Rea] = (6."Rag — 64" Rac) — %&lecd (111)

28, L) = (5 Late — 04 Luce + 0 Laca) = 50 L (112)
[Jo", R) = = (6.°R™ — 6,"R"* + 6,°R"") + %@bRcde (113)
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1
[Jab7 LCd] - _ (5acLbd - 5adLbc) + §6abLCd
1
(1.0 R] = —0,°R" + §5abRC
(1.0, L] = 5oL
’ 2
For the commutators with ()4, we have
[Qaba R] = Rab
[Qaby Lc] = Labc

1
[Qalm Rcd] = geabcdengEfg

1
[Qab> Lcde] = §€abcdefgLfg

[Qab, B = (0.°8"R° + 6,0, R + 8,"6,°R°) — (a <> b)
[Qun 1] = (3508 — 3,%0,%)
The commutators of ()., with R. and L are vanishing.

For the commutators with Q. they are vanishing with R and L., and we have
[Q, Rea] = — (6:704" = 6."04") R
[Qab’ Lcde] - - (5ca6dbLe + 5ea50de + 5da68ch) - (CL A b)

[Qab’ Rcde] — _%Eabcdengfg

[Qab, LCd} — _%eabcdefgLefg

[Qab’ RC} — _Rabc
[Cgab7 L} — _Lab

For the commutators with H,,, we have

nay

1

[H/mv R] = _E’}/ﬂ[’a

1
Ly =

[H, ] E%Rab

nas

1
[H,uaa Rbc] = _EVMLabC
11

[Hﬂay Lbcd] = E 5 €abcdefgVu Refg
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[H, R™] = —7 (8aP7u L — 04, L + 8,7, L") (133)

[H,q, L 02"y, RE — 8.7, k) (134)

]__\/—(

[Huaa Rb] _%5(167#[’ (135)

The commutator of H,, with L is vanishing.

For the commutators of H,*, vanishing with R, we have

[H,", L] = %(%GWR (136)

(1,7 B = =5 (L = 8.30) (137)

[H,", Lied) = % (00" YuRea — 0c VuRea + 64 Roe) (138)
[H,2, Rv] = %% gobedely T (139)

[H,2, L] = \}_ 7 R (140)

[H.* R"] = %%L“b (141)

[H," L] = . VR (142)

V2
We can verify that all the Jacobi identities involving any two of the O ;7 generators

S J.L, Qup, Q, ua OF H,* with either of the operators R, L., R, Lape, Rabe [ab,
R or L, are satlsﬁed

6 The Dirac Conjugate Spinorial Representation of Oy 7

In order to be able to write Lagrangian terms for fermionic fields we must introduce
the conjugate spinorial representation. This can be done with the operator set

{L7 RCLJ .Z/ab, RabCJ Eabca Rab7 E(l’ R} (143)

All these are Dirac conjugate spinors. We now write the commutators of all the Oy 17
generators with the elements of the above set.

For the commutators with the Lorentz generators J,,, we have
_ 1-
[Ju L] = 5 L (144)
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and similar commutators for the remaining elements, R,, La, etc., being all Dirac

conjugate spinors.

For the commutators with the U; generators Jab, we have
b1 Loy
(74 L] = =50.'L
[Jaba Rc} = 5cha - %6abéc
_ _ _ 1 _
[Jaby Lcd] = (5chad - 5dbLac) - §5achd
[Jaba Rcde} - (5chade - 5dbRace + 6ebRacd) - %dszcde
[Jab’ I‘/cde} — _ (5acibde . 5adibce + 5aeibcd) + %5abicde
[Jaba Rcd} - <5acRbd o 5adec) + %5abRcd
b 7¢] _ _sc7b 1 bre
(1., L°] = —=6,°L + 50T
[ R] = 30 R

For the commutators with ()4, we have

[Qabu E] = Eab
[Qalﬂ Rc] = Rabc
_ 1 _
[Qaba Lcd] = _EabcdefgLEfg
3!

_ 1 _
[Qaln Rcde] = Qeabcdengfg
[Qab, Z_L"’de} = (5acébdl_f + 0,50, L + 5ad5b€f/c) —(a <+ b)
[Qab; RCd:| - (5a65bd - 6b65ad) R
The commutators of Qg with L* and R are vanishing.

For the commutators of Q%, vanishing with L and R,, we have
[Q®, Lea) = — (604" — 6.°04") L
(Q%, Rege] = — (0:%04"Re + 6.°6."Ra + 64°0.°R,) — (a <> b)
[Qb, L] = _%EabcdefgLfg

[Cga,b7 Rcd] — _%Eabcdengefg
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[Q®, L] = —L™ (163)
[Q",R] = —R* (164)
For the commutators of H,,, we have
[Hyo L] = —%Ra% (165)
[Hyuo, Ry = %Lab% (166)
[Hyua, Loc) = —Eﬁéabew (167)
[Hyua, Roca) = %%Eabcdefg[/efg’yu (168)
(H,, 1] = _% (6.2 R, — 6. R¥y, + 6,9R",) (169)
(0 B"] = _% (62T — 6.°1%7,) (170)
O o
The commutator of H,, with R is vanishing.
For the commutators of H,“, vanishing with L, we have
[, Ry) = %&,“E% (172)
(H," L] = _% (6, Roy — 6.2 Ryy) (173)
[H,", Ryea] = % (6 Loart — 80 Enarv + 64° Loy (174)
1) - s, o
(1, R = %E“bm (176)
(1, 1] = %R“b% (177)
(B, 8] = 2L, (178)

We can verify that all the Jacobi identities involving any two of the Oy7 generators
s Jab_, Qup, Q, H,, or H,", with either of the operators L, R,, Lqy, Rape, Labe Rab,

L* or R, are satisfied.
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Having constructed the Lorentz covariant as well as the U; covariant algebraic repre-
sentations for a fundamental O ;7 spinor and its Dirac conjugate, we can verify that
all generators J,,, T Qap, Q, H,, or H,", of Oy17 do commute with the following
quadratic operator:

1 1. 1. _ _
LL — R,R" — §LabL“b + 3'Ra pe RO + 3'L“bCLabC — §R“bRab — L°L,+ RR  (179)

We now proceed to construct the spinorial multiplet modules and the infinitesimal
transformations of their components.

7 Fundamental Spinorial Multiplet

We introduce an SU; covariant multiplet of Weyl spinors of 4 dimensional spacetime,
via the following module:

R§ + I/aXa + %Rabfab + %EabCXabc
U = - - B - (180)
+%Rabc€abc + %Labxab + Raga + LX
Notice that the &’s are left-handed Weyl spinors, while the x’s are righthanded. We
also introduce the Dirac conjugate module:

_ gR + )_CaLa + %gabRab + %XabcLabc
U = - (181)
+2:Eabe R + 1L 4+ E.R™ + YL

Now, with the O, ;7 parameter module,
1 1 1
W = §Q,UJ/JIW + QLT + 5QabQ“b + éﬂaanb + QuaH,  + Q, H o (182)

we can compute the commutators [W, ¥] and [W, ¥]. These give corresponding spino-
rial modules whose components would define the O, ;7 infinitesimal transformations.

For the infinitesimal transformations of the ¥ components, we have

. 1 L g 1
(55 ngab"i_ Q f \/§ M 7#Xa+ Quu’yuug (183)

1 be b 1 b 1 1 b 1
0Xa = §Q Xabe — S Xp + EQb Xa + EQMCL’YMS + EQM Vubab + ZQM/VWXa (184)
_Qabé + leeabcdengCdfefg + Qacébc - chgac - %Qccgab

0 = (185)
_%Qubw’u){a + %Qua’yMXb - %QMCVMX(IIJC + %LQMVPYMVfab
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5Xabc =

5§abc —

(

_Qadecd + deXacd - chXabd + %Qdanbc

+\[ uc’yugab ,ub’}/ugac + Qualyugbc

L %%Gabcdefgg,ud%ugefg + }lQ,ul/q/,ul/Xabc
( _%eabcdengdegfg + Qabgc _ Qacgb + chga

+Qda€bcd o defacd + Qdcgabd o %Qddfabc

_\/LiQ,uC'y,uXab + %Q#bv‘uxac _ %Q#a,yuxbc

( +\/L§%€ab6defg9ud%>(6fg + 1 Y €

_Qach + Qach - chXa + ieabcdengdexfg )

/
3\

J

c.ab

_1_12€abcdengchefg Qabx Q a bc + Q b ac _ %Qc X
5Xab —
~ 5 M + 50 N + T Qe €™ + QW X

1 1 1 1 1
6a:__Qcabc Qab__Qba__Qa Q0 ab _Qu l/a
§ 528+ 8T — S7E 5 X+ b + 7w Yuwd

ox =

For the infinitesimal transformations of the ¥ components, we have

1
o _Qa ab
5 bX

1

" 1
- §Qa X + Eguafyufa + ZLQ;W'YMVX

_ 1., 1 1 —a
65 = _§Qab£ b— 5 ;wg'y;w ﬁQuax T

1
ox* = —échiabC + 0 - §be>z

1a1

a¢& 1 ~a 1 —a
- EQM 5’7,“ + EQubf b7u - ZQMVX Yuv

_leeabcdengcdéefg 4 Qabg o Qcagbc 4 chgac o %Qccgab

5gab —
_lQ éab _ LQ b-a + L Q + LQ —abc
218 0uvS Yuv V2u X Vu Iz X Yo V2 peX Yu

_leeabcdengdeng + chia _ QacX + Qab

5)Zabc _ +Qda bed de acd + Qdc abd lQ d- abc %%Eabcdeng#dgefg,y“
_%Qucgab,yu + %Qubgac,yu _ %Quagbc,yu _ %LQMVXGZ)C’VMV
_chga + Qacgb - Qabgc + i€abcdengde€fg

5§abc = _Qadgbcd + degacd - chgabd + %Qddgabc + \/Lgéeabcdengudxefg’yM

+\/L§Quc>_(ab7,u - \%Qub)_(mﬁ# + \/ngp,ay(bc/y,u - %Q,uygabcry,uu
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_QabX + %EabcdengCdXefg + Qacibc - chiac + %Qcciab
OXabp = ~ ~ ~ (196)
_%Qubfa'ht + \/Liﬁuagb/yu - %Qucgabc/yu - AllQ,u,uy(ab%Au

_ 1 - -1 - 1 _ 1 - 1 _
55(1 = Echfabc - Qabgb + §be€a + EQ/MX’VM - ZQuuga’y/w + ﬁQubXab’yM (197)
_ 1 ab — 1 a — 1 — 1 a ¢~
ox = 59 Xab + §Qa X — ZQ/WX/Y;W - EQM ga'yu (198)

Having written the infinitesimal transformations we can use them to show that the
following kinetic spinorial bilinear is invariant:

) Xy 0)x — &y - 0)E™ — 5Xan(7 - D)X + Filave(y - D)E™*
T(y-0) = (199)

F X (7 - 0)Xabe — 3E™ (7 - 0)éap — X7 - O)Xa + E(7 - D)E

The above expression applies to an O; ;7 Weyl module. However, we know that we must

also apply the Majorana condition which relates components of ¥ to components of U,
where the tilde denotes transposition. The following 4-dimensional Lorentz covariant,
as well as the SU; covariant, rules would represent the implementation of the Majorana
condition:

X — C§ X — —éC'_l

Xo— C& X — —EC!
- ~ 200

Xab — Cgab Xab — _gal)C'_1 ( )

Xabe — Cgabc Xabc — _gabccfl

\

In the above, C' is the Majorana (or charge-conjugation matrix) which acts on the 4-
dimensional spinorial indices. Noting that C~'v,C = —7,, the above rules would lead
to eliminate the y components in the kinetic bilinears in favor of the £ components,
and our system of 128 Weyl fermions would reduce to a 64-component counterpart.

8 The Composition of a Vector Multiplet
from Fermionic Bilinears

Here we give the composition of an Oy 17 vector multiplet with components {V,,, V,, V*}
from the ¢ and x components of a fundamental spinorial multiplet:

L XX Eami® = XX ™ — 5i€abe ™
V,=— ) ) (201)
+%Xabcp)/,uXabc + %fab’}/ufab - XGFYMXa - 57/15
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_Eax - Xabéb + %Eabcxbc
‘/a - _%Eabcdefgilmdgefg (202)

_%gbCXabc + beab + gXa
XE" = EX ™ — §XbeE™

Va _ +3_16€abcdefg§bcdxefg (203)

F5X6be + Exp — X
Using the Oy 17 infinitesimal transformations of components on both sides, we can verify
that the above expressions are identities.

9 The O, ;7 Couplings of a Vector to a Weyl Fermion

Using the foregoing composition of an O; ;7 vector in terms of the components of a
Weyl fermion, we can now construct the couplings. Starting with a bilinear invariant
of two vector modules V and W,

VW = VW, + V,We + VW, (204)

we then replace the components W,,, W,, and W*, by their compositions in terms of the
¢ and yx fermionic fields. We obtain the following Lorentz invariant, and U, invariant,
coupling terms. These will be given according to the associated vector field.

First for the couplings to the vector V,, we have

1 —EmEF XX + L — X VuXa

V, X —
SRV)

(205)

cabc

+%gab7u£ab - %Xabfyuxab - %gabc%ﬁgabc + %X YuXabe

For the couplings to the scalar 7-plet V,, we have

XE* — X€ — X + &%
_%Xbcgabc + %Xabcgbc + 3_1(56ab8defg£bchefg

For the couplings to the conjugate scalar 7-plet V¢, we have

gXa - gaX - Xabgb + )_(bgab
ves [ 0 ’ (207)
+%fachbC - %gbCXabc - %eabcdefgxbaifefg
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10 The Composition of a Tensor Multiplet
from Fermionic Bilinears

Here we give the composition of an Oy ;17 tensor multiplet with components B,,,x, Bja,

B,,", ete., from the £ and x components of a fundamental spinorial multiplet:

1 X’Y}u/)\X + ga%un\fa - %Xab'}/,uu)\xab - %gabc’}/,uu)\gabc
B/u/)\ = § (208)

+%Xab07uuAXabc + %gabvuu)\fab - Xafy;un\Xa - E’YMV)\g

ga’Y,qu + Xab’)/uugb - %Eabc’)/uuxbc

Byua = —% e Fg VP 50 (209)
+5" Y Xabe — X Vwab — EVvXa
XYurE® = E X ™ — 5Xbe Y

B, = € € PUTIE, Vw e (210)

V2
+%Xabc/7;w€bc + gab%wXb - Xa’)/;wg

g’yugab + XC’YuXabc - Tlgfabcdefgé%d’y,ugefg
Boap = — (211)

— L €abede g XPVuETT + Eabe S + XabVuX
XWX+ €€’ — FXedTuX ™
300 | —3ede €™ — X VuXede
Bua" = — 56 Ve + X VuXe + EN6 (212)

_EaVMSb + )Zac’Yquc + %gacd')/ugbai

+
\ +%Xb6d7uXacd + gbc’}/ugac - Xb’yuXa )
_gab7y€ _ Xabc"}/,uXc 4 %Eabcdefggcde,y#gfg
B," = (213)

+ % 6abcalefg>—<cd,yu><€fg _ §c7u€abc o Xfyuxab

gXabc + %EadeefQdeefg - zlleabcdefggdexfg
Babc - \/5 (214)

_%Eabcdefg)zdefgg + Each
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gaX + Xadfd - %gadexde
51,6 — (CL < b)

-

_%gdeXade + ngad + EX(Z
Bu® = ) (215)

)Zabfc - gabdXCd - 2_146abdefgh>_<6de§fgh
+v2

\ —31€abdefon X" E — € Xaba + X ) )
B R G e AR ‘
— 5% o _ . — (b0
— X" €de — Exa + X€
B, = (216)

gaxbc + )_Cadbed - iEdeefghgadengh

\ _iEdeefghgdefXagh 4 Xdefad + gbcxa )
Xabcg + %EadeefggdefXg _ ieadeengdegfg
B = —\/2 ) (217)
o éeadeefgngefg + Xgabc
Using the Oy ;17 infinitesimal transformations of components on both sides, we can verify
that the above expressions are identities.

11 The O, ;7 Couplings of a Tensor to a Weyl Fermion

Using the foregoing composition of an O; 17 tensor in terms of the components of a
Weyl fermion, we can now construct the couplings. Starting with a bilinear invariant
of two tensor modules V and W,

%ijk + %Vuuawuua + %VuyaWuVa
VW =S +iV W, " — V"W + LV, W (218)

+%Vabcwabc + %V;szWcab + %VabCWbca + %Vabcwabc

we then replace the components Wy,x, Wye, W, etc., by their compositions in
terms of the £ and y fermionic fields. We obtain the following Lorentz invariant, and
U; invariant, coupling terms. These will be given according to the associated tensor
field components. Notice that these couplings are given, for greater generality, without
implementing the Majorana constraint that would eliminate the y components in favor
of the £ components, as discussed before.

11.1 Couplings to the Axial Vector V),

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
tensor V,,,n. Notice that the latter tensor can be traded for an axial vector using the
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4-dimensional epsilon, while the Dirac operator 7,,, can likewise be traded for v,vs.
1 _5'7)\;“/6 + X/YA;WX + ga’VA;wga - )Za'y)\;an

i (219)

VAMV X
1¢ab 1= b 1¢& b 1 —ab
+§€a %\W&w - §Xab’7>\ullxa - anbc’)/kuufa “+ gXa CIYAHVXabc

11.2  Couplings to the Tensor 7-Plets V),

Here we give the invariant O; ;7 couplings of the Uz multiplets of Weyl fermions to the
tensor V,,,,. Notice that the latter is a 7-plet of field-strength-like tensors.

1 9_(7“1/5(1 - >_<a7uuf - gb’Yquab + éab'y,ul/Xb

Viwa (220)

>< [
2v2 — 5 XM A XV Cbe + 356 bV Xes

11.3 Couplings to the Conjugate Tensor 7-Plet V,,“

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
conjugate tensor V.

1 g%an - ga'Yul/X - Xab%wgb + Xb%wfab

)X NG (221)

Vi
+ %gabc’YuVXbc - %gbC’tuXabc - % Eabcdengde’Yuugefg

11.4 Couplings to the Vector 21-Plet V,,

Here we give the invariant Oy ;7 couplings of the U7 multiplets of Weyl fermions to the
vector 21-plet V4. Notice that the latter is part of the O4 gauge multiplet.

cabe

L XX = €€ — €€ = X vuxe
Viah X = (222)

: ) i
e I N py + T IR e Ve

11.5 Couplings to the U; Vector Bosons

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
vectors V,wb. Notice that the latter correspond to the vector gauge bosons of the Uy
algebra.

(

557#5(1 + X“%Xb - XbC’YuXac - ga07u€bc
V..t %
e 1¢ acd 1 —acd
= 58bed V€™ — X" VuXbed 223)
EYu€ + XVuX + E7uE® + XoVuXp
_lv @«
2 ke 1o b 17b 17 bed 1 .—bed
—5Xbe VX © — 587 Vube — 318bed Vi€ — 3iX VX bed
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Notice that we can simplify the above, if convenient, by decomposing the adjoint U;
multiplet Vuab into a traceless part, and a trace part.

11.6 Couplings to the Conjugate Vector 21-Plet Vuab

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
conjugate vector 21-plet Vuab. Notice that the latter is part of the Oq4 gauge multiplet.

_g’yugab - Xab'YMX - XC’YMXabc - gabclyugc

V% x (224)

+ 15 €abede fg X VX9 4 15 €avede g€ VuET?

11.7 Couplings to the Scalar Multiplet V.

Here we give the invariant O, ;7 couplings of the Uz multiplets of Weyl fermions to the
scalar multiplet V..

1 _Xgabc o Xabcg + }leadeengdegfg

Vabe (225)

X —\/_ B B
3vV?2 + % 6abcdefgédxefg - % EadeefgfdefXg

11.8 Couplings to the Scalar Multiplet V,°

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
scalar multiplet V,°.

‘/abc X (f_chb + gach + Xcd{abd + Xabdfcd)

1 _ _
— ¢ — L etV (EeaeXngg + EneaXess) (226)

V2

V" (XE" + XUE — Ex™ = €%Xe — 5Xea€ ™! = 5X*“Eca)

11.9 Couplings to the Conjugate Scalar Multiplet V,*

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
Conjugatc scalar multiplet V,%.
Vo X (= X0e€® = X%pe + EpeaX™ + €% pea)
1
= +i€abcdefgvhab X (Xcdefhfg + thdgefg) (227)

V2

=Va™ (€0 + X F Xoel - X = 5E0eaX™ = 36 Xvea)
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11.10 Couplings to the Conjugate Scalar Multiplet 1/

Here we give the invariant O, ;7 couplings of the U7 multiplets of Weyl fermions to the
conjugate scalar multiplet Vo,

. gXabc + gach - }leabcdefggdexfg
yabe s (228)
3\/§ ‘f’%eabcdefg)zdgefg - %Eabcdefg)zdefgg

12 Discussion

In this article, we have displayed the structure of the fundamental spin—% fermionic SU;
multiplets that constitute a Weyl (or a Majorana-Weyl) spinor in an 18-dimensional
gravidynamic unification"! model. We have also displayed the structure of the bosonic
multiplets. These are spin-1 (gauge) and spin-0 (Higgs) particles that could arise from
the quantum contributions to the effective action. We have decomposed the pertinent
fundamental coupling in the unified scheme.

At this point, the scheme could be decomposed further to display the color SUs and
the family SU;3 structure of the particles and the couplings. The subsequent steps are
straightforward and could follow the work donel'” in connection with grand-unified
014 and SU;. The features and phenomenology discussed there, pertaining to family
structure of quarks and leptons, as well as the family structure of the W-like vector
bosons, and the issue of evading the dilemma of mirror quark-lepton generations, would
all be applicable to the present work.

We shall return, in other articles, to the important problem of symmetry breaking in
an effective action framework. We would direct our concern towards a possible role
to be played by the scalar particles that take part in the foregoing unified fermion-
boson couplings. These scalar particles would be important in selecting the structure
of symmetry breaking via their mass-generating vacuum components.

It is clear that our ability to handle the foregoing extensive algebraic work should
give greater attention to the underlying theory, and its relevance to the description of
some ultimate unified reality, in spite of its immensity. If the replication of hadronic
constituents (quarks) and leptons cannot be explained otherwise, the 18-dimensional
Einstein-Dirac unification scheme, with a fundamental Majorana-Weyl fermionic struc-
ture, would seem to be the correct choice to take, and a confrontation with high-energy
collider phenomenology must take place. A confrontation with the other scheme of
supersymmetric Eg gauge unification™®! should also come to light.
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