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Abstract
The theorem is proved by means of general algebra. It is found that to satisfy equation 2" + b™ = ¢" polynomial
expressions @ = uwv + v™; b = uwvr +w", ¢ = uwv + v™ + w7 and their modifications are required. It is
proved that there should be positive integers 1, and ¢, such that @ + b is divisible by u; and c is divisible by
€, U, . Based on these conclusions two versions of proof are developed. One of them reveals that after long division
of two divisible by ¢ polynomials obtained remainder is coprime with it. In another version transformation of
a™ + b™ into expression that allows to apply the Eisenstein’s criterion reveals a contradiction.
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1. Introduction

According to the Fermat's Last Theorem (FLT) the equation
a® + bt =" (1)
cannot be true when a, b, ¢ and n are positive integers and n>2

The recognized proof of this statement exists for almost two decades. Nevertheless there is still strong belief that
the Theorem can be proved in more conventional way. Maybe because the proof Fermat might have in mind (if any)
was definitely different from that of Andrew Wiles.

Though the FLT belongs to number theory in this paper it is taken rather as a problem of algebra. The proof is
based on binomial theorem that allowed to deduce polynomial values of terms of the equation (1) required to satisfy
it. All means used to build this proof are elementary and well known from courses of general algebra. There is no
References section at the end of this paper,

2. The Proof

It is assumed that a, b, ¢ are coprime integers and N is a prime number.

Lemma-1. When n is a prime number the coefficients at all middle terms of the expanded by binomial theorem
(& + £)" are divided by n.

Proof. This is well known (see Pascal’s Triangle).

Lemma-2 The sum &y ff + &, + -+ a,_ f + &, with &4, &5, ... &, - integers and &,, coprime with 5
is not divisible by .

Proof. Assume &4 8 + o8 + -+ a,_f + a,= AfF

Then 5[4 — (a’l + o, +-- 4o, ;)] = @, i.e [ mustdivide coprime t,,.

Lemma-3. When integers A and coprime B and C are related as A™ = BC then both B and C are to the power n.
Proof. Assume s isa prime and 5™ is factor of A.

Then A™ is divisible by ™",

Since B and C are coprime only one of them can be divided by 5™ i.e. it must be to the power n to be divided by

™" Then both B and C must have all their divisors to the power n..



Assume the equation (1) is true.
Let us express

c=a+k=b+f (2)
Obviously k and f are integers. Then
"+ =(e+ k) =+ 3)

After expansion of sums in parellntheses by binomial theorem we obtain
no— n-1, = _ n—2 n—1
a" = fInb"" + nln — DB"2f + 4 171 (4a)
B® = k[na " + Inln —1)a" %k + o+ k7] ab)
Since f divides @™ and k divides b™ they are coprime. Only first terms of the sums in brackets are not divided by f in
Eq.(4a) and by k in Eq.(4b) and only last terms are not divided respectively by b and a.

In both equations (4a) and (4b) last terms have no factor n.

There are two equally possible cases.
A: n divides neither f nor k;
B: n divides either f or k. The case B will be discussed separately.

2.1. Case A
Here n is assumed to be coprime with f and k.

Lemma-4. There exist positive integerst’, g, W, g, such that in the equation (1) @ = vp and & = wqg

Proof. According to Lemma-2 the sums in brackets are coprime with f in Eq.(4a) and with k in Eq.(4b) and are not
ivi n
dAcc?c?r(jjibn)é to Lemma-3 there must exist positive integers v and w satisfying in the equations (4a) and (4b)
f=v" (5a)
f=w? (5b)
There also must exist positive integers p and g that satisfy in equations (4a) and (4b)
pﬂ =nb" 14 %‘n{?‘l - ljbﬂ_:f‘l' e o fﬂ_L

(6a)

"= gt Inln — Da Tk 4 o+ kML
i = (6b)

Now the equations (4a) and (4b) can be presented as @” = ©"p" and b" = w"g
and we obtain

T

a = vp (7a)
b=wq (7b)

Lemma-5. For equation (1) with a = vp and b = wq there exists a positive integer u such that
a=uwr + 1.

b= wuwr +wh,
’
= uwr + " +wh

Proof. With regard to equations (5a), (5b), (7a), aﬁd (7Db) the expression (2) becomes
vp +w® =wg + " ®)



After regrouping we obtain

vlp — v = wig —w"") ©
Since v and w are mutually coprime each of them must divide a polynomial in parentheses on the opposite side of
the equation.

Now the equation (9) can be rewritten as

n-z n-
p—v g—-w
= = u

w v (10)

Since in both fractions numerators are divisible by denominators u is an integer.
Since p" = 1 = v"" YinEq.(6a) and g" = K™t = w™" ) in Eq.(6b) u is a positive integer.
From Eq.(10)

vp — " = wg —w" = wwr (11)
With regard to equations (7a) and (7b) we obtain
— raa - !
o= uWwr + v ; (128)
j— . -
b= wwr +w : (12b)
c=mv1:‘+1:“+w“l (12¢)

Now the equation (1) becomes

Coww + 0™ + vy +w™)" = (aww + 6" +w™)" (13)

The equation (13) can be solved for uwhenmn = 2: u = +/2..

Since v and w are integers a, b, ¢ cannot be integers and the case A is unacceptable for obtaining Pythagorean
triples.

The discussion for 1t = 3 will be common for both cases A and B.

2.2.Case B

In the equation (4b) n is assumed to be factor of k.
The expression (7a) deduced for case A remains valid: a = vp.

Lemma-6. Assume there exist positive integers k, and t such that k = kyn®and n does not divide &, .
Then there exist positive integers g, w, g such that b = nfwgq.

Proof. Dividing k in Eq.(4b) n becomes a factor of every term of the sum in brackets. Then n can be factored out
leaving the sum in brackets with all terms except the first one divided by k i.e. by n and k4

" = kyn™i et 4 Znln — a2k 4 o 4 kynt Y (14

According to Lemma-2 the sum in brackets has no factors 1 and k4 and according to Lemma-3 there must exist
positive integers w and g such that

ey =w? (15)
and

m= gt ialn — 1)a" k4 e £ kil
q 2 1 (16)

For exponent t+1 to be divided by 7 there must be integer g = 1 such that

t=gn-—1 (17)
Now



k=whndn-t (18)
and the Eq.(14) becomes b" = w™n<"gq",
Then (with @ = 1*p as in case A)
b=nfwg (19)

Lemma-7. For equation (1) with @ = wp and b = nfwq there exists a positive integer u such that in the Eq.(1)
a = nfuwr + 1",
b= nfuwr + nd" tw,

c = nJuwr + " + ﬂgi’!—l.wi'!.
Proof. With regard to equations (5a), (7a), (18), and (19) the expression (2) becomes
vp + nd"tw" = nfwq + " (20)

After regrouping we obtain _
vip —v™ 1) = nfwig — n-‘?:‘”_ﬂ_"wﬂ_"] (1)

. : Gy . . - L
Since ¥ and ™ " are mutually coprime each of them must divide a polynomial in parentheses on the opposite side
of the equation. Now the equation (21) becomes

n—1

o _ Ii|_?,L_r,'=.r.—1.1—1u_r.—1

niw =u (22)

Since in both fractions numerators are divided by denominators u is an integer.
From expression (22)
vp —v" = nfwg — nd" " tw® = nfuwr (23)

With regard to expressions (7a) and (23) we obtain

a=n-‘5'mv1:+1:“; (24a)
h = ﬂgm'l-"l:-' + ﬂ.gn_lu-'ﬂ : (24b)
c = nfuwry +v" + *ng“'lw”_ (24c)
and similar to Eq.(13) equation
(nfuwr + v + (mPuwy + 19" 2w ™" = (nfuwr + v" + a0 L™yt (25)

As it was with the Eq.(13) the Eq.(25) can be solved for u whenn = 2: 1y 5 = £1 |
Substituting these roots for it in the Eq.(25) we obtain an identity

(£29wr + 097 + (£29wr + 29972027 = (£29wr + v7 + 291w ?)% =
= 23w Ip? £ 28 (v + 2297ty ?) 4 £ 270G Myt

(26)

This is a universal formula for obtaining equality
a? + B = ¢2
with any three integers taken as w, v, and g.
The polynomial expressions for terms of the Eq. (26) can be transformed into Euclid’s formulas for generating
Pythagorean triples.



2.3. Common Part

Starting with n=3all n are odd numbers and the left hand part of the equation (1) becomes
a® + b" ={a+&]{aﬂ_l—ﬂ.ﬂ_:5-I—"'—Q.EJH_:-I—EJﬂ_l:] (27)
Obviously £" must contain all factors of a+b and of

a““l—aﬂ_:b+---—abﬂ_: +£Jﬂ_1 ={Q_+&]ﬂ—1_ngb{gi’!—!+,_,+£Ji’!—!:] (28)

There are two possible cases: either a+b is divided by n or not. The latter is the only possible for case B where

a+b=2n%wr + " + iy (29)

Lemma-8. When n = 3 there must be positive integers u, and ¢, such that a+b is divided by w; and c is divided

by u,cy.

Proof. Division of the left hand part of the expression (28) by a+b leaves remainder n5™~* (or na®™~1) It means that
gt — g lh 4 e — g™t LRt

is not divisible by a+b and has no common factors with it unless a+b is divisible by n.

If a+b is not divisible by n then according to Lemma-3 both sums in parentheses of the right hand part of the
equation (27) must be integers to the power n and can be expressed as
a+b=u;

(30)
31)

gl — g Ih e — gkt ppL = cn

If a+b=2uwr+v"+wh
and c=uwr +vr" +w"
have common factor it must be a common factor u, of u and v" + w", Then it can be assumed

U = Uplly

(32)
and
27 i
4w ur_,D (33)
Then
= Hpﬂ'_ﬂ (34)

If in case A n divides a+b it becomes the only common factor of the left hand parts of the equations (30) and (31).
Then according to Eq. (28) the Eq. (31) becomes

(a+ bt —nab (@™ % + - + B"7F) = ncy (35)
In this case for being an integer ¢ requires factor nwith g = 1 and instead of equations (34) and (30) we have
= sy (36)

and
h = nd 1—1, 1
a o u;i‘

@37)
In this case +" + w" becomes divisible by nf ;.
Thus the Lemma-8 is valid for all possible cases of the equation (1).

The foregoing conclusions open two ways to disclose contradictions that prove the Theorem.
Version 1: through remainder left after division of polynomials containing the same factor.
Version 2: through Eisenstein’s criterion



The following discussion is common for both cases. The case A will be used as more simple.

2.3.1. Version 1

The assumption that 2" + 5" = ¢" is true leads to the following conclusion.

Lemma-9. In the equation ) )
& + b" = 2(aww)" + nCuwn) =L (0" +w™) 4 oo + n(oawr) (v700) £ A D) L ypmn L mn (3g)
where the right hand part is a sum of the polynomials

(aowr) ™ + nlaowr) ™1™ + o £ ﬂ(mvv}vr":r"ﬂ =g" — """ (39a)
(wwv) ™ + nlawwe) " tw" + - ¢ ﬂ(m'v}w“':"'ﬂ = B — (39b)
w4 (39¢c)

each of them is divisible by c.

Proof. Since
g = P — Bt
vt =¢c— b ’
whl=rc—a
The equation (39a) becomes
=" =g" —(c—b)"=a" — (" —nc" b+ o+ ek - B =
=nch(c — B} (™% — - £ B H) (402)

By analogy with it the Eq. (39b) is equal

B — w™™ = nea(e — n.:]{.:'"‘_H — et Ee'r‘_a:] (40Db)
And

w4 " = 20" — ™ o+ B) 4+ o+ ne(@™ + 5" — (0" +07) =

=c"—nc" Mo+ b+t ncla"t + 5" (40¢)

If to divide the polynomial (39c) by either of polynomials (39a) or (39b) the obtained at the end remainder must be
divisible by c.
To perform the division we present the polynomial (39a) as follows

C in-10 o inog)ez ;  nln-1)(n-3) nin-3)+3
ﬂv‘ﬂ"ﬂ'ﬂ"'l{mv:] +i"i"" 1;'”"“"3+‘{m-p-:]‘+r n—1){n }1;'

(uw)?+ -+
2-3
+ﬂu,2ﬂ—1{w.:]i’!—l + Uﬂ{w.:]ﬂ (41)

Dividing v"" + w™" by the first term of the sum (41) we obtain first term of a quotient

.l:_.i’!—l

nluw)
Multiplying the rest of terms of expression (41) by it and then subtracting the product from dividend we obtain

- r n-11{n-71 Fan_m - n n n
_ﬂTLU.n-.r!—ﬂ+L{w.:] _m 1:.-:! 4 .l:i’!-.i’!—;:'+;|:w.:].. —_—— v!n—‘{m.:]r!—‘ —iv‘ﬂ_l{m':lﬂ_l +w™ (42)

Now we divide the first term of this polynomial by the first term of the sum (41) and obtain the second (the last)

term of the quotient
n—1

2n
Multiplying the rest of terms of the polynomial (41) by it we obtain



- ::”;ﬂ: .l:_.i’!::i’!—I:'+I|:m1_.:]I e “:1 l;':ﬂ_j'{m':]ﬂ_l - vi’!{w.:]i’! (43)

Subtracting polynomial (43) from the rest of terms of the sum (42) we obtain remainder

n—1

%Un.:ﬂ_g}.l_g(w.}z_l_.,,+”r2—1}2v2r 1( }r 1_|_—1: {'Ll.'l.-'l-:] +w™ (44)

To be divisible by c the remainder must according to Eq. (34) be divisible by w, that according to Eq.(32) divides u.

Since all terms but one of the polynomial (44) contain factor u the sum according to Lemma-2 is not divisible by it.
So the remainder is not divisible by c.
Thus the contradiction with based on the equation (1) Lemma-9 is obtained.

2.3.2. Version 2
From the expression & + b = 2uwr +v" + w"

1
uwy =s[a+b— ™ +w™]]
Denotinga + & =U; v" = f; w" = k we can express equations (12a), (12b), and (12c) as

a:f(U+f—kj (45a)
=§[U—{f - (45b)
c=W+f+E) (45c¢)

Then
. 1 " - nin-1) . _ nin—1) .
o" = SV " - ) + == U (- ) e b —— U - )R

+al(f — k)" + (f —K)"] (46)
1 = m—1 nin—1) . 2 nln-1) o .
== —al (f—k}+TU (f—k}ﬂ—---—TU(f—k}~2+
+al (f — k)"~ = (f —K)"] (47)

- 1 " - nla—1) . _ fln—1) .
=S 4l +0) +—— U+ ) 4 U+ )T 4

+all (f + K"+ (f +K)7] (48)

Now the Eq. (13) becomes after multiplication of both hand sides by 2"

207 + 2R g2 (f — 102 + e+ BRI (f 0n2 4 (- k)Y =
= U™ 4 nl"" 1(f+k]+”“U“'(f+k] + o +”LU{f+k]”'*+
+nl(f + k)" + (F +k)"] (49)

After factorization by U the polynomial in brackets becomes

. win-1) . nln—-1)r-2y o
U‘1+TU‘ 3(f—k}2+---+TU2(f—k}~3+ﬂ{f_k:|ﬂ-l (50)



The coefficients at all terms of the polynomial except the first one contain factor n to the power 1. The Eisenstein’s
criterion can be applied unless f — & is divisible by n.

In the case B
f-k=1v" — i -1lyn

Here f — kis obviously coprime with n.
Lemma-10. In the case A when n does not divide & + & it does not divide f — k.

Proof. With regard to equations (27), (28) and £ = (& + b} — uwv
(a+b)[(a+b)" " —nab@? + -+ 5" = [{a +5) —wwv]" =
=(a + )" —nla + B)" uwr + -+ nla + Bhawr™ ™t — ()" (51)
From it

] n-13 fi—3 -1 n—1
(w1 " = (upuwv) = ={a+b)[nabia" 4+~ + 5" —nla + EJ] wwr + - + nluwr) "1 (52)
Obviously n must divide u. If it does not divide a + b according to Eq. (37) then

uy = nfug (53)
Assume that f — k is divisible by nf. Then » divides ¥ — w in
F—k=0v—wlly—w)™ —nwlev™? - w2

and g = 2.
Subtracting 27" from both hands sides of the Eq. (49)

nin—10n-2
2 pA-Lnms

[F=2um-2(r — 0% + et

U - 0" 4 bl (F )™ =

nin-1)

= U™ MFf +K) + U2 + K + - +”LU{f+k”“+ﬂU{f+k:l”l+
+H(f+ k)P —U" (54)
On the left hand side all terms have different power of 7. The lowest possible equal #* is in the first term. It divides

the polynomial
On the right hand side the last three terms

aU(f + k) - = (f + " = nQuwr + F+ RF + ™+ (F+ K" =

~ [uwn) ™ + nCuw) ™ F + B + o+ R Quwn) 2(f + B e 2uwn(f + 0+ (F +R)°] =
=n(f + k)" — [Cuwr) " +ﬂ(?‘mw]" LF + k) + e+ 222 -1 )3 f + k"1 (55)

After expansion of all U™~ = (2uwv + f + k)" inthe rest of the terms of the right hand part of the Eq. (54) we
will obtain
—(2uwr) " 4 ayn(2uwre) "+ )2+ aon(Quwe) " F LR 1

+ s an(20wr) (f + k)"0 + @y n(2uwv) (F + K dan(f + 8 (56)
With u divisible by n all terms contain it to different power with the lowest at e.n(f + k)" equal 1. This is power of
n dividing the right hand part.
The contradiction proves the assumption that n¥ divides f — & to be wrong.

Thus when in case A n does not divide & + b the Eisenstein’s criterion can be applied to expression (50). It proves
that in this case along with case B the polynomial is irreducible over rational numbers. Since L' = u3 and right hand

part of Eq. (49) is equal {21:_5;5]“ the polynomial must be equal 2“'117;.



The contradiction proves the Theorem for discussed cases.

In case A when & + b is divided by n according Eq. (37) the polynomial (50) must be equal 2“'1?1;2.

If &+ bisdivided by = itis coprime with @ — b = f — k and the Eisenstein’s criterion is applicable to polynomial
(50) in this case too.
The foregoing considerations are not valid when #n = 3 and polynomial (50) becomes

Ut +3(F — k)° (57)

3. Conclusion

Hence the assumption has been proved wrong that the equation
a® + 5" ="

is true when the exponent n = 3 in Version 1 and # = 3 in Version 2 is a prime number .
That proves the Theorem for discussed cases.

In case of the exponent n = mn;. where n; is a prime number the equation (1) becomes
(@)™ + (™)™ = )" (58)
and all foregoing considerations apply.

The only version left to be discussed is the case of the equation (1) with n = 2" where t = 2
Then according to Eq. (26) it can be presented as

o = Mwo o (59)

The left hand part of Eq. (59) can be presented as
ez 2

(@@ ) =(s+v) =5+ 250 + v (60)
From equations (59) and (60) derives
2wy = s(s + 2v) (61)

This equality definitely requires = = szv and the Eq. (61) becomes
Wwr = 5,97 (s + 2) (62)

As 17 cannot be a factor of w, this equation cannot be true.

Now all cases of Fermat’s theorem are proved: the equation (1) cannot be true whenn =3 (n = 3).



