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The LORD opened the eves of the blind; the LORD raiseth them that are bold down;
the LORD loveth the righteous;
Psalms 14038

ABSTRACT. The main objective this paper is to develop asymptotic formulas for the exponential of prime
number, using Dedekind eta function, and afterwards an elliptic modular function.

1. INTRODUCTION

As consequence of the prime number theorem, I get the asymptotic formula for the nth prime

number, denoted by p,:
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M. Pervouchine, in Mémories de la Société physic-mathématique de Kasan, (1, page 848] deduced
that
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On the other hand, Ernest Cesaro, in Sur une formule empirique de M. Pervouchine (1, page 849],
I encounter the formula
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in modern notation,
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On the other hand, the Dedekind eta function was introduced by Richard Dedekind, in 1877, and
is defined in the half-plane H = {7: 3(t) > 0} by the equation [2, page 47]
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The infinite product has the form [J(1 — x™), where x = e?™7. If T € H, then |x| < 1, so the

product converges absolutely and 1s nonzero.

In [2, page 48], I have
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In this paper, I prove, among other things, that
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2. THEOREMS

PART 1

In this part, I develop one asymptotic connection between elliptic modular functions, more

specifically, the Dedekind eta function, and the exponential function of a prime number.

THEOREM 1. 7 have
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where p,, denotes the nth prime number and 1(t) denotes the Dedekind eta function.
Proof. By (2), I have
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I substitute (7) in the right hand side of (8), and obtain
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The exponentiation of (9) give me
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COROLLARY 1. I have
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where p,, denotes the nth prime number and n(t) denotes the Dedekind eta function

1 10
Ininntinn~ 24) 18

Proof The representation in series power of 6‘24(
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I substitute the above result in Theorem 1, and this completes the proof. O

THEOREM 2. I have
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where p,, denotes the nth prime number andn(t) denotes the Dedekind eta function

Proof By (1), I find
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I substitute (7) in the right hand side of (10), and obtain

(11) LN [”(i_/n)].
n n(in)

The exponentiation of (11) give me

Py [n(i/n) 2 o
en~|——
n(in)

pd_[nG/m)°
N PTG

n(i/m)]? -
n(in)

1
(ePnyi~ [

pn n(i/n)
en~ .
n(in)

THEOREM 3. I have
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where p,, denotes the nth prime number andn(t) denotes the Dedekind eta function.

Proof. By (2), I meet
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I take (12) in (7), and obtain
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The exponentiation of (13) give me
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COROLLARY 2. I have
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where p,, denotes the nth prime number andn(t) denotes the Dedekind eta function.
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I substitute the previous result in Theorem 3, and this completes the proof. O
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N - k(3k—1)
e%_% Z (—1)ke-nk@Ek-1) ~e_% Z (_Dke_ﬂT’
k=—o00 k=—o0
Dn - _nn(ﬁk 1)2 77.'(6k 1)2
ezm Z (=D’e Z (=Dke ™ 12n
k=—00 k=—o0
and
N C k(3k—1) k(3k+1)
Y T COYS e
k=1 —

where p,, denotes the nth prime number.

Proof In [3], the Dedekind eta function have the following series sum representation
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This completes the proof. O
PART 2

In this part, I extend the previous work with the elliptical modular functions, demonstrating other
asymptotic formula for the exponential function of prime number.

THEOREM b. 1 have
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where p,, denotes the nth prime number andn(t) denotes the Dedekind eta function.

Proof In [4, page 114], Weber defined the following functions
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where 9gg, 991 and 9y are Jacobi theta functions.

The Theorem 2 assures me that
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In [5, page 173] the Ramanujan’s theta function f(a, b) is defined by
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