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Abstract

The fluid equations, named after Claude-Louis Navier and George Gabriel Stokes, describe the motion of
fluid substances. These equations arise from applying Newton’s second law to fluid motion, together with the
assumption that the stress in the fluid is the sum of a diffusing viscous term (proportional to the gradient of
velocity) and a pressure term - hence describing viscous flow. Due to specific of NS equations they could be
transformed to full/partial inhomogeneous parabolic differential equations: differential equations in respect of
space variables and the full differential equation in respect of time variable and time dependent inhomogeneous
part. Finally, orthogonal polynomials as the partial solutions of obtained Helmholtz equations were used for
derivation of analytical solution of incompressible fluid equations in 1D, 2D and 3D space for rectangular boundary.
Solution in 2D and 3D space for any shaped boundary was expressed in term of 2D and 3D global solution of
Helmholtz equation accordantly.

1 Introduction

In physics, the fluid equations, named after Claude-Louis Navier and George Gabriel Stokes, describe fluid substances
motion. These equations arise from applying Newton’s second law to fluid motion, together with the assumption that
the stress in the fluid is the sum of a diffusing viscous term (proportional to the gradient of velocity) and a pressure
term - hence describing viscous flow. Equations were introduced in 1822 by the French engineer Claude Louis Marie
Henri Navier [I] and successively re-obtained, by different arguments, by a several authors including Augustin-Louis
Cauchy in 1823 [2], Simeon Denis Poisson in 1829, Adhemar Jean Claude Barre de Saint-Venant in 1837, and, finally,
George Gabriel Stokes in 1845 [3]. Detailed and thorough analysis of the history of the fluid equations could be
found in by Olivier Darrigol [4]. The invention of the digital computer led to many changes. John von Neumann,
one of the CFD founding fathers, predicted already in 1946 that automatic computing machines’ would replace
the analytic solution of simplified flow equations by a numerical’ solution of the full nonlinear flow equations for
arbitrary geometries. Von Neumann suggested that this numerical approach would even make experimental fluid
dynamics obsolete. Von Neumann’s prediction did not fully come true, in the sense that both analytic theoretical
and experimental research still coexist with CFD. Crucial properties of CFD methods such as consistency, stability
and convergence need mathematical study [5].

Aims of this article are to propose new approach for solution of incompressible fluid equations. The article has
three basic parts: first part explains how to solve NS in one dimension, second part extend solution to two-dimensional
space and, finally, third part summarize with three-dimensional space.

2 Parabolic formulation of equations

Incompressible fluid equations are expressed as follow

p (2—; + (V-V)v> —pAv+Vp = f (1)
Op B
En +V-(pv) = 0 (2)



where equation (2)) for incompressible flow reduces to fl—if = 0 or p = const due to V- v = 0. Equations of fluid
motion () could be expressed in full time derivative replacing covariant time derivative by

d 0
7ot (v-V) (3)
So, we obtain
dv 9 1
E—GAV—;(—VP-FJC) (4)

3 inhomogeneous parabolic like equation for full time derivative, where a = \/u/p. Tensor of the inner pressure of
fluid for existing solution of velocities could be found by using of equations

3
Pl, = —pe; + fiei + uVi(Y_ v'e;) ()
=1

where e; are eigenvectors of corresponding coordinate system.

3 Galilean transform invariance of Navier—Stokes PDEs

It is known fact that Galilean coordinate transform is invariance transform for Navier—Stokes equations [6].

Definition 3.1. A group G of transformations of v(r,t) is symmetry group of Navier—Stokes equations if and only
if Vg € G,v a NS solution = gv a NS solution.

Theorem 3.1. A Galilean coordinate transformation group
¢S (r,t) = v(r — ut,t) + u,u € R?

is symmetry group of Navier—Stokes equations.

Proof. Set
o(r,t) =v(r —ut,t) +u (6)
Now we apply operator B onto ©
oo(r,t) = Ow(r —ut,t) — (u- V)v(r —ut,t) (7)
(0-V)o(r,t) = (v(r—ut,t)+u) Vo(r —ut,t) (8)
Summation of left and right parts gives
oo (r,t) + (0 - V)o(r,t) = Owo(r — ut,t) + v(r — ut,t) - Vo(r — ut, t) 9)

On other hand, the transformations of spatial derivatives with respect to the coordinates are

Op = 0, - V' + 0ut' 0y = O (10)

Corollary 3.2. For not constant u the displacement of coordinates system of each fluid parcel moving with velocity
u=v(r— ftto vdr, t) transform full time derivative of Navier—Stokes equations into partial time derivative

Dv

r = Ov(r' t) + Or' Opv(r' 1)

t t
= 8t'v(r7/ vdT,t)Jrat(rf/ vd7)dpv(r' ) t)

to to
t

= Ow(r 7/ vdr,t) = dyv(r',t)
to

So, NS equations could be solved at first in partial time derivative form or local coordinate system in Lagrangian
point of view and than transformed into global coordinate system of Eulerean coordinates

v(r,t) =o(r,t) + o(r — / odr, t) (11)

to



4 One dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(z, t)

% ~ Ay = %(—Ver f) in Q x (0, 00) (12)
v(z,0) = vo(z) x €Q (13)

0
8—2 = 0on 90 x (0,00) (14)

where p = p(x,t) and f = f(z,t), @ C R™, n the exterior unit normal at the smooth parts of 9, a® a positive
constant and vg(z) a given function.
So according to [7] equation (@], when z is scaled to a = 1, could be rewritten as follow

dv 0%
dt 0 o2

We expand v and @ in the eigenfunctions sin (
orthogonality could be applied. So, we obtain

+Q(z,t), z€Q, t>0 (15)

nnx
L

nmr
L

mmnx

) on space Q € [0, L] where sin(“F%) and sin(™*) functions

Z ) sin ( mr:c) (16)

with
an(t) = Ii/ x,t) sin Tx)dac (17)
Q
no= fse "= (18)
Q
and -
v(x,t) = Zun(t)sm(@) (19)

Thus we get the inhomogeneous ODE

whose solution is

n(t) = n (Ol /D0 4 [ g, (el 7D (21)
0
where )
. NTT
un(0) = A /UO( )sm(T)dx (22)
Q

Again, we substitute all obtained equations into ([9) and have

o0
1 nms nmwT

v(,t) Z/Uo(s)( I—lsin(T)sin( T Yel= (nm/L)? Yds

J 4
+/ds/0tQ(s,T)(§:
Q n=1

d

Now we must apply continuity condition Vv = z=v(x,t) = 0. This is equation of extreme for coordinate 2. Solving
this equation gives extreme point ... Finally, solution of 1D incompressible Navier-Stokes equation is

| —

sin(?)sin(nzx) e(=(nm/L)*(t= Ndr (23)

~

1

o0

o(t) = /vo(s)(z Iilsin(%)sin(%)sin(f(nﬁ/L)%))ds
Q n=1

' = 1. mrs M Ten . . ,
+! / 21— Jsin (=7 =) sin (= (n/L)*(t = 7)))dr (24)



If we investigate each point of fluid in moving coordinate system of this point, Galilean transform eq. (1) must by
applied.

5 Two dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(z,y, t)

v’ . 1
ch —a?Avt = ;(fvier fi) in Q x (0, 00) (25)
vi(z,y,0) = vple,y) v,y €Q (26)
‘?;; = 00n 80 x (0,00) (27)

where p = p(z,y,t) and f = f(x,y,t), @ C R?", n the exterior unit normal at the smooth parts of 99, a? a positive
constant and v¥(z,y), vy (z,y) a given function.

So, when z and y scale was determined to a = 1, equation (@) could be rewritten as follow
dvt 9%t 0%

dt ax2+ay2 +Q(Z;y7 )a z,y€e, t>0 (8)

5.1 Rectangular boundary

We will expand v and @ in base of orthogonal functions. At first, we must find vector potential Q, of Q so that
Q =V x Q,. To any potential Q,, an arbitrary gradient field can be added to get another vector potential with the
same curl everywhere. For simplicity, the second component of Q, can be taken to be zero, since a gradient field can
take care of that if needed. This means that some equations simplify

0Qy _
Qs _ o
0y @ (30)

These can be solved sequentially, namely Q! is determined using the first equation up to a function of x1, while Q}
is determined by the second equation, up to a function of 5. Than we expand Q, as follow

[ee]
N N . nTT. . mmy
Q= > ()sin () sin (H7Y) (31)
m,n=1 x Y
Now we could express vector Q as follow
> 0 nwT mmy
Q° = _mznilqﬁmp(t)g sin ( I ) sin ( I, ) (32)
= . 0 . namx, . ,mmy
Q=Y )y sin () s () (33)
m,n=1
where .
. ,NTS1, . ,MTS
g%, (t) = //dsldSQQ(l)(Sl,SQ,t)Sln( Ly sin (——2) (34)
LIonn La Ly
Q
and

L = / / dQ(sin(anrjl)sin(ﬂzzQ))Q (35)
Q

The same way we will find vector v for ¢ = 0 by using equations (29) and ([B0). We must find vector potential v, of
v so that v =V x v,. Than we expand v, as follow

N, . nmx, . mmy
vy = Z ug, . (0) sin ( I ) sin ( I, ) (36)

m,n=1



Now we could express vector v for any ¢ as follow

e nrr, . mmy
vto= mgn 1 —sm( I ) sin ( I, ) (37)
> 0 . ,nmx, . ,mmuy
Yy @ Z
v mEnZI “m"(t)ay sin ( I ) sin ( I, ) (38)

Thus we get the inhomogeneous ODE

man (8) F ko ui, () = g, (), (39)
2 2
nm mT
K2oo= (22 mr 4
whose solution is .
2 k2 —r
r(®) = O 5+ [ gt ()l (a1)
where )
ut (0) = —— / / W (51, 52) sin (ALY sin (222) s, dss (42)
Imn 5 le LsQ

Again, we substitute all obtained equations into (B4 and have

1

S(n51,m52)86 S(nxz, my)e (—kinpt )dSldSQ

vi(z,y,t) = (—1)i{2f Uio(st,2)( 20 7o
ff dsydsy fo (s1,82,7)( Y 7=S(ns1, ms2) 32 S(nx, my)e (—knp (=) (43)
m,n=1 *i
Vi, j] € [[z,9], ly, z]] where
S(nx1, mes) = sm(”gm)sm("zy) (44)

If we investigate each point of fluid in moving coordinate system of this point, Galilean transform eq. (IIl) must by
applied.

5.2 Any shaped boundary
For any shaped boundary 02 we will use the similar equations (32)), (33)

oo

Q'(w1, 2, 1) = (-1)" q,l,ln(t)%Hm,k(nxumxz) (45)
J

m,n=1

where i # j and equations (37) and (B8) for velocities

, . )
v (@, e, t) = (—1)F Y u;n(t)%Hm,k(ml,me) (46)

m,n=1 J

where Hagq i (nx, my) are partial solutions of Helmholtz 2D equation for given boundary 9. and could be taken
for example from [9]. The equations of inverse curl operator in any coordinate system could be obtained by solving
equations (29) and (30). So, equation (@3] transforms to

v (21, 22,t) = (=1)' Z %0 Hoo i (nay, may )eFmnpt) (47)
m,n=1 mn x]
vémnf = //’Uéo(51,SQ)HBQ,k(n51,m52)dQ (48)
Q
t 2

Qinn = //dQ/ Qi(sl,52,T)Hggyk(nsl,msz)e(kme)dT (49)

/s 0
[ / 4 (Hpop(nsy, ms2))? (50)



where V[i,j] € [[x1, 2], [x2,z1]] and denotes coordinate indexes. If we investigate each point of fluid in moving
coordinate system of this point, Galilean transform eq. (II]) must by applied.

6 Three dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(z,y, 2, t)

dvt X 1

ch —a?Avt = ;(fvier fi) in Q x (0, 00) (51)

vi(x,y,2,0) = vi(z,y,2) T,y,2E€Q (52)
‘Z;; = 0 on A x (0,00) (53)

where p = p(z,y,2,t) and f = f(x,y,2,t), @ C R3, n the exterior unit normal at the smooth parts of 99, a? a
positive constant and v (z,y, z), v§ (z,y, 2),v§(z, y, z) a given function.
So, when z, y and z scale was determined to a = 1, equation (@) could be rewritten as follow

dv' 0% N 0%’ N 0%’
dt — 0x2  oy? 022

+Qz(x,y727t), Z’y7Z€Q7 t>0' (54)

6.1 Rectangular boundary

We will expand v and @ in base of orthogonal functions. At first, we must find vector potential Q, of Q so that
Q =V x Q,. To any potential Q,, an arbitrary gradient field can be added to get another vector potential with the
same curl everywhere. For simplicity, the third component of Q, can be taken to be zero, since a gradient field can
take care of that if needed. This means that some equations simplify

095 _ 1
~ T =@ (55)
QL
—2=Q (56)
8I3
Q2 9Q!
agf - acj; =< (57)

These can be solved sequentially, namely Q2 is determined using the first equation up to a function of 7 and w3,
while @} is determined by the second equation, up to a function of x5 and x3. The third equation can then be solved
provided our solvability conditions holds. Than we expand Q, as follow

3 > i . nmwx., . mmny., . prz .
Qb="D up(t) sin (Z—)sin (=) sin (5=), Vi € [1,2] (58)
m,n,p=1 Lm Y LZ

where ¢j,,,,, = 0. Now we could express vector Q as follow

> 0 o, . nmmx, . ,mwy. . prz
T __ Y _— _ a7 N
@~ 3 Wl ~ G0 (Fsin (E D sin () (59)
Q=S gL — g2 sin (2 s (Y i (22 (60)
e e L L, L.
= Y @) — @O sin (T s (Y i (P (61)
= = anp az anp ay La: y 5
where )
, . . MmS1. . ,MT Sy, . ,PTS
G (1) = T // ds1dsadss Q' (s1, s2, 83,t) sin ( Lﬂl)sm( L522)Sm(pL533) (62)
Q
and
Lnp = / / dsydsadss (sin (L) sin (1222 ) sin (2223 ))2 (63)
le L52 LS3
Q



The same way we will find vector v for ¢ = 0 by using equation (B3]), (56) and (57). Than we expand v, as follow

vl = mnz;d Upyp(0) sin (ngj ) sin (ﬂzzy) sin (pLLZZ), Vi € [1,2] (64)
Now we could express vector v for any ¢ as follow
Y (0 = 02 sin () sin (T i (22 (65)
B MRPR gy P O L, L, L.
m,n,p=1
> 0 0 nwT Y Pz
v = mnz;:1(ufnnp(t)a - u'rxnnp(t)%)Sin( La: )Sin( y ) ( Lz ) (66)
vt = i w02 — v )L sin (P78 sin (T sin (272 (67)
n mPA gy PN Gy L, L, L,
m,n,p=1
where u,,,.(t) = 0. Thus we get the inhomogeneous ODE
umnp( )+k'r2nnp innp(t) = qinnp(t)’ (68)
2 2 2
o - () () (2)
P L, L, L,
whose solution is .
uinnp(t) = u:nnp(o) ( kimpt) + / qinnp (T)e(_kimp(t_ﬂ)dT (70)
0
where )
by (0) = T /// vh, (51,52, 83) sin (ngjl ) sin (7727:2 ) sin (plizs )ds1dsadss (71)
Q

Again, we substitute all obtained equations into (54) and have

o)
(z,y,2,1) fffvoo (s1,52,58)( > 7i=S(ns1,msa, pss) 52 S (nx, my, pz)e~Frnt))ds dsadss

T
m,n,p=1
—gfvéo(sl,52,53)(m %:1 IiﬂpS(nsl,mSQ,%)%S(nI,my,pz) eFrnpt))dsy dsydss
[ee]
+ [[[ ds1dsadss fot Qi(s1,52,83,7)( > 7 L S(ns1, msa, ps3) 50— 0 S(n:c my, pz)e( Ky (t= T)))d’l'
Q m,n,p=1 mne
—fffd31d52d53 fo L(s1,82,83,7)( > mSmnp(nsl,mSQ,ps@a%lS(nx,my,pz) e(“Fmnp(t= Mydr  (72)
m,n,p=1 P
v[i’j7 k:l E I:[x’y’ Z:I’ [y7 271:]’ [271:7 y]] Where

S(nzy, mx, prs) = sin () sin (”}zy) sin (972) (73)

If we investigate each point of fluid in moving coordinate system of this point, Galilean transform eq. (1) must by
applied.

6.2 Any shaped boundary
For any shaped boundary 92 we will use the similar equations (B9), (60), (61))

) > . 0 0
Q' (w1, w2, 3,t) = mnz:j:l <annp(t)87j - Q%np(t)a—xl) Hoq k(nw1, mza, pr3) (74)

where V[i, 7,1] € [[x1, 22, 23], [x2, 23, 21], [x3, 21, 22]] and equations (G3]), (66 and (7)) for velocities

) > 0 0
v (1, mo, 5,1) = Y (Ufnnp( )% - uinnp(t)a_xl> Hoaq (nx1, mzg, pr3) (75)

m,n,p=1



where Haq i (nz, my, pz) are partial solutions of Helmholtz 3D equation for given boundary 0€). and could be taken
for example from [9]. The equations of inverse curl operator in any coordinate system could be obtained from [10].
So, equation (72) transforms to

— = — ) Hpq i (nx1, mwzap%)@(*k;”w (76)

i
v(r1,T9,x3,1
(1, 22, 23,1) Lnp 0z Lnnp 0x;

i ((vémnpf + Qinnp) 0 (Uémnpf + Qinnp) 0

m,n,p=1

/// V4o (51, 52, 83) Hoq,k (ns1, msa, ps3)dS (77)
Q

%
UOmnpf

t
znnp /// dQ/O QZ(Sl;52753;7')H89,k(n51;m527p53)6(k72"7LpT)d7— (78)
Q

Imnp

// dQ (Hp,x (ns1, msa, pss))’ (79)
Q

where V[i, j, k] € [[x1, 22, x3], [x2, T3, 1], [r3, %1, 22]] and denotes coordinate indexes. If we investigate each point of
fluid in moving coordinate system of this point, Galilean transform eq. (1)) must by applied.

7 Conclusions

Due to the form of fluid equations they could be transformed into the full/partial inhomogeneous parabolic differential
equations: partial differential equations in respect to space variables and full differential equations in respect to the
time variable and inhomogeneous time dependent part. Velocity and outer forces density components were expressed
in form of curl for obtaining solution satisfying continuity condition. Orthogonal polynomials as the partial solutions
of obtained Helmholtz equations were used for derivation of analytical solution of velocities for incompressible fluid in
1D, 2D and 3D space for rectangular boundary. Solution in 2D and 3D space for any shaped boundary was expressed
in term of 2D and 3D global solution of Helmholtz equation accordantly.
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