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Abstract

Using equality of full and covariant time derivatives and partial solutions of Helmholtz equation analytical

solution of 1D, 2D and 3D Navier-Stokes equations was obtained

1 Introduction

In physics, the NavierStokes equations, named after Claude-Louis Navier and George Gabriel Stokes, describe the
motion of fluid substances. The Clay Mathematics Institute has called this one of the seven most important open
problems in mathematics and has offered a US$1,000,000 prize for a solution or a counter-example[1].

2 Parabolic equation formulation

Incompressible Navier-Stokes equations are expressed as follow

ρ

(

∂v

∂t
+ (v · ∇)v

)

− µ∆v +∇p = f (1)

ρ = const (2)

First of Navier-Stokes equations could be expressed in full time derivative replacing covariant time derivative by

d

dt
=

∂

∂t
+ (v · ∇) (3)

So, we obtain
dv

dt
− a2∆v =

1

ρ
(−∇p+ f) (4)

3 inhomogeneous parabolic like equation for full time derivative, where a =
√

µ/ρ.

3 One dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(x, t)

dv

dt
− a2∆v =

1

ρ
(−∇p+ f) in Ω× (0,∞) (5)

v(x, 0) = v0(x) x ∈ Ω (6)

∂v

∂n
= 0 on ∂Ω× (0,∞) (7)

where p = p(x, t) and f = f(x, t), Ω ⊂ R
n, n the exterior unit normal at the smooth parts of ∂Ω, a2 a positive

constant and v0(x) a given function.
So according to [2] equation (4), when x is normed to a = 1, could be rewritten as follow

dv

dt
= vxx +Q(x, t), x ∈ Ω, t > 0 (8)

1



Now, we expand v and Q in the eigenfunctions sin (nπx)

Q(x, t) =

∞
∑

n=1

qn(t) sin (nπx) (9)

with

qn(t) = 2

∫

Ω

Q(x, t) sin (nπx)dx (10)

and

v(x, t) =

∞
∑

n=1

un(t) sin (nπx) (11)

Thus we get the inhomogeneous ODE
u̇n(t) + (nπ)2un(t) = qn(t), (12)

whose solution is

un(t) = un(0)e
−(nπ)2t +

∫ t

0

qn(τ)e
−(nπ)2(t−τ)dτ (13)

where

un(0) = 2

∫

Ω

v0(x) sin (nπx)dx (14)

Again, we substitute all obtained equations into (11) and have

v(x, t) =

∫

Ω

v0(s)(
∞
∑

n=1

2 sin (nπs) sin (nπx)e−(nπ)2t)ds

+

∫

Ω

ds

∫ t

0

Q(s, τ)(

∞
∑

n=1

2 sin (nπs) sin (nπx)e−(nπ)2(t−τ)dτ) (15)

4 Two dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(x, y, t)

dvi

dt
− a2∆vi =

1

ρ
(−∇ip+ fi) in Ω× (0,∞) (16)

vi(x, y, 0) = vi0(x, y) x, y ∈ Ω (17)

∂vi

∂n
= 0 on ∂Ω× (0,∞) (18)

where p = p(x, y, t) and f = f(x, y, t), Ω ⊂ R
2n, n the exterior unit normal at the smooth parts of ∂Ω, a2 a positive

constant and vx0 (x, y), v
y
0 (x, y) a given function.

So, when x and y are normed to a = 1, equation (4) could be rewritten as follow

dvi

dt
= vixx + viyy +Qi(x, y, t), x, y ∈ Ω, t > 0 (19)

Now, we transform to the pole coordinates and expand v and Q in the eigenfunctions sin (nθ)Jn(km,nr) and
cos (nθ)Jn(km,nr), where Jn(km,nr) is Bessel function

Qi(r, θ, t) =

∞
∑

m,n=1

(qi1mn(t) sin (nπx)Jn(km,nr) + qi2mn(t) cos (nπx)J−n(km,nr)) (20)

with

qi1mn(t) =
1

I2mn

∫∫

Ω

Qi(r, θ, t) sin (nπθ)Jn(km,nr)rdrdθ (21)

qi2mn(t) =
1

I2m,−n

∫∫

Ω

Qi(r, θ, t) cos (nπθ)J−n(km,nr)rdrdθ (22)

I2mn =

∫∫

Ω

(sin (nπθ)Jn(km,nr))
2rdrdθ (23)
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and

vi(r, θ, t) =
∞
∑

m,n=1

(ui
1mn(t) sin (nπx)Jn(km,nr) + ui

2mn(t) cos (nπx)J−n(km,nr)) (24)

Thus we get the inhomogeneous ODE

u̇i
jmn(t) + k2m,nu

i
jmn(t) = qijmn(t), (25)

whose solution is

ui
jmn(t) = ui

jmn(0)e
−k2

m,nt +

∫ t

0

qijmn(τ)e
−k2

m,n(t−τ)dτ (26)

where

ui
1mn(0) =

1

I2mn

∫∫

Ω

vi0(r, θ) sin (nπθ)Jn(km,nr))rdrdθ (27)

ui
2mn(0) =

1

I2m,−n

∫∫

Ω

vi0(r, θ) cos (nπθ)J−n(km,nr))rdrdθ (28)

Again, we substitute all obtained equations into (40) and have

vi(r, θ, t) =

∫∫

Ω

vi0(s
′, s)(

∞
∑

m,n=1

1

I2mn

sin (nπs)Jn(km,ns
′)) sin (nπθ)Jn(km,nr))e

−k2

m,nts′ds′ds

+

∫∫

Ω

s′ds′ds

∫ t

0

Qi(s′, s, τ)(
∞
∑

m,n=1

1

I2mn

sin (nπs)Jn(km,ns
′)) sin (nπθ)Jn(km,nr))e

−k2

m,n(t−τ)dτ

+

∫∫

Ω

vi0(s
′, s)(

∞
∑

m,n=1

1

I2m,−n

cos (nπs)J−n(km,ns
′)) cos (nπθ)J−n(km,nr))e

−k2

m,nts′ds′ds

+

∫∫

Ω

s′ds′ds

∫ t

0

Qi(s′, s, τ)(

∞
∑

m,n=1

1

I2m,−n

cos (nπs)J−n(km,ns
′)) cos (nπθ)J−n(km,nr))e

−k2

m,n(t−τ)dτ (29)

Finally
[vx, vy]T = M2[vr , vθ]T (30)

where M2 is transform matrix to x, y coordinates.

5 Three dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(x, y, z, t)

dvi

dt
− a2∆vi =

1

ρ
(−∇ip+ fi) in Ω× (0,∞) (31)

vi(x, y, z, 0) = vi0(x, y, z) x, y, z ∈ Ω (32)

∂vi

∂n
= 0 on ∂Ω× (0,∞) (33)

where p = p(x, y, z, t) and f = f(x, y, z, t), Ω ⊂ R
3n, n the exterior unit normal at the smooth parts of ∂Ω, a2 a

positive constant and vx0 (x, y, z), v
y
0 (x, y, z), v

z
0(x, y, z) a given function.

So, when x, y and z are normed to a = 1, equation (4) could be rewritten as follow

dvi

dt
= vixx + viyy + vizz +Qi(x, y, z, t), x, y, z ∈ Ω, t > 0 (34)

Now, we transform to the sphere coordinates and expand v and Q in the eigenfunctions Y m
ℓ (θ, ϕ)jℓ(kr) and

Y m
ℓ (θ, ϕ)yℓ(kr), where jℓ(kr) and yℓ(kr) are the spherical Bessel functions, and Y m

ℓ (θ, ϕ) are the spherical har-
monics [3]

Qi(r, θ, t) =
∞
∑

ℓ=0

ℓ
∑

m=−ℓ

(qi1ℓm(t)jℓ(kℓmr) + qi2ℓm(t)yℓ(kℓmr))Y m
ℓ (θ, ϕ), (35)
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with

qi1ℓm(t) =
1

I3ℓm

∫∫∫

Ω

Qi(r, θ, t)Y m
ℓ (θ, ϕ)jℓ(kℓmr)r2 sin (θ)drdθdϕ (36)

qi2ℓm(t) =
1

I ′3ℓm

∫∫∫

Ω

Qi(r, θ, t)Y m
ℓ (θ, ϕ)yℓ(kℓmr)r2 sin (θ)drdθdϕ (37)

I3ℓm =

∫∫∫

Ω

(Y m
ℓ (θ, ϕ)jℓ(kℓmr))2r2 sin (θ)drdθdϕ (38)

I ′3ℓm =

∫∫∫

Ω

(Y m
ℓ (θ, ϕ)yℓ(kℓmr))2r2 sin (θ)drdθdϕ (39)

and

vi(r, θ, t) =

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

(ui
1ℓm(t)jℓ(kℓmr) + ui

2ℓm(t)yℓ(kℓmr))Y m
ℓ (θ, ϕ) (40)

Thus we get the inhomogeneous ODE

u̇i
jℓm(t) + k2ℓmui

jℓm(t) = qijℓm(t), (41)

whose solution is

ui
jℓm(t) = ui

jmn(0)e
−k2

ℓmt +

∫ t

0

qijmn(τ)e
−k2

ℓm(t−τ)dτ (42)

where

ui
1ℓm(0) =

1

I3ℓm

∫∫∫

Ω

vi0(r, θ, ϕ)Y
m
ℓ (θ, ϕ)jℓ(kℓmr)r2 sin(θ)drdθdϕ (43)

ui
2ℓm(0) =

1

I ′3ℓm

∫∫∫

Ω

vi0(r, θ, ϕ)Y
m
ℓ (θ, ϕ)yℓ(kℓmr)r2 sin(θ)drdθdϕ (44)

Again, we substitute all obtained equations into (40) and have

vi(r, θ, t) =

∫∫∫

Ω

vi0(s
′′, s′, s)(

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

1

I3ℓm
Y m
ℓ (θ, ϕ)jℓ(kℓmr)Y m

ℓ (s′, s)jℓ(kℓms′′))e−k2

ℓmtdΩ

+

∫∫∫

Ω

dΩ

∫ t

0

Qi(s′′, s′, s, τ)(

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

1

I3ℓm
Y m
ℓ (θ, ϕ)jℓ(kℓmr)Y m

ℓ (s′, s)jℓ(kℓms′′))e−k2

ℓm(t−τ)dτ

+

∫∫∫

Ω

vi0(s
′′, s′, s)(

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

1

I ′3ℓm
Y m
ℓ (θ, ϕ)yℓ(kℓmr)Y m

ℓ (s′, s)jℓ(kℓms′′))e−k2

ℓmtdΩ

+

∫∫∫

Ω

dΩ

∫ t

0

Qi(s′′, s′, s, τ)(

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

1

I ′3ℓm
Y m
ℓ (θ, ϕ)jℓ(kℓmr)Y m

ℓ (s′, s)yℓ(kℓms′′))e−k2

ℓm(t−τ)dτ (45)

where dΩ = s′′2 sin (s′)ds′′ds′ds. Finally

[vx, vy, vz ]T = M3[vr, vθ, vϕ]T (46)

where M3 is transform matrix to x, y coordinates.

6 Conclusions

Using equality of full and covariant time derivatives and partial solutions of Helmholtz equation analytical solution
of 1D, 2D and 3D Navier-Stokes equations was obtained
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