On Global Solution of Incompressible Navier-Stokes equations
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Abstract

Using equality of full and covariant time derivatives and partial solutions of Helmholtz equation analytical
solution of 1D, 2D and 3D Navier-Stokes equations was obtained

1 Introduction
In physics, the NavierStokes equations, named after Claude-Louis Navier and George Gabriel Stokes, describe the

motion of fluid substances. The Clay Mathematics Institute has called this one of the seven most important open
problems in mathematics and has offered a US$1,000,000 prize for a solution or a counter-example[I].

2 Parabolic equation formulation

Incompressible Navier-Stokes equations are expressed as follow

p<aa—‘t,+ (V'V)V) — pAv + Vp f (1)
p = const (2)

First of Navier-Stokes equations could be expressed in full time derivative replacing covariant time derivative by
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So, we obtain
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3 inhomogeneous parabolic like equation for full time derivative, where a = \/u/p.

3 One dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(z, t)

%ﬂﬁm - %(7Vp+f) in Q x (0,00) (5)
v(z,0) = vo(z) z€Q (6)

0
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where p = p(x,t) and f = f(z,t), Q C R™, n the exterior unit normal at the smooth parts of 9, a® a positive
constant and vg(z) a given function.
So according to [2] equation (), when z is normed to a = 1, could be rewritten as follow

d
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Now, we expand v and @ in the eigenfunctions sin (nmz)
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Q(z,t) = ) qn(t)sin (nmz) 9)

n=1

with
qn(t) = Q/QQ(I, t) sin (nmzx)dz (10)

and

v(@,t) = un(t) sin (nmx) (11)

n=1
Thus we get the inhomogeneous ODE
un(t) + (nﬂ)Qun(t) = (n (t)v (12)
whose solution is .
Un(t) = un (0)e™ "™ 4 / o (T)e~ (T g (13)
0
where
un(0) = 2/ vo(x) sin (nmx)dx (14)
Q
Again, we substitute all obtained equations into (II]) and have
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4 Two dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(z,y, t)
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v'(z,y,0) = vplw,y) v,y €Q (17)
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where p = p(z,y,t) and f = f(x,y,t), @ C R*" n the exterior unit normal at the smooth parts of 99, a? a positive
constant and v¥(z,y), vy (z,y) a given function.
So, when z and y are normed to a = 1, equation [#)) could be rewritten as follow

dv’

dt
Now, we transform to the pole coordinates and expand v and @ in the eigenfunctions sin (n6)J,(kmy, ,7) and
cos (n0)Jy, (km.nr), where Jy, (km,nr) is Bessel function

=vl, +vh, + Q' (2,y,1), 2,y €Q, t>0 (19)
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and
oo

vi(r,0,t) = Z (Ul (0) sin (n702) Ty (K ) + b, () cOs (n72) Ty (K n)) (24)

m,n=1

Thus we get the inhomogeneous ODE

whose solution is
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where
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Again, we substitute all obtained equations into (@) and have
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Finally
[vz,vy]T - M2[vrav0]T (30)
where M? is transform matrix to x,y coordinates.

5 Three dimensional inhomogeneous solution

Consider the initial-boundary value problem for v = v(z,y, 2, t)

. | .
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v'(z,y,2,0) = v(z,y,2) 29,2 € Q (32)

?;:L = 00099 x (0,00) (33)

where p = p(z,y,2,t) and f = f(x,y,2,t), @ C R3, n the exterior unit normal at the smooth parts of 99, a? a
positive constant and v§ (x, vy, 2), v§ (z,y, z), v§(z, y, z) a given function.
So, when z, y and z are normed to a = 1, equation {@l) could be rewritten as follow

dv’
dt

=0l + v;y +ol 4+ Q% (x,y, 2, 1), T,y,2€Q, t >0 (34)

Now, we transform to the sphere coordinates and expand v and @ in the eigenfunctions Y;™(6,¢)je(kr) and
Y0, p)ye(kr), where jy(kr) and y,(kr) are the spherical Bessel functions, and Y;™(6,¢) are the spherical har-
monics [3]
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with

o) = Igm / / Qi (r,0,1)Y,; (8, )j¢(kemr)r? sin (9)drdfdy (36)
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and o,
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Thus we get the inhomogeneous ODE

whose solution is .
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where
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Again, we substitute all obtained equations into (@) and have
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where df) = 5”2 sin (s')ds" ds'ds. Finally
[’Ug;a Uya UZ]T = M3[’UT7U95 ’UW]T (46)

where M3 is transform matrix to x,y coordinates.

6 Conclusions

Using equality of full and covariant time derivatives and partial solutions of Helmholtz equation analytical solution
of 1D, 2D and 3D Navier-Stokes equations was obtained
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