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PREFACE

In this book we introduce, develop and study the new notion of
subset semilinear algebras. We use the subset semigroups over
the semifields to build semilinear algebras of both finite order
and infinite order. The concept of subset linear independence
and subset linear dependence leads to the dimension and basis
of subset semilinear algebras.

Next the concept of Smarandache special strong subset
semilinear algebras is defined over subset semirings. We study
the substructures of them. We give examples of subspaces of
these spaces. The concept of special semi linear transformation
is developed and described in this book.

We define the new notion of subset A in a subset
semivector space viz, the sum in A. If in the set A = (37, 12, 5,
8, 9) the subset sum of A denoted by Asas 37 +12+5+8+9
= 71. This notion is defined mainly to define the concept of
subset semi inner product on subset semivector spaces. This
concept is described and illustrated by examples.

This new concept helps the authors to define the notion of
subset semilinear functional. The concept of subset semilinear
operator and subset semiprojections are described and
developed. These concepts give many innovative ideas which



can find nice applications in all the places where semirings find
their applications.

Finally several problems are suggested some of which are at
research level.

We thank Dr. K.Kandasamy for proof reading and being
extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book we introduce the notion of subset semilinear
algebras (subset semivector spaces) defined over a semifield.
This study is both interesting and innovative. We also introduce
the notion of subset semiinner product spaces. We need the
basic concept of subset semigroup to build subset semivector
spaces over a semifield.

Also the notion of subset semivector spaces over subset
semirings which are Smarandache subset semifields is described
and some new algebraic structures are developed.

It is pertinent to keep on record that finding subset basis of a
subset semivector space is also a difficult job. It is an open
question to find the number of subset basis of a subset
semivector space defined over a semifield.

We also leave this as an open problem, “Characterize those
subset semivector spaces which has only one subset basis” or
equivalently characterize those subset semivector spaces which
has more than one subset basis.



8 | Subset Semilinear Algebras

Finally we wish to study under what conditions we can have
the classical spectral theorem to be true in case of subset
semivector spaces. When instead of the semifield Z* U {0} or
Q" u{0}orR U {0}or(Z" U l)yu {0} or(Q" U lyu {0} or
(R* U ) w {0} we use distributive lattices / chain lattices we
study all these problems / properties.

Study of the subset semivector spaces when the semifield is
1
[ 0
the Boolean algebra of order two is interesting.

If S is a subset semivector space defined over the chain
lattice C, study or find out whether there are chances of the
subset semivector space to have more than one subset semiinner
product defined on it?

Can those subset semivector spaces defined over C, have
subset semi unitary operator or subset semi normal operator to
be defined on it?

Further when is it possible to have Gram Schmidt
orthogonalization property to be true for the subset semivector
spaces defined over C,, a chain lattice with n elements? For
more about subset algebraic structures please refer [25-6].



Chapter Two

SUBSET SEMILINEAR ALGEBRAS

In this chapter we for the first time define the notion of subset
semi linear algebras defined over the semifield. We then
generalize this concept over S-semirings. We describe, develop
and define these new concepts.

DEFINITION 2.1: Let S = {Collection of all subsets of a
semigroup} be the subset semigroup. F be a semifield.

(i) Ifforalls eSanda eF;asandsa €S

(i) {0}+s=s+{0}=sforalls S.

(iii) s;+s,=s,+s; eSforalls;, s, €S

(iv) {0} eSanda eF; {0} xa={0}

(v) Foralla,b e Fands S we have (ab)s = a(bs)
(vi) a(s;+sy)=as;+as,foralla e Fandsy, s, €S.
(vii) (a+b)s=as+bsforalla,b eFands S.
(viii) 1.s=sforalls eSand1 eF.

Then we define S to be a subset semivector space over the
semifield F.
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We will illustrate this situation by an example.

Example 2.1: Let S = {Collection of all subsets from the
semigroup Z* L {0}} be the subset semigroup. F=2Z"u {0} be
the semifield. S is a subset semivector space over the semifield

F.

IfA={3,4,5 7, 0}and B={10, 2,6, 12, 1} € S.
WeseeforO e F.
0A=0x{3,4,57,0}=0.

Also for {0} € S we have {0} x a={0}
foralla e Z* U {0}.

Consider 5 (A + B)

=5({3,4,5,7,0} +{10, 2,6, 12, 1})

=5 ({13, 14, 15, 17,10, 5, 6,9, 2, 11, 16, 19, 12, 8, 1, 4})

= {65, 70, 75, 85, 50, 25, 30, 50, 10, 45, 55, 80, 60, 95,
40, 5, 20} ol

Consider 5A + 5B =

53,4,5,7,0}) + ({10, 2,6, 12, 1})

= {15, 20, 25, 35, 0} + {50, 10, 30, 60, 5}

= {65, 70, 75, 85, 50, 25, 30, 35, 45, 10, 55, 80, 95, 60,
20, 40, 5} L

I and Il are equal hence 5 (A + B) = 5A + 5B.

Other properties can be easily checked.

Clearly the number of elements in S is infinite.

We will later describe / define the linear independence,

dependence, basis etc of the subset semivector spaces.
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Example 2.2: Let S = {Collection of all subsets from the
semigroup Q* w {0}, under +} be the subset semigroup. S is a
subset semivector space defined over the semifield
F=2"u{0}.

We see the subset semivector space in example 2.1 is
different from that of the one given in example 2.2. Infact the
subset semivector space in example 2.1 is contained in the
subset semivector space given in example 2.2.

It is also interesting to note that S the subset semivector
space given in example 2.2 will continue to be a subset
semivector space defined over the semifield Q" L {0} however
the subset semivector space defined in example 2.1 will not be a
subset semivector space over the semifield Q" u {0}. For if
A ={2,5, 0} isin S of example 2.1 when we multiply by the
scalar 1/7 € Q" U {0} we see 1/7 A= 1/7 {2, 5, 0} = {2/7, 5/7,
0} ¢ Sinexample 2.1.

Thus we see in general a subset semivector space defined
over a semifield may not continue to be a semivector space
defined over every other or any other semifield.

We see the subset semivector space given in example 2.1
defined over the semifield Z* w {0} is not a subset semivector
space defined over the semifield R* U {0}.

For if A ={0, 9/2, 1, 15/11} € S in example 2.1, we see if

J17/\13 € R* U {0} then
V17/\13 x A= V17/413 {0, 912, 15/11, 1}

_ (0, VT A3, 917 1517

isnotinS.
PNERETN T }

Hence the claim.
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Example 2.3: Let S; = {Collection of all subsets from the
semigroup (Z* u {0})[x], under +} be the subset semigroup. S;
is a subset semivector space over the semifield F = Z* U {0}.

For if A= {1+ 3x*+ 5%, 9x" + 2, 10x° + 12} € S, take
10 € F we see 10A = 10 x {1 + 3x% + 53, 9x” + 2, 10x° + 12}
= {10 + 30x? + 50x, 90x’ + 20, 100x° + 120} € S,.

However S; is not a subset semivector space over the
semifield Q" U {0} but S; is a subset semivector space over the
semifield (Z* u {OD[X].

Example 2.4: Let S, = {Collection of all subsets from the
semigroup (R* U {0})[x]} be the subst semigroup. S, is a
subset semivector space over the semifield Q" U {0}.

Example 2.5: Let S3 = {Collection of all subsets from the
semigroup (Z* U {0})(g) where g® = 0 under, +} be a subset
semigroup. S is a subset semivector space over the semifield
F=Z"u {0}.

Example 2.6: Let S, = {Collection of all subsets from the
semigroup P = [Z" U {0}Y[x1, X;] where x;, X, are
indeterminates and the semigroup P is taken under ‘+’} be the
subset semigroup.

S, is subset semivector space over the semifield Z* v {0}
(or over the semifield (Z* w {0})[x1] or over the semifield [Z*
w {0}][x.] or over the semifield Z" U {0}[Xx1, X2]).

Thus we see subset semivector spaces can be defined over
other semifields still the S, continues to be a subset semivector
space.

Example 2.7: Let Ss = {Collection of all subsets from the
semigroup, P = {[a1, @, a3] | & € Z" U {0}; 1 < i < 3} under
‘+’} be the subset semigroup. Ss is a subset semivector space
over the semifield F = Z* L {0}.
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Take
A={307),(920),(0,0,1),(1,1,5}and
B={(8,1,1),(0,0,0),(,5, 0} eS:.

Wesee A+B={(3,07),(20),(0,01),(115}+
{(8,1,1),(0,0,0),(1,5,0)}

={(11,1,8),(17,3,1), (8,1, 2), (13, 2,6), (1, 1, 5),
(2,6,5),(3,0,7),(9,2,0), (0,0, 1), (4,5,7), (10, 7, 0),
(1,5 1)} € Ss.

Now take 12 € Z* U {0} =Fand A € S.

12A=12{(3,0,7), (9, 2, 0), (0, 0, 1), (1, 1, 5)}
= {(36, 0, 84), (108, 24, 0), (0, 0, 12), (12, 12, 60)} € Ss.

This is the way operations on Ss are performed. Infact we
can call S5 as the subset row matrix semivector space over the
semifield F.

Example 2.8: Let Sg = {Collection of all subsets from the
column matrix semigroup

i

N

aeQ uU{0d}1<i<5}

_U
-
1

L o o o o
S~ 0w

5

be the semigroup under addition} be the subset column matrix
semigroup. Sg is a subset semivector space over the semifield F
=Q"u {0}.

Se is also known as the subset column matrix semivector space
over F.
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Let

S SG.

4

1

2(,/0,/1],| 4

3|18

and B

5L/10],]01,| 2

A+B

13

8|19

3
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Take 5/3 € Q" U {0} = F we find

0
2
5/3x A=5/3x 4|5,
0
1

w r O O O
O o1 O N 0o
R O N O DN

[ 0 ][ 0 ][40/3][10/3]
10/3|| 0 ||10/3 0
=<25/3|,| 0 || O |[,|10/3|; € Ss.
0 5/3||25/3 0
5/3 5 0 5/3

Se is also a subset semivector space over Z* U {0}.

Example 2.9: Let S = {Collection of all subsets from the matrix

semiring
a, a,

be a subset semigroup. Clearly S is a subset semivector space
over the semifield F = Z* L {0}.

aeR"U{0};1<i<4}}

Example 2.10: Let S; = {Collection of all subsets from the
matrix semigroup

Po=4 0 || aeQ u{0}1<i<14}}



16 | Subset Semilinear Algebras
be the subset semigroup. Clearly S; is a subset semivector
space over F = Q" u {0}.

Example 2.11: Let S = {Collection of all subsets from the
matrix semigroup

- {al a, . aﬂ
ag @, .. a
be the subset semigroup. S is a subset semivector space over
the semifield Q" L {0}.

aeQ uU{0}1<i<10}}

For take
111 172 0 2 211 2 3 4 5
“1lo oo ol'lo 2 0 o'l6 7 8 9 10
and
9 40 2 0|1 2012
B= , e S.
{00205}{5 700}}
A+B=
1111 1][20202|[1234 5],
000O0GO/l/O2020/!67 89 10
9 4 0 2 0][1 2
_00205’5 0
_{{105131‘{114222“106365}

0 0205[/0 22256 710 915

2 31 2 3|3 2 214|112 4 3 5 7 S
, , €
5 07 0 0|52 7 2 0|11 7 15 9 10

[EEN
o

o
N

o
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This is the way operations are performed on the subset
semivector space.

Take 1/11 e F=Q"u {0}and A € S.

111 x A
111112020211 2345
=1/11x : ,
000000 2020]|67 8910

(M1 111 111 1711 111
“Ilo o o o o]

2/11 0 2/11 0 2/11
0 2/11 0 2/11 0 |

1/11 2/11 3/11 4/11 5/11
6/11 7/11 8/11 9/11 10/11 ©

S is also a subset semivector space over the semifield
Z" v {0}.

Example 2.12: Let S; = {Collection of all subsets from the
matrix semigroup

1 2

w
S

a
a

o
o

\IQJSJJ
[SS I

Il aeQ uU{0};1<i<16}}

©

1

o
iy
[
iy
N

a

a
P=

a a

a a

D
[SS I

13 14

be the subset semigroup.
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=Z"u

S; is a subset semivector space over the semifield F

{0}.

For take

— O Mm O

O N O <

«— O Mm O

O N O <

— O O

o O m o

«— N O O

:

- O «« O

< 0 O

N 4 O

— M A <

— M 1O O

© N O O

«— O O O

o O o o

and B

We see

— O ™Mm O

O N O <

— O ™m O

O N O <

— O O

o O m o

- N O O

- O 1 O

o M O N

N N O

- O O ™

O O «+ N

A+B

—1 O 4 O

< 0 O -

N 1 O

A M d <

— ™M 1O O

© N O O

— O O O

o O O o
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028 7/[1 26 2][0 2 6 2
_|lo 0o 4 6[|l0 2 2 3||20 4 3
“]/1 0o 0o 51 0 3 5[0 30 8
2 31 2/|0005||4040
1 3 6 4][2 3 4 2][1 3 4 2
3153[3330[|5150(
200 112 0 3 1|1 3 0 4| =™
6 4 2 2||4 11 5[[8 150
Also12 e Z" U {0}; 12 x A =
012 3]t 10 1][0101
12X002310200,2020
100 0[2030//03 03
2 31 2|0 00G5||4040

0 12 24 36|12 12 0 12|, 0 12 0 12
0 0 24 36||0 24 0 01|24 0 24 O
2 0 0 01|12 0 36 0|0 36 0 36
24 36 12 24|10 O O 60|48 0 48 O

S Sl.

This is the way operations are performed on S; as a subset
semivector space.

Example 2.13: Let S = {Collection of all subsets from the
semigroup (Z* U 1) U {0}} be the subset semigroup. S is a
subset semivector space over the semifield F = Z* U {0}.
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Let A= {31 + 2,51, 101 + 1, 20, 0, 1, 1+21} and
B={71+8,10l,7} S.

We see

A+B = {31+2,5,101+1,20,1,0,1+ 21} +
{71+8,101, 7}

= {101 +10,121+8,171+9,71+28,71 + 9,9 +
9,71 +8, 131 + 2, 151, 201 + 1, 101 + 20, 101 +
1,101, 121 + 1, 31+9, 51 + 7, 101 + 8, 27, 8, 7,
8+2l} e S.

Suppose 12 € F=Z" U {0} then

12x A 12 {31+2,51,101 + 1, 20,0, 1, 1+21}

{36 + 24, 60l1, 1201 + 12, 240, 0, 12, 12 + 241}
e S.

This is the way operations are performed on S. S will also
be known as the subset neutrosophic semivector space.

We can use the neutrosophic semifields (Z* u I) U {0} to
construct subset neutrosophic semivector spaces.

We will give an example or a two before we proceed on to
develop substructure property of these structures.

Example 2.14: Let S = {Collection of all subsets from the
neutrosophic polynomial semigroup

P= {2 a e QU {0} U ) [0

be the subset neutrosophic polynomial semigroup.

S is a subset neutrosophic semivector space over the
semifield Q" U {0}.
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If we consider S as a subset neutrosophic semivector space
over the neutrosophic semifield then we define S to be a subset
strong neutrosophic semivector space over the neutrosophic
semifield (Q" U 1 U {0} or (Z" U 1 L {0}).

Example 2.15: Let S = {Collection of all subsets from the
neutrosophic semigroup ((Q" U 1) U {0} x (Z" U I) U {0} x (R*
v 1) u {0})} be the subset neutrosophic semigroup. S is a
subset neutrosophic semivector space over Z* w {0} and S is a
strong neutrosophic subset semivector space over the
neutrosophic semifield (Z* u | U {0}).

However S is not a subset neutrosophic semivector space
over Q© U {0} or R* U {0} and is not a strong subset
neutrosophic semivector space over (Q" U | U {0}) or (R* U

{0} ).

Example 2.16: Let S = {Collection of all subsets from the
neutrosophic row matrix semigroup P = {(X1, Xz, ..., Xo) | X; €
(Z" Ul U {0}), 1 <i< 9} be the subset neutrosophic
semigroup.

S is a subset neutrosophic semivector space over the
semifield Z* u {0} and is a strong subset neutrosophic
semivector space over the neutrosophic semifield (Z* U | U

{0}).

Example 2.17: Let S = {Collection of all subsets from the
neutrosophic 3 x 8 matrix semigroup

a, a, .. 8
P=<la, a, .. a,ll ae(Q ulu{0});1<i<24}}
al7 a18 a'24

be the subset neutrosophic matrix semivector space over the
semifield Z* U {0} (or Q" U {0}).
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S can also be defined as a strong subset neutrosophic
semivector space over the neutrosophic semifield (Q* U | U

{0} (or (Z" w1 u {0})).

Example 2.18: Let S = {Collection of all subsets from the
column neutrosophic matrix semigroup

P=1{la, ||ae R uUlu{0});1<i<12}}

be the subset neutrosophic semivector space over semifield
Q" u {0} (or Z* U {0} or R* U {0}).

S will be a strong subset neutrosophic column matrix
semivector space over the neutrosophic semifield (Q" U | U
{0} (or(Z" U U {0} or (R" U I U {0}).

Example 2.19: Let S = {Collection of all subsets from the 8 x 4
matrix neutrosophic semigroup

M=<f 2 af‘ ae(Q Ulu{0});1<i<32}}

be the subset neutrosophic matrix semivector space over the
semifield Z* u {0} (or Q" U {0}). S will be a strong subset
neutrosophic matrix semivector space over the neutrosophic
semifield (Z* U 1 U {0}) (or (Q" U 1 U {0})).

Example 2.20: Let S = {Collection of all subsets from the 5 x 5
neutrosophic matrix semiring
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M = : : : : Cllaeulu{od;
aZl aZZ a23 a24 a25
1<i<25}}

be the subset neutrosophic matrix semigroup. S is a subset
neutrosophic matrix semivector space over the semifield
Z" U {0} or S can be realized as the subset strong neutrosophic
matrix semivector space over the neutrosophic semifield

(Z" v 1o {o}).

Example 2.21: Let S = {Collection of all subsets from the
group neutrosophic semigroup ((Z* u | U {0}))S; under the
operation ‘+’} be the subset neutrosophic semigroup. S is a
subset neutrosophic semivector space over the semifield
Z" v {0}. Further S is also a subset strong neutrosophic
semivector space over the neutrosophic semifield

(Z" U lu{0}.

Example 2.22: Let S = {Collection of all subsets from the
neutrosophic semigroup ((Q" w I U {0})S(3)} under ‘+’} be
the subset neutrosophic semigroup. S is a subset neutrosophic
semivector space over the semifield Q" u {0} (or Z* U {0}). S
is also a strong subset neutrosophic semivector space over the
neutrosophic semifield (Q" w {0} U I) (or (Z* U 1 L {0})).

Now having seen examples of subset semivector spaces of
different types now we just give examples using subset super
matrix semigroups.

Example 2.23: Let S = {Collection of all subsets from the row
super matrix semigroup M = {(a; a; a3 | a4 | as as | a7) |as € Z* U
{0}; 1 <i < 7}} be the subset row super matrix semigroup under
+. S is the subset super row matrix semivector space over the
semifield Z* U {0}.
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LetA={(000]1|56]2),(111|0|21|5),(234]|0]|5
0/0),(123]11|66|2)}andB={(123|4|56|7)} €S.
We now find
A+B = {(000|1|56]2),(111]0|21]|5),
(234]0|5010),(123|11|66|2)}+
{123]4156]|7)}

= {(123]5]10,12]9),(2344|77]12),
(357]4]10,6(7),(246]15]1112|9)} € S.

This is the way operations are performed on S. Suppose 30
e 2" u {0} we find

30x A

30x{(000]1|56]2),(111]0]|21]5),
(234]0|50]0), (123]11]66]2)}

{(00030 150 180 | 60), (3030 30| 0| 60 30
| 150), (60 90 1200|150 0|0), (30 60 90 |
330180 180 | 60)} € S.

Thus we have super matrix subset semivector spaces.

Example 2.24: Let S = {Collection of all subsets from the
super row matrix semigroup

a, a,|a,|a a a, a
M=<la; a |a, |8, a, a; a,| acQ u{0}
A5 A |87 [8yg 89 8y Ay
1<i<21}}

be the subset super row matrix semigroup.

S is a subset super row matrix semivector space over the
semiifield Q" U {0} (or Z* U {0}).
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We develop these concepts, subset super semivector spaces
over semifields.

Example 2.25: Let S = {Collection of all subsets from the
super column matrix semigroup

a

i

%) m|m s:o|
o £ w N

p= aeQ uU{0d}1<i<10}}

mmm|m
o 0 N |o

[«5)

L~10 |

be the subset super column matrix semigroup.

S is a subset super column matrix semivector space over the
semifield Q" L {0} (or Z* U {0}).

Let A= and B = e S.

P O Ol AN O FRPIW OIN
O P W ol A WIN IO

A W O ool N FRIN Ol b

O A O Ol N NIO IO

O O O UIlo d» WIO NI
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We find first

A+B

1
IO NI+ N O |© |

1 T 1
Old NI < 1® O _ ©lo bl N &[S W o
L I
+ I = 1
JFid NI ¥ ©lo o o

T ) =
N|O M|d ©O N < f — !
L | LWN N[ © o] o <
- L ]

T 1 -
Old OIN N ©|O _ _
L = ! NI I <~ © —

T 1 -
AN Ol < OIwn _ _
_ _ ojlN N[ © Do ™ Te}
L 1
Il I = 1
M N|© © IO ™ ()

We find for

8/7 ¢ Q" U{0}; 8/7x A
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1
|
1
I
1
|

=8/7 x

O OO O U1loO » WO NI
O M O Ol N N O RO
R O Ol RN O RIW OIN

T
L
T
L
I
L

(8/7 [ 0 |[16/7]
16/7 || 8/7 0

0 0 2417
2417 | |16/7 || 817
32/7|16/7 0

= ) ) e S.
0 48/7||16/7
40/7 0 32/7
0 0 40/7

48/7|(32/7|| 0
0 ||40/7]] 8/7

It is easily verified S is a subset super column matrix
semivector space over the semifield Q" U {0}.

Example 2.26: Let S = {Collection of all subsets from the
super column matrix semiring
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I al a‘2 a3 ]
a'4 a'5 aG
a7 a8 a9
alO a'11 a'12
a'13 a'ZI.4 alS

M=<la, a, a,|laeZ' u{0};1<i<33}}
a'19 aZO aZl
a22 a23 a24
a25 a26 a'27
a28 a29 a'30
_a31 a32 a33

be the subset super column matrix semigroup. S is a subset
super column matrix semivector space over semifield Z* U {0}

(or Q" w {0}).

Example 2.27: Let S = {Collection of all subsets from the
super matrix semigroup under addition

a, a,|a, a, a; a|a

aS a9 a‘lO a'11 a‘12 a'13 a'14
a'15 a16 al? a'18 a'19 aZO a'21

— + .
P= a22 a23 a24 a25 a‘26 a27 a28 aj € Q % {0}1

1<i<49}}
be the subset semigroup of super matrices.

S is a subset super matrix semivector space over the
semifield Q" u {0}.
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Example 2.28: Let S = {Collection of all subsets from the super
matrix

a, a, (0)]
a, a,
a a a a
M = >t T B llaie ZPu {0},
a9 a10 all alZ
(O) 8.13 a14 a15 a16
L a17 a18 a19 a20 _
1<i<20}}

be the subset super matrix semigroup.

S is a subset super matrix semivector space over the
semifield F=Z" U {0}.

We see these subset super matrices are very much useful in
the study of semivector spaces.

We see this study can also be from the neutrosophic
semifields like (Q" U {0} LU I, (Z" U {0} U Ihand (R" U | U
{0}). Strong subset neutrosophic semivector spaces can be got
over neutrosophic semifields.

Next we proceed onto study the notion subset semilinear
algebra over the semifield.

We give examples of them.

Example 2.29: Let S = {Collection of all subsets from the
semigroup P = (Z* U {0})[x]} be the subset semigroup. S is a
subset semivector space over the semifield Z* w {0}, we can
give a operation product on P so that S becomes closed under
the product x, so S can be a subset semilinear algebra over the
semifield Z* U {0}.
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For if A={9x*+3x + 1, 6x>+5x*+8,2x* + 1, 8x'} and
B = {10x% 11x + 1, 9x® + 4} € S.

We see
A+B = {9x°+3x+1,6x+5x"+8,2x°+1,8x} +
{103, 11x + 1, 9x° + 4}

= {19x*+3x +1, 6x3+ 15x%* + 8, 2x* + 10x* + 1,
8x’ + 10x?, 9%° + 14x + 2, 6x° + 5x° + 11x + 9,
23+ 11x + 2, 8x" + 11x + 1, 9x3 + 9x° + 3x +
5,15x> + 5x* + 12, 11x* + 5, 8x" + 9x°* + 4} S.

We find
AxB = {92+3x+1 6x°+5x2+8, 2 +1,8x}x
{103, 11x + 1, 9% + 4}

= {90x* + 30x° + 10x?, 60x° + 50x* + 80x?, 20x° +
10x2, 80x°, 99x° + 33x? + 11x + 9x? + 3x + 1,
66x* + 55x° + 88x + 6x° + 5x° + 8, 22x* + 11x +
23 + 1, 88x% + 8x’, 81x° + 27x* + 36x% + 9x® +
12X + 4, 54x° + 45x° + 72x3 + 24x° + 20x% + 32,
72x10 +32x"+ 93 + 4 + 18x° + 8x°} € S.

Thus we have seen examples of subset semilinear algebra
over the semifield.

Example 2.30: Let
S = {Collection of all subsets from the semigroup Q" U {0}} be
the subset semigroup. S is a subset semivector space over the
semifield Z* L {0}.

We see Q" U {0} is also a semigroup under x also.

Let A =43, 8/7, 10, 43/2, 2/11} and
B={0,2,7,1,23/5} € S

AxB = {3,8/7,10,43/2, 2/11} x {0, 2, 7, 1, 23/5}
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= {0, 6, 16/7, 20, 43, 4/11, 21, 8, 70, 301/2,
14/11, 3, 817, 10, 43/2, 2/11, 69/5, 184/35, 46,
43 x 23/10, 46/55} < S.

It is easily verified S is a subset semilinear algebra over the
semifield.

Example 2.31: Let S = {Collection of all subsets from the
semigroup M = {(a, b) | a, b € Z" U {0}}} be the subset
semigroup. S is a subset semivector space over the semifield.

We see S can be made into a subset semilinear algebra over
the semifield Z* U {0}.

Let A ={(0,9), (6, 8), (11, 2), (3, 10)} and
B ={(14,0), (2, 3), (1, 4), (5, 2)} € S.

We find
AxB = {,9),(6,8), (11, 2), (3,10)} x {(14, 0), (1, 4),
(2,3), (5, 2)}

= {(0, 0), (84, 0), (154, 0), (42, 0), (0, 36), (6, 32),
(11, 8), (3, 40), (0, 27), (12, 24), (22, 6), (6, 30),
(0, 18), (30, 16), (55, 4), (15, 20)} < S.

S is a subset semilinear algebra over the semifield.

Example 2.32: Let S = {Collection of all subsets from the
column matrix semigroup

iy

N

w

aeQ uU{d}1<i<6}}

3]

L oo oo 2 o o

o
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be the subset semigroup. S is also a subset column matrix
semivector space over the semifield Q" U {0}.

Infact S is a subset column matrix semilinear algebra over
Q" U {0} under natural product. Let A, B € S where

3((1](0]]|1 0| 4 5
2112(11]1]0 1110 2
5(13|(2]]|2 2(110(| 1 .
A= Jo L and B = , , are in S.
0((4]]0]]0 of|o0 0
1|1|/5(({0]]|3 offo 0
12](0]]0][0] 4] 7]07]
[3771][0][1] [0][47]][5]
21121(1]]0 1([{0(]2
5(131]2]]2 2/(10]]1
Now A x, B = , , , Xn ) ,
0(|4/|]0]]0 0(|01]0
1/(5(]/0(]|3 o({{0]]|0
12]10]|0]]|0] 1417 ]|7]
Fol[ol[o][o] [12]1[4 1[0 4]
2 0 0 0 0

O O o 0 O O
[ox)
© 1
w
o
N
o
N
o

o
O O O oo M O
O O O M b O
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157

e S.

0
14

O O O w ~ O
O O O N N O
O O O N O ol

Thus (S, +, x,) is a subset semilinear algebra over the

semifield Q" L {0}.

Example 2.33: Let S
matrix semigroup

a, a, ad; 4a a
M = { 1 2 3 4 5}
ds 8; dg 89 dy

{Collection of all subsets from the

aeZ u{0};1<i<10}}

be the subset matrix semigroup. S is a subset matrix semivector
space which is also a subset matrix semilinear algebra under the

natural product x, over the semifield F = Z* U {0}.

Clearly S is a commutative subset semilinear algebra over F.

Let A, B € S where
A_2010500000
“llo 40 7 01 230 4

111 2 2({1 2000
, and
[0 0 0O 0} {0 0 0 2 J}

5 [t 20001111 1][00000
“llo12o00l00O0O0GO0/l27 1111

e S.



34 | Subset Semilinear Algebras

2 01 0 5|0

Ax,B= )
1o e s 2ol
111 2 2(|1 2 0
000 O0O[/OOO

1 2000|272 1111(00O0©O00O0
0 1200/|0000O0O0|J2 11101

o

000
30 4/

N

N O
= O
| I— |
——
X

{2 0 00 0][0 00001 2 00
“1lo 4 0 0 ofl0 2 6 0 0[]0 0ol
1 4 0 0 0][2 01 0 5][0 0]

0 00 O0O|(OO0O0O0TO S
123040002 1] >
We see S is a subset matrix semilinear algebra over the

semifield Z* L {0}.

Example 2.34: Let S = {Collection of all subsets from the
matrix semigroup
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1
QD QD
o N
D o
~ w
QD
N

aeQ uU{0};1<i<16}}

iy
o
iy
—
QD
iy
N

Y
&
QD
IS
QD
&
Y
&

be the subset matrix semigroup. Clearly S is a subset matrix
semivector space over the semifield F = Z* L {0}.

We can define two products on S the natural product x, and
the usual product x on S. Both are different. Thus under x, S is
a non commutative subset matrix semilinear algebra over F and
however under x, S is a commutative subset matrix semilinear
algebra.

0 0 2 0||2 00 O|0 OO0 4
010 2|0 3 00|06 00
Let A= , , and
0 00 1//0 00 1|2 00O
4 0 0 0|2 2 0 0|0 O OO
0 00 0|2 040
1 0 0 0|0 1 0 2
B= , e S.
0 01 0({|0 0 01
0 00 1{|0 1 10
We find
0 02 0|2 00 0|0 0O 4
010 2||0 3 0 0||0 6 0O
AxB= , ) X
0O 00 1|0 0 0 1|{2 0 0 O
4 0 0 0|2 2 0 0|0 O OO
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O N + O

< O O -

O +H O

N O O O

o O O «

o O «+H O

o O o o

o «+ O O

o o +H o
o o o o
o o o o
o m o
N N O o
o N+ ©

o ™M 4 O

o O O o

o © O o

o © O <

0 O «— <

O ™M 4 N

< O O N

o N +H O

< O O

O 1 O

N O O O

o O O -

o O «+H O

o O o o

o 1 O O

B x A

< ©O O O

o O o o

o © o o

o O N O

o O +H O

o O O o

o M O

N O O «l

O N 1 O

N O O O

o —+H O O

o O O <
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o O O O

o O o o

o © O ©

0 O O

< O O -

o O O o

O ™~ N ™M

< N d O

< N O ™

< O O O

O +H O

O O T O

Clearly A x B =B x A but both A xB and B x A are in S.
Thus (S, +, x) is a non commutative subset matrix semilinear

algebra over the semifield F.

We now find

< ©O O O

o O o o

o © o o

o O N O

o O «+H O

o O O o

o M O

N O O «d

O N +H O

N O O O

o —«H O O

o O O <

Ax,B

O N +H O

< O O

O 1 O

N O O O

o O O «

o O «+H O

o O O o

o «+4 O O

O I +H O
0 O O O
o 1 O O

o O O o

o O o o
o O O o

o O O o

:

o O O o

o O o o

o © o o

o O o o

o O +H O

o O O o

o M O

< O O O

=Bx,AeS.

Ax,B
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We see {S, +, xp} is a subset commutative semilinear
algebra over the semifield F.

Example 2.35:

Let S = {Collection of all subsets from the

semigroup (Z* w {0})D,s} be the subset semigroup under +. S
is also a subset semivector space over the semifield Z* U {0}.
We see (S, x) is a subset semilinear algebra which is non
commutative over the semifield Z* U {0}.

Let A = {3a + 5b + 6b* + 7ab?, 5ab* + ab} and
B = {4a, 3ab? 6b° ab*} € S.

We find both A x B and B x A.

Now

AxB

{3a+ 5b + 6b° + 7ab?, 5ab* + ab} x
{4a, 6b° 3ab? ab*}

{12 + 20ba + 24b%a + 28ab’a, 20ab“a + 4aba,
18ab® + 30b* + 36b + 42a, 30ab’ + 6ab*, 9b? +
15bab? + 18b%ab? + 21ab? ab?, 15ab*ab? +
3abab?, 3b* + 5bhab* + 6b%ab* + 7ab%ab* + 7b,
5ab*ab* + abab*}

We now find

B xA

{4a, 3ab’, 6b° ab*} x {3a + 5b + 6b> + 7ab?,
5ab* + ab}

{12 + 20ab + 24ab® + 28b?, 9ab’a + 15ab’ + 18a
+ 21ab’ab?, 18b% + 30b* + 36b + 42b%ab?,
3ab*a + 5ab® + 6ab? + 7ab*ab?, 20b* + 4b,
15ab?ab* + 3abab, 30b%ab* + 6b%ab, 5ab*ab* +
ab*ab}.

Itisclear AxB=BxAinS.
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Thus {S, +, x} is a subset non commutative semilinear
algebra over the semifield.

Example 2.36: Let S = {Collection of all subsets from the
semigroup (Q" U {0})(D23 x A4)} be the subset semigroup.

S is a subset semivector space over the semifield F =
Q" u {0}. S is a non commutative subset semilinear algebra
over the semifield F.

Thus we see the concept of non commutativity arises only
in case of subset semilinear algebras.

In view of all this we have the following theorem.

THEOREM 2.1: Let S be the subset semivector space over a
semifield F. S is a non commutative semilinear algebra if and
only if the basic semigroup used in constructing S is non
commutative.

Proof follows from the fact that if

S = {Collection of all subsets from the additive semigroup P}
and if P is non commutative under product x so will be S under
x; S0 that S is non commutative subset semilinear algebra over
F.

Conversely if S is commutative then for {a}, {b} € S we
have {a} x {b} = {b} x {a} for some a, b € P so P is also non
commutative hence the claim.

We have seen both examples of commutative and non
commutative subset semilinear algebras defined over the
semifields.

Example 2.37: Let S = {Collection of all subsets from the
matrix semigroup M = {(as, a, a3) | & € (Z" W {0})S3, 1 <i <
3}} be the subset semigroup.



40 | Subset Semilinear Algebras

M is non commutative under product. S is a subset

semivector space over Z* U {0} = F, the semifield. Clearly M is

a non commutative subset semilinear algebra over the semifield
F.

Let

;1 G

1 2 3 1 2 3
B = 6 +7 +10,
{ (2 1 SJ (2 3 1]
1 2 3 1 2 3
3 +4 ,
(1 3 2) [3 2 1}
1 2 3 1 2 3
6+ +7 e S.
[2 1 3} (1 3 ZD}

We now find

1 2 3 1 2 3
AxB = 3 +5 ,
2 31 321
1 2 3 1 2 3
4 +6,1+ X
2 1 3 31 2
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1 2 3 1 2 3
6 +7 +10,
{ {2 1 SJ [2 3 1]
1 2 3 1 2 3 1 2 3 1 2 3
3 +4 , 6+ +7
1 3 2 3 21 2 1 3 1 3 2
1 2 3 1 2 3 1 2 3
=418 +21 +30 +
{( (1 3 Zj (3 1 ZJ (2 3 1}
1 2 3 1 2 3 1 2 3
30 +35 +50 ,
312 1 3 2 3 21
1 2 3 1 2 3 1 2 3 1 2 3
12 +16 +18 +24 ,
[3 1 2) [2 3 1) (1 3 2} (3 2 1]
1 2 3 1 2 3 1 2 3
6+ 6 +7 +6
(2 1 3} [1 3 2) (3 1 2]
1 2 3 1 2 3
+ +7 andsoon
3 21 2 1 3
1 2 3 1 2 3
= 53 +51 +
{L [1 3 ZJ (3 1 2]
1 2 3 1 2 3
30 +50 ,
2 31 3 21
1 2 3 1 2 3
12 +16 +
£3 1 2) (2 3 1}
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1 2 3 1 2 3
18 +24 ,
1 3 2 321

1 2 3 1 2 3
+6 + andsoon
31 2 3 21

Consider

1 2 3 1 2 3
BxA = 6 +7 +10,
{( [2 1 3} (2 3 1}

oz 1 35 3
G B
3 1 el 1Y)

3 1 2 3 1 2 3
+30 +21
1] [2 3 lj (3 1 2

1
—
VR

=
(0]
7N\
w -
NN

J+
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1 2 3 1 2 3 1 2 3 1 2 3
35 +30 +50 12 +
2 1 3 2 31 3 21 2 31
1 2 3 1 2 3 1 2 3
18 +16 +24 .
1 3 2 31 2 3 21
1 2 3 1 2 3 1 2 3
6+6 + + andsoon
31 2 2 1 3 1 3 2
1 2 3 1 2 3
=< 68 +60 +
3 21 2 31
1 2 3 1 2 3
21 +35 ,
31 (2 1 3]

1 2 3 1 2 3
12 +18 +
2 1 3 2

12 3 123
16 +24 ,
31 2 [321}

1 2 3 1 2 3 1 2 3
6+6 + + andsoon |;.
312 2 1 3 1 3 2

Clearly it can be verified | and Il are not equal, so (S, +, x)
iS a non commutative subset semilinear algebra over the

semifield.

Example 2.38: Let S = {Collection of all subsets from the
column matrix semigroup
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M = ai € (Q"U{0}) (D27); 1<i<4}}

be the subset column matrix semigroup. S is the subset matrix
semivector space over the semifield Z* {0} = F.

Clearly (S, +, xp) is a subset matrix semilinear algebra
which is non commutative.

a+3b 7b% +a
2ab + 5b? 3
A= +3 and B = ab bein S.
7b ab?
8ab + 3ab® a -+ 3ab’
a+3b 7b% +a
2ab +5b? 3
We find A x, B = " )
7b ab®
8ab + 3ab® a + 3ab?

a’ +3ba + 7ab® + 21b*
2abab® + 5b%ab?
7b%ab?
8aba + 3ab’a + 24abab® + 9ab’ab’
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1+ 210b° + 3ab® + 7ab°
2b? +5ab
7ab®
17b° +3b* + 24b

7b% +a a+3b
s 2ab +5b°
Consider B x, A = ab X \
ab? 7b

a + 3ab? 8ab + 3ab®

7b%a+1+21b% +3ab
2ab’ab + 5ab’b?
7ab®
24ab%ab +8b + 3b* + 9ab%ab®

1+ 3ab + 21b% + 7ab®
5ab° + 2b°
7ab®
17b + 3b® + 24ab’

Clearly A x B =B x A as | and Il are distinct. We see (S, +,
x) is a subset non commutative semilinear algebra over the
semifield.

Example 2.39: Let S = {Collection of all subsets from the
matrix semigroup
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M=3lag a a, a; a8, a3 a,| ac
A5 Q5 Ay Qg Qg Ay Ay

(Z+ |\ {0})(A4 X D2,11); 1<i< 21}}

be the subset matrix semiring. S is a subset matrix semivector
space over the semifield Z* U {0}.

We see S is a non commutative subset matrix semilinear
algebra over the semifield F = Z* U {0}.

Example 2.40: Let S = {Collection of all subsets from the
matrix semigroup

P=1" 7 T llae(Q U{0)SE);1<i<40}}

be the subset semigroup. S is a subset matrix semivector space
over the semifield F = Q" U {0}. S is a subset non commutative
matrix semilinear algebra over the semifield F = Q" U {0}.

Now having seen examples of subset semilinear algebras
which are non commutative. We now proceed onto describe the
notion of substructures in a subset semivector space.

Example 2.41: Let S = {Collection of all subsets from the
semigroup M = Z* U {0}} be the subset semivector space over
the semifield F = Z* U {0}.

W, = {Collection of all subsets from the subsemigroup
nZ" v {0}; n € Z"\ {1}} c— S is also a subset semivector
subspace of S over the semifield F = Z" U {0} forn e N\ {1}.
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Thus we see S has infinite number of subset semivector
subspaces over the semifield Z* U {0} = F.

Example 2.42: Let S = {Collection of all subsets from the
matrix semigroup M = {(ay, ay, ..., a) |[a € Z" U {0}; 1 <i <
6}} be the subset matrix semivector space over the semifield
F=2Z"u{0}.

Take W, = {Collection of all subsets from the matrix
subsemigroup P; = {(a3, 0, 0, ..., 0)| a; € Z" U {0}} = S be the
subset matrix semivector subspace of S over the semifield
F=2Z"u {0} W, ={Collection of all subsets from the matrix
subsemigroup P, = {(0, &, 0, ...,0) |lae F=Z" U {0}} = S; be
the subset matrix semivector subspace of S over the semifield
F=2Z"u{0}.

Let W3 = {Collection of all subsets from the matrix
subsemigroup P; = {(0, 0, a,0, ...,0) |ae Z" U{0}=F}}c S
be the subset matrix semivector subspace of S over the
semifield F=Z" U {0}.

W, = {Collection of all subsets from the subsemigroup
P,={(0,0,0,a,0,0)|ae Z U {0}}} =S be the subset matrix
semivector subspace of S over the semifield F = Z* L {0}.

Ws = {Collection of all subsets from the subsemigroup Ps =
{(0,0,0,0,a 0)|aeZ U {0}}} be the subset semivector
subspace of S over the semifield F = Z* U {0}.

Finally Wgs = {Collection of all subsets from the
subsemigroup Ps={(0,0,0,0,0,a) |a € Z" U {0}}} = S be the
subset semivector subspace of S over the semifield
F=Z"u {0}.

We see W;nW;=(0,0,0,0,0,0)ifi=j 1<i,j<6.

Further we see S = W; + Wy + W5 + W, + W5 + W.
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Thus we see S is the direct sum of subset semivector
subspaces of S over the semifield F.
Suppose M,, = {Collection of all subsets from the semigroup
To={(a,, a, ...,a) |aaenZ" U{0}},ne Z"\ {1}; 1 <i<6}}
< S be the collection of all subset semivector subspaces of S
over the semifield F.

Clearly Mi n M;#{(0,0,0,0,0,0)} ifi=]}; 2<i,j<n<oo.

Hence we cannot write S as a direct sum of subset
semivector subspaces; My, Mg, ..., My; n < oo,

Example 2.43: Let S = {Collection of all subsets from the
matrix semigroup

a a a a
P=q 7 7 T PllaezZ u{0}}1<i<60}

a'57 a'58 a59 a60

be the subset matrix semivector space over the semifield
F=Z"u {0}. S canwe written as a direct sum of subset matrix
semivector subspaces.

We will just illustrate this.

Take W; = {Collection of all subsets from the
subsemigroup

a, 0 a, O
a, 0 a, O

Pi=ql 0 Lt flaeZu{0}y1<i<30}}cS
a5 0 a2, 0

and
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W, = {Collection of all subsets from the subsemigroup
0 a, 0 a,
a, 0 a, . .
Po=4l. . . . ||aeZ u{0}1<i<30}}cS

0 a; 0 ay

as two subset matrix semivector subspaces of S over the
semifield F = Z" U {0}.

0 00O
We see W1 "W, = S and W; + W, =S,
0 00O
Thus S is the direct sum further W," = W, and W, = W,
for we see if A € W, and B € W, then

0000
AxB=
0000
We can write S as a direct sum of two subspaces or three
subspaces and so on and the maximum we can write S as a

direct sum of 60 subspaces.

Example 2.44: Let S = {Collection of all subsets from the
semigroup
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M=<la, a,||laeZ" u{0}1<i<6}}

be the subset matrix semivector space over the semifield
F=2Z"u{0}.

S = W; + W, where W; = {Collection of all subsets from
the subsemigroup

are subset matrix semivector subspaces of S over F and
W1+ WZ:S.

WlﬁWQZ

o O O
o O O

This is not unique for we can also take V; = {Collection of
all subsets from the subsemigroup

Li=<la, a,||aeZ u{0};1<i<4}} cS
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and V, = {Collection of all subsets from the subsemigroup

0 &
L,=40 0|laezZ"u{0};1<i<2}} cS
a, 0

N

be subset matrix semivector subspaces of S over the semifield
F=Z"u {0}.

00
0 O and S =V; ® V, and we see
00

for every A € V; we have for every B € V,.

Clearly Vi 0V, =

AxB=

o O O
o O O

Take B; = {Collection of all subsets from the subsemigroup

a‘l a‘Z
A=10 0faecz'u{0}} csS
0 0

and

B, = {Collection of all subsets from the subsemigroup

A,=1la, a,||laeZ'u{0}1<i<4}} cS
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be two subset matrix semivector subspaces of S over F = Z* U
{0}. Clearly B; + B, =S and B; n B, are such that

00
CxD=<|0 0|} foreveryC e Byand D € B,.
00

Let N; = {Collection of all subsets from the subsemigroup

a, O
D;=<|0 a, d, dp € yARY {0}}
0 O

be the subset matrix semivector subspace of S over the
semifield F = Z* U {0}. We see N, = {Collection of all subsets
from the subsemigroup

0 a,
D, = 0 0 ds, a2€Z+U{0}}gS
a, 0

be the subset matrix semivector subspace of S over the
semifield F = Z* U {0}. Let N3 = {Collection of all subsets
from the matrix subsemigroup

0 0
D3 = a, 0 di, dr € yARY) {0}}}
0 a

N

be the subset matrix semivector subspace of S over the
semifield F=Z" U {0}. Wesee D; + D, + D; =S and
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DiﬂDj:

o O O

0
0fpifi=#j,1<i,j<3.
0
Further we see for every X € Dijand Y € D;.
00
XxY=4/0 0|p;i#),1<i,j<3.
00

We can maximum write S as the direct sum of six subset

matrix semivector subspaces over F = Z* U {0}. However  we
have infinite number of subset matrix semivector subspaces Wi;
of S but

00
WinW;= 4|0 Ofp; ifi#],2<i,j<n<co.
00

Take W, = {Collection of all subsets from the subsemigroup

a'1 aZ
=4la, a,|laenZ’u{0}1<i<6,neZ"\{1}}}cS
a5 a6

be the subset matrix semivector subspace of S over the
semifield F = Z" U {0}.

We see

00
WiAW, %110 0ftifizj2<ij<n<o;
00
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so we have infinite collection of subset semivector subspaces of
S and these cannot be written as a direct sum.

Now we proceed onto describe the notion of orthogonality
of the elements in subset semivector spaces over a semifield.

Let S = {Collection of all subsets from a semigroup P} be a
subset semivector space over the semifield F.

We call a subset in S as a subset semivector in S. We say
two subset semivectors A and B are subset linearly independent
if A = aB for any a e F, the semifield.

We say A and B are subset linearly dependent if A = aB for
someb e S.

We will first illustrate this situation by an example.
Example 2.45: Let

S = {Collection of all subsets from the semigroup
Z" U {0}} be the subset semigroup. S is a subset semivector
space over the semifield F = Z* U {0}.

Let A ={3,09, 15, 30,93} and B = {1, 3, 5, 10, 31} € S.
We see A and B are subset linearly dependent as A = 3B.

But consider A={2,5,0,7,8,9, 12, 14, 16} and
B = {0, 4, 17, 19, 13, 11, 23} € S. We say A and B subset
linearly independent in S for we do not have a € F such that
A=aBorB=aA. LetA={17}and B ={23,4,5} € S. We
say A and B are subset linearly independent in S over Z* U {0}
=F.

LetA={2,4,6,8,10}and B={1, 2, 3,4,5} € S. We say
A and B are subset linearly dependent for 2 € Z* U {0} is such
that A =2 x B.
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Now take A = {1} and B = {43, 27, 8, 10} € S we say A
and B are subset linearly independent. However for A = {1}
and B = {a}, a € Z" U {0} \ {1} are subset linearly dependent
forB=a{l}asae Z" U {0} \{1}.

Furtherif A={a},ae Z"u{0}andB={d, b}, d=b,d, b
e Z" then A and B are not subset linearly dependent.

For if A = {7} and B = {3, 14} we see A and B are subset
linearly independent.

So one of the interesting problems is if A and B are subsets
in S and if the number of distinct elements in A is n and the
number of elements in B is m where m # n can we have the
subsets A and B to be subset linearly dependent?

Of course both A and B do not contain O.

Let A={7,4,5,8 10} and B ={14,8,2,9} € S. We see
A and B subset linearly independent over Z* U {0}. We see A
={p} and B = {q}, p and q are distinct primes in Z*; then A and
B are subset linearly independent. For instance take A = {29}
and B = {7} € S. A and B are subset linearly independent over
the field Z* U {0}. But A and B subset linearly dependent over

Q" u {0} FortakeA=§ xBandB:ﬂ x A.
41 23

So the A and B subset linearly dependent over the semifield
Q" u {0} and R* U {0}, but A and B subset linearly
independent over the semifield Z* U {0}.

Thus the subset linear dependence or independence also
depends on the semifield over which they are defined. But
however to find the subset basis is a different from usual basis
of semivector spaces.

Before we define a subset basis of a subset semivector space
we just give examples of finite subset semivector spaces.
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Example 2.46: Let S = {Collection of all subsets from the
semigroup P, under ‘U’. P =

1)

0/

be the subset semigroup of finite order.

S is a subset semivector space of finite order over the
semifield P =

S={{0}, {1}, {a:}, {2}, ..., {as}, {0, 1}, {0, ai}, {a&;, 1}, {0, 1,
a} {a, a;, 13}, {ai, a;, 0}, {ai, &, 1, 0}, {&, &, &}, ..., P} where
i%ji2k j=k 1<i,j k<5.

We just show if B = {0, 1, ay, as} and A = {ay, as, a4, 0} €
S.

AuUB={a,as a0, 1, a, as}.

This is the way operation is performed on S.
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Ifa; e Pthenay x A =a, x {ay, as, a4, 0} = {a;, a4, 0} € S.

Thus S is a subset semivector space of finite dimension over
P.

Example 2.47: Let S = {Collection of all subsets from the
semilattice (P, U) where

P=
\
1
ap dy
as
dq >
ds
az ads
0 J

be the subset semigroup (semilattice).

S is a subset semivector space over the semifield F which is
as follows:
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Let A={1, a,, ag, a4, a5y and B = {0, a7, as, a1} € S.

AUB = {l! ay, ds, da, aS} o {0, dy, ds, al}
= {1’ 3-2, a61 a41 a5, aS, a]_} S S

Letas, € Fwe find ay x A
=ay x {1, ay, a, a4, as}
={a4, a5, as} € S.

Example 2.48: Let S = {Collection of all subsets from the

semilattice (P, L)
1 A
al 4> a5
a6

az

a9 dg

0

be the subset semigroup. S is a subset semivector space over
the semifield F.

Take A = {ay, ay, as, a7, ag, 0} and B = {as, a4, as, a9, a7} € S.
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We find

AUB ={ay, a, a, a7, 8, 0} U {as, au, as, ag, ar}
={1, a, ag, a4, as, as, a7}

Take a; € F, we now find a; x A = a; x {ay, a,, ag, a7, ag, 0}
= {3.7, ds, 0} e S.

This is the way operations are carried out on S.

Example 2.49: Let S = {Collection of all subsets from the
semilattice P under ‘U’ where P =

dog aio

0 J

be the subset semigroup. S is a subset semivector space over the
semifield

a1
as
az
ag
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Let A = {ay, as, as, a7, as, 10, a9} and
B= {O, 1, dg, ds, ds, az} e S.

We find

AxB ={ay as, as, a7, as, a10, o} x {0, 1, &, as, as, &}
={a,, as, as, a4, 0, a3, as} € S.

S is a finite subset semivector space over the semifield L.
Example 2.50: Let S = {Collection of all subsets from the

semilattice
1

0
be the subset semigroup under ‘.

S is a subset semivector space over the semifield L =

1

a
0
S = {{0}, {1}, {a}, {b}., {0, 1}, {0, a}, {0, b}, {a, 1}, {b,
1}, {a, b}, {0, a, b}, {0, a, 1}, {0, b, 1}, {1, a, b}, {0, 1, a, b},
¢} is a subset semivector space of order 16 over the semifield L.
LetA={0,1,a}andB={a b} eS.
AuB={0,1,a}u{a b}={a b, 1}.

LetaeLl;axA=ax{0,1,a}={0,a} eS.
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We have seen subset semivector spaces of finite order over
semifields.

We can as in case of subset semivector spaces of infinite
order define subset semilinear algebra.

We see only a few of the finite subset semivector spaces are
subset semilinear algebras.

It is important to note for the semilattice must be a lattice
and also in particular it must be a distributive lattice for one to
get the subset semilinear algebra.

We will give an example or two of the subset semilinear
algebra over a semifield.

Example 2.51: Let S = {Collection of all subsets from the
lattice L =

v
0
-

be the subset semigroup under ‘.

S is a subset semivector space over the semifield F =
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S is a subset semilinear algebra over the semifield F of finite
order.
Let A={1, a, as, a, as} and B = {as, 0, a,, a, as} € S.
AuB = {1, do, 41, ds, a4} e S.

AnNB ={1, ay as, a5, a4} N {as, 0, 2y, ay, as}
= {as’ 0’ a'21 aly a31 a51 a4} (S S

So S is a subset semilinear algebra over the semifield F.

Example 2.52: Let S = {Collection of all subsets from the
semilattice

(S, L) is a subset semigroup.

However S is only a subset semivector space over the
semifield L =

az

as
dog
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Clearly S is not a subset semilinear algebra as {S, U, N} is
not a subset semiring in the first place as v and n do not
distributive over each other.

Thus we have seen a subset semivector space over a
semifield of finite order which is not a subset semilinear algebra
over the semifield F.

In view of all these examples we have the following
theorem.

THEOREM 2.2: Let

S = {Collection of all subsets from the semigroup} be the subset
semivector space over a semifield F. S in general need not be a
subset semilinear algebra over the semifield F.

The proof is direct and hence left as an exercise to the
reader.

Example 2.53: Let
S = {Collection of all subsets from the lattice Cg} be the subset
semivector space over the chain lattice Cs.

S is a subset semilinear algebra over the chain lattice Cs.
Thus we see in general if S is a subset semilinear algebra
over a semifield then S is always a subset semivector space over

a semifield.

But however in general a subset semivector space is not
always a subset semilinear algebra over the semifield.

Example 2.54: Let S = {Collection of all subsets from the
semilattice (P, L) where P =
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be a subset semigroup under L.

Clearly P is not a distributive lattice so is not a semiring. S
is a subset semivector space over the semifield L =

However S is not a subset semilinear algebra over L.
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Example 2.55: Let S = {Collection of all subsets from the
semilattice (P, w) where P =

2
——

ag ar

° J

be a subset semigroup and w. S is a subset semivector space
over the semifield L =

However S is not a subset semilinear algebra over L.
Inview of all these we have the following theorem.
THEOREM 2.3: Let

S = {Collection of all subsets from a semilattice {P, C}} be the
subset semivecor space over a semifield F (F < P).
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@@ If (P, n, U)isanot a distributive lattice then S is
not a subset semilinear algebra over F.

(i) S is a subset semilinear algebra over F if and
only if (P, u, ) is a distributive lattice.

The proof follows from the simple fact if (P, U, M) is a
distributive lattice then S the subsets of P will be a semiring so
that S can be a subset semilinear algebra over F c P (F a
distributive sublattice of P).

Conversely if S is a subset semilinear algebra then
necessarily P must be a distributive lattice. We have seen
examples of them.

It is pertinent to recall here that finding a basis for a
semivector space itself was a difficult problem and we have
shown [14]. Several semivector spaces had only a unique basis.
Now how to find a basis of a subset semivector spaces. We
have already shown that the subset linear dependence or subset
linear independence is dependent on the semifield over which
the subset semivector space is defined.

Suppose we have in the basic set {1}, {0, 1} using ‘+’ we
get all subsets and with these subsets we also create subsets in
which we include zero for instance 7{1} + 12 {0, 1} = {7, 19}
and now {7, 19} + {0, 4} = {7, 11, 19, 23} and so on now we
include sets like {0, 7, 19} and {0, 7, 11, 23} also with the
generated sets by {1} and {0,1}.

This is the case when semifields like Z* U {0}, Q" w {0} or
R" w {0} are used.

However if we have S = {Collection of all subsets from the
semigroup R* u {0} under addition} be a subset semigroup
under + and if S is a subset semivector space over the semifield
Z" U {0} the earlier mentioned method will fail for subset

elements like {0, 7} and {~7, V5, 2} cannot be
generated by {1} and {0, 1}.



Subset Semilinear Algebras | 67

So we say in that case S is infinite dimensional subset
semivector space. However if S is defined over R* U {0} then
we say it is finite dimensional for adjoining O with every set is
taken as a finite operation. So only dimension two and the
subset base elements are {1} and {0,1}.

We have to work differently in case the semifield is a
distributive chain lattice.

Example 2.56: Let S = {Collection of all subsets from the
semilattice (L, ) A

d

o

be the subset semilattice under ‘“U’. S is a subset semivector
space over the lattice L =

d

0

The basis of S are {0,1} and {1}. For if B = {{1}, {0,1}} we
see {a}, {b}, {d}, {0} can be got using B. Further also {0,a},
{0,b}, {0,d} can be got using B.

{a,1}, {b,1}, {d,a}, {1, d}, {1,d,b}; etc. can be got however
we have to add {0,1,a}, {0,1,b} and so on.

Thus B = {{1}, {0, 1}} generates S over L.



68 | Subset Semilinear Algebras

Example 2.57: Let S

{Collection of all subsets from the
lattice

1

0

e the subset semigroup under ‘U’. S is a subset semivector
space over the lattice

Now S = {{0}, {a}, {b}, {1}, {01}, {0,a}, {O,b}, {1,a},
{a,b}, {1,b}, {0,a,b}, {0,a,1}, {0, 1, b}, {1,a,b}, {0,1,a,b}, ¢}.

Can B = {{1}, {0,1}} be a subset basis of S over the lattice
L= !
a

0

{a} =a{l}, {0} = 0{1}, {a, 0} =2 {0,1}.

{0,1} u {a} = {a,1}, {0,1,a} by our rule of addition of zero.
We can get only seven elements.

So B cannot be a subset basis of S over L.

Suppose we take B; = {{1}, {0,1}, {b}, {0,b}, {1, b, 0}} <
S; can B; can a subset basis of S over L.

B: = {{b}, {1}, {0,1}, {0, b}}
a{b} = {0}, a{1} = a, a{0,1} = {0, a}
{0,b} U {0,a} = {a, b, 0,1}.

S0 {0, 1, a, b} isgot. {0, b} U {0,1}={0, 1, b}
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{0,a} U {0, 1} = {0, 1, a}
{1,a,0}U {0, 1,b}={0, 1, a b}
{0, a} U {0, b} = {0, a, b}.

However B, also does not generate the whole of S. Thus
we see it is not easy to find a subset basis in case the subset
semivector space is defined over a sublattice of the lattice used.

Now we proceed on to describe other non commutative
finite subset semilinear algebras.

Example 2.58: Let S = {Collection of all subsets from the
lattice group LS; where L is the lattice

\
1
a do
az
g >
ds as
0
J
be the subset semigroup under ‘U’ = ‘+’. S is a subset

semivector space over the semifield F =

Clearly S is a subset semilinear algebra over the semifield F.
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Let A ={ayp; + a4ps + agps + 1, asps, a2} and
B = {ps, as, asp1 + ap2} € S where

(123 (123 (123
P11 3 2]'P7 13 2 1”72 1 3)

_(r23) (123 (123
P15 3 1)P7 13 1 2 “l1 2 3)

We find A + B = {aop; + ayps + asps + 1, asps, a2} + {ps, as,
asp1 + axpo} (Here + is the union V).

= {ap; + auPs + aPs + 1 + Ps, A3P3 + Ps, @2 + Ps, APy +
4P + aPs + 1 + as, asps + as, ap + a3, APy + APy +
agPs + 1 + a4Pp1 + aPz, asPs + auP1 + aPo, A + auPy +
P}

= {ap1+ aps+ 1+ ps, asps + Ps + aytps, 1+ ap; +
A4Ps + AsPs, AztaAzPs, A2, 1 + AxP1 + APs + AsPs + AP
+ Py + a3Ps, @ + P2 + AP1} € S.

Now we find A x B =
ANB = {ap:+aps+asPps + 1, asPs, az} x {ps, as, asp; +
P2}

= {ap,+ as + aPs + Ps, asP1, 8zPs, APy + APs +
agPs + as, asPs, az, a4 + ayP1 + agP2 + agP3 + a2Ps
+ asP3 + AsP1 + a2P2, APs + 8sPa, AP + 8P2}

= {ps + agPs + Pz + &, asP1, 8zPs, s + asP1 + asPa
+ agPs, a3Ps, A3, A4 + A4P1 T AP T AP3 T A5,
a4 Ps + agPa, auP1 + AP} e |

Consider

BxA = {ps as aps + apz} x {a:p1 + asPs + agps + 1,
a3Ps, a2}
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= {aps + Ps+ agPs + &4, AzP2, BoPs, AzP1 + APs +
aePs t as, a3Ps, 8z, a4 T APz t+ agP2 + ayP1 + axP4
+ Py + P, + agPs3, &P + AP2, AsPs + A3Ps}

= {as +aPps + Ps + AP, 3Pz, a2Ps, A3 + A3P1 + A4Ps
+ AgPs, a3Ps3, Az, A4 T AaP3 + APz T AsP1 + A4,
auP1 + P2, 44Ps + A3Ps} e

Clearly I and 1l are differentbut AN B=AxBandBn A
=BxAarein Sbut AxB =B x A. Thus S is a finite non
commutative subset semilinear algebra over the semifield.

Thus we can also have finite non commutative subset
semilinear algebras defined over the semifields. Infact in the
example 2.58 if we take a different semifield say

1 1
1 or g¢as Or a,
IO dg as
0 0

we get different subset semilinear algebras but all of them are
non commutative and of finite order.

However the major difference between them would be seen
when the subset basis are constructed over different semifield
but for the same S.

Example 2.59: Let S = {Collection of all subsets from the
lattice group LG = LD, s where L =

1

g b1
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be the subset semigroup under ‘+’ (i.e., W) and S is a subset
semivector space over the semifield F =

1
a
0

and S is a subset semilinear algebra of finite order over the
semifield F. Clearly S is a non commutative subset semilinear
algebra over F. For take A = {1 + a;b® + a,ab + by ab?, a;b?, a,
b* + b} and B = {b, byb? + a;ab + b°} € S.

We find A+ B =AU B = {1 +a,b®+ a;ab + byab? a;b? a,
b* + by} x {b, bib? + ayab + b}

= {1 + b + a;b? + a;ab + byab? a;p® + b, a + b, b* + b; + b,
1 + b? + a,ab + b,ab? + b3, byb? + a;ab + b®, a + byb? + asab + b°,
b, + byb? + a;ab + b* + b*} € S.

We now find AxB=AnBand B x A=B " A and show
AxB=BxA.

Consider A x B = {1 + a;b? + a;ab + b;ab? a;b®, a, b* + by}
« {b, byb? + azab + b}

= {b + a1b3 + alab2 + blabs, a1b4, ab, 1+ blb, ble + blab4 +
a;ab + a; b%ab + a; + b® + a;ab* + bya, a;b®ab + asb, bjab? + a;b +
ab®, byb + asb® ab + b? + byb? + b;b%}

Consider B x A = {b, byb? + ajab + b®} x {1 + a;b? + ajab +
blabz, albg, a, b4 + bl}

= {b + a1b3 + albab + blbabz, a1b4, ba, 1+blb, b1b2 + blbzabz
+ ajab + a;ab® + a; + b + a; + a;b’ab + b;b® ab?, aab* + ajb,
bb%a + a,aba + b%a, byb + a;b + b + b'b® + b;b%}
L
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It is easily verified that | and Il are distinct thus we see S is
a non commutative semilinear algebra over a semifield

F = ¢l jsof finite order.
a
0

Example 2.60: Let S = {Collection of all subsets from the
lattice group L (S (4) x As) where

L=

az

ay

ds
az
0
J

be the subset semigroup under v (i.e.,+) and S is also a subset
semivector space over the semifield L.

S is a subset semilinear algebra over L infact S is a finite
non commutative subset semilinear algebra over the semifield
L.

We can define subset linear transformation of subset
semivector spaces S; and S over a semifield F if and only if both
S and S; are defined over the same semifield F.

Otherwise the subset linear transformation of S and S;
cannot be defined.
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We will just illustrate this by a few examples.
Example 2.61: Let S = {Collection of all subsets from the
matrix semigroup M = {(a; a; as ;) | a; € Z" U {0}, 1 < i < 4}}

be the subset semivector space over the semifield F = Z* U {0}.
Let S; = {Collection of all subsets from the matrix semigroup

a, a,

be the subset semivector space over the semifield F = Z" L {0}.

aeZ'u{0}1<i<4}}

We can define a subset linear transformation T, from Sto S;
as follows.

For every A = {(ay, a, as, a)} € S and

al a’2
A1 = € Sl by
a; 4d,

Ts(A)=Ts{(a1 a2 a3 1)} = {{al az” =A;

a, a,

It is easily verified Ts is a subset semilinear transformation
of Sto S;.

LetA;={(4,0,21), (58,9, 20),(0,1,0,2),(8,9, 11, 0)}
e S.

Ts(A1) =Ts ({(4,0, 2,1), (58,9, 20),(0,1,0, 2),
(8,9, 11,0)}

o= {2 s o 2l oft ==
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Infact Ts is a one to one subset map from S to S;.

Example 2.62: Let S = {Collection of all subsets from the
semigroup (Z* U {0})g where g° = g} be the subset semivector
space over the semifield F = Z* U {0}.

S; = {Collection of all subsets from the semigroup
Z" U {0}} be the subset semivector space over the semifield
F=Z"u {0}.

Define Ts: S — S; by
Ts ({a+bg}) = {a} foreverya, b € Z* U {0}.

Clearly Ts is a subset semilinear transformation from S to
S,.

Example 2.63: Let S = {Collection of all subsets from the
semigroup R* U {0}} be the subset semivector space over
Q" U {0}. Let S; = {Collection of all subsets from the
semigroup Q" U{0}} be subset semivector space over Q" L {0}.

Let Ts: S — S; be such that if

_ [{a}ifaeQ® L{0}
Tslah) = {{0} ifacR’ U{O}NQ" U{0}

It is easily verified that Ts is a semilinear transformation of
StoS;.

We can as in case of usual semivector define the notion of
subset semilinear operators. We give examples of subset
semilinear operator of a subset semivector space.

Example 2.64: Let S = {Collection of all subsets from the
semigroup
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a
M = a“ aeZ u{0}1<i<8}}

a'1 aZ a'l a2

a, a 0 O
Let T2: S — S where TS ot = ;

a, a, a, a,

a, 4 0 0

it is easily verified Tg is a subset semilinear operator on S.

We see ker T¢ is not the zero of S.

Example 2.65: Let S = {Collection of all subsets from the
semigroup

a a .o a
M = |: 1 2 10}
dyy A . Ay

be a subset semivector space over the semifield Z* L {0}.

aeZ U{0};1<i<20}}

Let Ty : S— S, Tg is a subset semilinear operator.

Define

To |: al a2 a3 a'4 a5 aG a'7 a8 a9 alO :l
S
all alZ a‘13 a14 a15 a16 a'17 a18 a19 aZO
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- a 8, 8 a, a8 48, 8; dg a4y 8y
0O 0 0 0 0O 0 0 0 0 O

It is easily verified Tg is a subset semilinear operator from
StoS. kerTg = {(0)} of S.

Example 2.66: Let S = {Collection of all subsets from the
lattice group LD, s where L is a lattice

1 )

S
)

as

a

dg

Ag aio

0 J

be the subset semivector space over the semifield

F= 1

Clearly S is a subset semilinear algebra over the semifield
F.
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We can define Ty : S — Sso that Ty is a subset semilinear

operator of the S. Suppose we have two subset semilinear
operators say T* and T2 where

T':S—>Sand T?:S — Swecandefine T"+ T2, T' 0 T?
and T o T' and all these will again be a subset semilinear
operators of S.

We have defined subset semivector space using only
semigroups over semifields. However we can use groups and
rings and still define the notion of subset semivector spaces.
We call such structures as generalized subset semivector spaces.

We will just develop and describe them.

Let S = {Collection of all subsets from the group (Z, +)} be
the subset semigroup under +. S is a subset semivector space
over the semifield F = Z* U {0}. We call S to be the
generalized subset semivector space over the semifield F.

We first give examples of them.
Example 2.67: Let
S = {Collection of all subsets from the group (R, +)} be the

subset generalized semivector space over the semifield
F=R" U {0} (or Q" u {0} or Z* U {0}).

Take A= {0, 5v/3, 74/8 +9, 5J31 +1, _%/7}

and B ={1, V3, —f%,aﬁ}es

We now show how A + B is got

A+B={0,5+3,74/8 +9,5/31 +1-8, —7ﬁ}+
{13, 34 8.5}
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={1, 3, 3/7,8/\5,1+ 53,10+ 748,
531+2,-7, 543 + 85, (-3//7 + 8V5),
-8+ 8\/5), 748 + 8\/§+9,(5\/ﬁ +1+8\/§),
—8-/3/7,1-3/7, 643, 748 + /3 +9,
531+ V3+1,-8+ /3, -3/7 + 43,

78 + 9—+/317, 53 =317, (=317 =3/7)

V3B

Let — e F; — x A
5 5

_\3 -3
=5 x {0,5+/3,7 /8 +9,5+/31+1, -8, /ﬁ}

9/3+74/24 3+5/93 —8/3 -33

= {0, 3, : :
{ 5 5 5 ' 57

}eS.

Thus S is a generalized subset semivector space over the
semifield F = R* U {0}.

Example 2.68: Let

S = {Collection of all subsets from the group (C, +)} be the
subset semigroup under +. S is a generalized subset semivector
space over the semifield Z* U {0}.

Example 2.69: Let

S = {Collection of all subsets from the group (RSs;, +)} be the
subset semigroup under ‘+’. S is a generalized subset
semivector space over the semifield F = Q" L {0}.

We can for these generalized subset semivector spaces also
define the notion of substructures subset linear dependence
subset linear independence, subset linear transformations and
subset linear operators.
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All these are considered as a matter of routine and hence
left as an exercise to the reader. However we prove the
following theorem which relates the subset semivector spaces
and generalized subset semivector spaces.

THEOREM 2.4: Let

S = {Collection of all subsets from a group (G, +)} be the
subset semigroup. S be a generalized subset semivector space
over a semifield F (F; related to G). Then S is a subset
semivector spaces. However a subset semivector space in
general is not a generalized subset semivector space.

Proof. We know from the very definition that a generalized
subset semivector space is a subset semivector space; but a
subset semivector space in general is not generalized subset
semivector space.

For consider S = {Collection of all subsets from the
semigroup Z* u {0} under +} be the subset semigroup. S is a
subset semivector space over the semifield F = Z* U {0}.

It is clear that Z* U {0} can never be a group under ‘+’ so S
can never be a generalized subset semivector space over the
semifield Z* U {0}.

Now having related both we can define the notion of
generalized subset semilinear algebras.

Let S = {Collection of subsets from the group (G, +)} be the
generalized subset semivector space over a semifield. If on S
we can define a product so that S under that product is a subset
semigroup then we define S to be a subset semilinear algebra.
So to define a subset semilnear algebra we need G to have
product so that (G, x) is a semigroup without which we cannot
define the notion of subset semilinear algebra over the
semifield.

We will illustrate this situation by a few examples.
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Example 2.70: Let

S = {Collection of all subsets from the ring RSz} be the
generalized ring RS3;} be the generalized subset semilinear
algebra over the semifield Zz* v {0}. Clearly S is a non
commutative subset semilinear algebra over the semifield
Z" v {0}.

1 2 3 12 3
Take A= {5 +9 + 10,
31 2 1 3 2

1 2 3 1 2 3
-8 +19,4 }.
2 1 3 2 31
and

1 2 3 1 2 3 1 2 3
B= 3 +7 -5,-10 )
{(231} (132) [312)

1 2 3
9 +5}eS.
2 1 3

We define

1 2 3 1 2 3 1 2 3
A+B= {5 +9 +10, -8 +
31 2 1 3 2 2 1 3
1 2 3 1 2 3 12 3
19,4 }+ <3 +7 -5
2 31 2 31 13 2

1 2 3 1 2 3
-10 , 9 + 5}
31 2 2 1 3
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1 2 3 1 2 3 1 2 3
={-5 +16 +5+3 ,
31 2 1 3 2 2 31
1 2 3 1 2 3 1 2 3
-15 +9 +10,15+9
31 2 1 3 2 2 1 3

12 3 1 2 3 1 2 3 1 2
9 -5 ,19-8 -10
1 3 2 31 2 2 1 3 31

1 2 3 1 2 3 1 2 3
-8 +15+7 +3 +5+
2 13 1 3 2 2 31

1 2 3 1 2 3 1 2 3 1 2 3
4 +9 7 +7
[2 3 1] [2 1 3] (2 3 1) [1 3 2]
1 2 3 12 3 1 2 3
19-8 -10 , 4
[2 1 3} (3 1 ZJ [2 3 1]
1 2 3 1 2 3
-10 , 24 + }eS.
31 2 2 13
This is the way “+’ operation is performed on S.

Now we find

12 3 12 3 1 2 3
AxB= {5 +9 +10,-8
31 2 13 2 2 1 3

1 2 3 12 3 12 3
+19, 4 Yx 13 +7 -5
2 31 2 31 132

+

|
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1 2 3 1 2 3
-10 , 9 +5}
312 2 13

12 3 12 3
- 90 ~ 100 ,
31 2 31 2
12 3 123 123
-25 - 45 +45 +50 +
[312] (321} [132)
12 3 123
81 24 -
2 31 321
12 3 123 12 3
56 +40 +57 ¥
(312} [132} {231}
123 123
133 - 95,80 -
(132} (132}

12 3 1 2 3 12 3
190 .20 +36 .}
321 2 31 13 2

It is left for the reader to prove A x B = B x A.
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Example 2.71: Let

S = {Collection of all subsets from the ring CS;} be the subset
semigroup under +. S is a generalized subset semilinear algebra
over the semifield R* U {0}. S is clearly non commutative.

Example 2.72: Let

S = {Collection of all subsets from the ring (C w | )(S; x Ds7)}
be the subset semigroup under ‘+’. S is a subset generalized
semilinear algebra over the semifield F = (Z* U | U {0}).

Example 2.73: Let

S = {Collection of all subsets from the ring Z(S; x As x D11)}
be the subset semigroup under +. S is a subset generalized over
the semifield F = Z" L {0}.

Now we next develop results about subset Smarandache
semivector spaces and subset special Smarandache semivector
spaces.

Example 2.74: Let

S = {Collection of all subsets from the group (Z, +)} be the
subset semivector space over the semifield F = Z* U {0}.
Clearly S is a Smarandache subset semivector space over the
semifield F.

Example 2.75: Let

S = {Collection of all subsets from the group (Q w I)} be the
subset semivector space over the semifield F = (Q" u | U {0}).
S is clearly a Smarandache subset semivector space over the
semifield F.

For P ={{a} |a € (Qu I)} is a group under + so S is a
Smarandache subset semigroup.

Just we wish to recall that if P is a Smarandache semigroup
then the subset semigroup S of P is a Smarandache subset
semigroup.

Example 2.76: Let S = {Collection of all subsets from the
semigroup Z* U {0} x Z} be the subset semivector space over
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the semifield F = Z* U {0}. S is a Smarandache semivector
space over the semifield F = Z" U {0}.

Example 2.77: Let S = {Collection of all subsets from the
semigroup Z* U {0} x Q x R} be the subset semivector space
over the semifield F = Z* U {0}. S is a Smarandache
semivector space over the semifield F = Z* U {0}.

Example 2.78: Let S = {Collection of all subsets from the
semigroup P = (Z x Q x Z" U {0})Ss} be the subset semivector
space over the semifield Z* v {0} = F. Clearly S is a
Smarandache subset semivector space over F.

Example 2.79: Let S = {Collection of all subsets from the
semigroup (Q x Z x R U {0})} be the subset semivector space
over the semifield F = Z* U {0}. S is a Smarandache subset
semivector space over the semifield F.

We have seen examples of subset Smarandahe semivector
spaces other properties related with S can be derived as a matter
of routine without any difficulty so this is left as an exercise for
the reader.

Now we proceed onto describe the notion of quasi
Smarandache subset semivector space over a Smarandache
semiring.

Example 2.80: Let S = {Collection of substes from the
semigroup (Z* u {0} x Q)S;} be the quasi Smarandache subset
semivector space over the Smarandache semiring (Z* w {0})S..

Example 2.81: Let S = {Collection of all subsets from the
semigroup P = (Q" u {0} x Z x R)S(5)} be the quasi
Smarandache subset semivector space over the Smarandache
semiring (Z* w {0}) S(5).

Example 2.82: Let S = {Collection of all subsets from the
semigroup (Z x Q" U {0})(S; x D)} be the quasi subset
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Smarandache semivector space over the Smarandache semiring

F=(Z" o {0})(S; < {1}).

Example 2.83: Let S = {Collection of all subsets from the
semigroup (Q" U {0} x R)(S(5) x A4} be the subset quasi
Smarandache semivector space over the Smarandache semiring

Q" w{0}) (S(B) x {1}).

Example 2.84: Let S = {Collection of all subsets from the
semigroup (Z x Q" u {0} x R* U {0})S(10)} be the quasi
Smarandache subset semivector space over the Smarandache
semiring (Z* v {0})S1o.

Having seen examples of quasi Smarandache subset
semivector spaces of infinite order we now proceed onto
describe finite order Smarandache quasi semivector spaces over
S-semirings.

Example 2.85: Let S = {Collection of all subsets from the
semigroup LSz where L is the lattice

a
a

az

ds
az

dg do

J
0

be the quasi subset Smarandache semivector space over the S-
semiring PS; where P =
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Example 2.86: Let S = {Collection of all subsets from the
semigroup L; (S3 x As) where L; =

1 A
dy ay
a3 >
a4
as
a6
J

0

be the quasi Smarandache subset semivector space over the

Smarandache semiring Li(S; x {1}). This S is a finite
semivector space and S is hon commutative.

S has substructures and we can define semilinear operator
onS.

Example 2.87: Let S = {Collection of all subsets from the
semigroup L(S(5) x D,7)} be the quasi Smarandache subset
semivector space over the S-semiring L({1} x D,7) where L =
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Example 2.88: Let S = {Collection of all subsets from the
semigroup L(D,7 x Ag) where L = \

1
a dy
as as
ag aio
a3 dig
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be the quasi Smarandache subset semivector space over the S—

semiring L(D,7 x A4). S is also a quasi Smarandache subset
semilinear algebra over L(D,7 x Ag).

Example 2.89: Let S = {Collection of all subsets from the
semigroup LD, o where L =

1 \
X"
dg s
az >
ds
dg aio
0 J

be the Smarandache subset semivector space over the S-
semiring PD, o Where P =

Clearly S is of finite order and S is non commutative quasi
Smarandache subset semilinear algebra over PD, .

We suggest the following problems for this chapter.
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Problems

1.

2.
()
(i)
(iii)
(iv)
V)
(vi)

3.

4.

Give some special and interesting features enjoyed by
subset semivector spaces.

Let S = {Collection of all subsets from the semigroup
Z" U {0}} be the subset semivector space over the
semifield F = Z* U {0}.

Prove S has infinite number of subset semivector
subspaces.

Find subset semilinear operator T on S so that

kernel of Ty = {0}.

Can S be written as a direct sum of subset
subspaces?

Is S a Smarandache subset semivector spaces?
What is the algebraic structure enjoyed by
{Collection all subset semilinear operators on S}?

Is S a subset semilinear algebra over F?

(vii) Find a subset basis of S over F.

Let S = {Collection of all subsets from the matrix
semigroup m = {(a;, a, a3, ..., ) |as € Z* U {0}, 1<i<
9}} be a subset semivector space over the semifield
F=2Z"u{0}.

Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the matrix

a
semigroup N = a:4 S e e u{ody;

a13 a'14 a'lS

1 <i < 15}} be the subset semivector space over

F=Q"u {0}.
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Study problems (i) to (vii) of problem 2 for this S.

If Q" U {0} is replaced by Z" U {0} what can be said
about their subset basis?

Compare them, with S is over Q" L {0} when S is over
Z" v {0}.

Let S = {Collection of all subsets from the semigroup

P=<l: i i ilaeR u{0k
a21 a22 a23 a24 a'25

1 <i <25}} be the subset semivector space over
Z"u {0}

Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup
&

w=1| % || & ez U{0} 1<i<9}} bethe subset

dg

semivector space over the semifield Z* u {0}.
Study questions (i) to (vii) of problem 2 for this S.

What are the special features enjoyed by subset semilinear
algebra?

When will the subset basis be larger for the same S, when
realized as a subset semivector space or as a subset
semilinear algebra ?
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10.

11.

Let S = {Collection of all subsets from the semigroup
P={(a;a|asas|as)|a e€Z U {0} 1<i<b5}}the
subset semivector space over the semifield Z* U {0}.
Study question (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup

a
M=1la, ||aeQ uU{0}1<i<9}}
a

be the subset semivector space over the semifield

Q" u {0}.

Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup

a, |a, a, a, a |a, a,|a; a

P —_ a'lO all a'12 a'13 a14 a15 a16 al? a18 a
- 1
Qo |8 0 e e | e e | e Ay
Qg |89 v e e | e | e Ay

e Q" U {0}; 1 <i < 36}} be the subset semivector space
over the semifield F = Q" U {0}.
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Study questions (i) to (vii) of problem 2 for this S.

12. Let S = {Collection of all subsets from the semigroup

a, a, a, a,
a5 aG a7 a8
a9 a’lO all alZ
w= | %t B el v oy 1<i<32))
a17 a18 alg a20
a21 a22 a23 a24
a25 a26 a27 a28
L a9 a’30 a3l a32 a

be the subset semivector space over the semifield

F=Q"u{0}.
Study questions (i) to (vii) of problem 2 for this S.

13. Let S ={Collection of all subsets from the semigroup

2, © ©
Ofa a| © ©
a4 a‘5
aG a'7 a8
we O[O e a a| O
a'12 a13 a'14

a15 a16 al7 a18

alg a'20 aZl a22
©) | (0 (0) A By Ay Ay
a27 a28 a29 a30 n

a € Q" U {0}; 1 <i < 30}} be the subset semivector
space over the semifield F = Q" U {0}.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

Study questions (i) to (vii) of problem 2 for this S.
Study when Q" u {0} is replaced by Z" U {0}.

Let S = {Collection of all subsets from the semigroup
(Z" v {0})Ss} be the subset semivector space over the
semifield F=Z" U {0}.

(i)  Prove S is non commutative.
(i) Study questions (i) to (vii) of problem 2 for this S.

Evolve a method to find a subset basis of subset
semivector space.

Give an example of a subset semivector space which has
only a finite number of elements in the subset basis.

Give an example of a subset semivector space which has
an infinite number of elements in the subset basis.

Do the elements of a subset basis of a subset semivector
space, subset linearly dependent or subset linearly
independent?

Prove the number of elements in a subset basis depends
on the semifield over which the space is defined.

Give some stricking differences between the subset
semivector spaces and usual semivector spaces.

Can a subset semivector space S have more than one
subset basis?

Is it possible to have a subset semvector space which has
more than one subset basis?



23.

24.

25.

26.
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Let S be a subset semivector space. Vg = {Collection of

all subsets semilinear operators on S}. Does V; enjoy
any nice algebraic structure?

Let S and S; be two subset semivector spaces over the
same semifield F. W, = {Collection of all subset
semilinear transformations of S to S;}.

What is the algebraic structure enjoyed by W;?

Let S = {Collection of all subsets from the semigroup

a; € Q" U {0}}} be the subset semivector
i=0

space over the semifield Q" L {0}.
Study questions (i) to (vii) of problem 2 for this S.

Let S = {Collection of all subsets from the semigroup L
where L

X
X
poe

0 J
be the subset semivector space over the semifield F =
1
ax
as

0

(i)  Find o(S).
(i)  Find a subset basis for S.
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27.

28.

29.

(iii) 1s S a subset semilinear algebra?
(iv) Find all subset subsemivector subspaces of S.

(v) Find Vg = {all subset semilinear operators on S}.
(vi) Can S have more than one subset basis?

Let S = {Collection of all subsets from the lattice L = Cy0}
be the subset semivector space over Cyg.

Study questions (i) to (vi) of problem 26 for this S.

(i) IfLisreplaced by

a

az

Study questions (i) to (vi) of problem 26 for this S.

Let S = {Collection of all subsets from the lattice group
LS, where S is a Boolean algebra of order 16} be a subset
semivector space over

Study questions (i) to (vi) of problem 26 for this S.

Let S = {Collection of all subsets from the smeigroup
LS(3) where L =
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\

a do

1
as
a4 ’ a5
s
az >

X X

0

be the subset semivector space over the semifield P =

Tl
ed;
¢ a3
¢ds
¢ ds
¢ d7
e dg
¢ dg
p Aro

L 0

Study questions (i) to (vii) of problem 26 for this S.
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30.

31.

32.

33.

Let S = {Collection of all subsets from the semigroup
M = (Z" U {0} (S; x S(7))} be the subset semivector
space over the semifield Z* U {0}.

(1)

(i)
(iii)
(iv)
(V)

(vi)
(vii)

S as a semilinear algebra is non commutative prove.
Find a subset basis of S.

Can S have more than one subset basis?

Find all subset semivector subspaces of S.

Let Vg = {Collection of all subsets semilinear
operators on S}.

Find the algebraic structure enjoyed Vi .

Is S a Smarandache semivector space?

Can S be written as a direct sum of subset
semivector subspaces?

Let S = {Collection of all subsets from the semiring (Z x
Q" U {0})Dy,} be the subset semivector space over the
semifield Z* U {0}.

(i)
(i)

(i)

Study questions (i) to (vii) of problem 30 for this S.
Is S a quasi Smarandache subset semivector space
over (Z" u {0}) Dy¢?

Is S a Smarandache subset semivector space over
(Z" U {0}) of finite subset dimension?

Let S = {Collection of all subsets from the semiring
Q x Z" w {0} be the subset semivector space over the
semifield Z* U {0}.

Study questions (i) to (vii) of problem 30 for this S.

Let S = {Collection of all subsets from the lattice group
L(Ss x S(5)) where L =



34.
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1 A

a a,
as
a as
N
as ag
dg

0 J
be the quasi S-subset semivector space over the
S-semiring F = L(S; x {1})

(i)  Find the o(S).
(i)  Find all subset semivector subspaces of S.

(iii) Can S be written as a direct sum of subset
semivector subspaces?

(iv) Find a subset basis of S.
(v) Can S have more subset basis?

(vi) Can S be a S-subset semilinear algebra over
F=L(S;x{1})?

(vii) S as a S-subset semilinear algebra have a basis
different from B mentioned in iv.

Let S = {Collection of all subsets from the group lattice
LG = LA, where L =
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1
a do
as
2
das
as
ay ag
dg
0

be the quasi subset semivector space over the S—semiring
LA,.

Study questions (i) to (vii) of problem 31 for this S.

35. Let S ={Collection of all subsets from the semigroup

a, a,
a, a,
M=<la, a, || ae(Z u{0})Ss 1<i<10}} bethe
a'7 a8
_a9 a'lO_

subset semivector space over the semifield F = Z* U {0}
and S; = {Collection of all subsets from the semigroup
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[«5)
iy

m|<;u m|
S w N

o
11
QD
ol

ai e Z* U {0} (Dao x Sy); 1 <i < 10}}

m|sv
[e2]

L o
© o

10

be the subset semivector space over the semifield
F=(z"u{0})

(i) Find Ts: S — S; so that Ts is one to one and onto
subset semilinear transformation.

(i) If Ws = {Collection of all subset semilinear
transformations from S to S;} find the algebraic
structure enjoyed by W;.

(i) Find Vs and Vg . Is Vs = V;as algebraic
structures?

(iv) If both S and S; are realized as S—quasi semivector
spaces over the S-semiring F = (Z* U {0})S; =
Z" U {0} ({1} x Sy)

(v) Find W{ and WS? as a S-quasi semivector spaces.
Find Vg and Vg as S-quasi semivector spaces.

(vi) Compare (i) Wg with W

(i) Wg with W
(iii) Vs with V¢ and
(iv) Vg with V.
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36.

37.

38.

39.

Enumerate some special features enjoyed by
Smarandache subset semivector spaces.

Enumerate all the special properties associated with
Smarandache quasi subset semivector spaces over S-
semiring.

Compare S-subset semivector spaces and S-quasi subset
semivector space where S is the subset from the same
semiring only the semifield is contained in the S-semiring
for the later structure.

Let S = {Collection of all subsets from the semigroup

a, a, .. ag
M=1{la, a, .. al|ae(@Z u{0}) I[SsxAl}
Q9 8y - Ay
and

S; = {Collection of all subsets from the semigroup

3, a8, 2 |(0) (0)

iy
N

15 ()

iy
'S

g Ay 8y Ay Ay
0) (0) Ay 8y Ay Ay Ay |

a e (Z" U {0P)[Ss x A}



40.

41.

42.
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be the S-quasi subset semivector space over the
S-semiring F = (Z" L {0}) (S x Ay}

Study questions (i) to (vi) of problem 35 for this S and S;.

Let S = {Collection of all subsets from (Z* u {0}) (S; x
D,z x A;)} and S; = {Collection of all subsets from (Z* U
{0}) (A3 x D37 x S4)} be the S-quasi subset semivector
spaces over the S-semiring (Z* w {0}) (Az x Dy 7 x Ay).

Study questions (i) to (vi) of problem 35 for this S and S;.

Let S = {Collection of all subsets from the semiring (Z* U
{0}) (S3 x D,)} be the subset semilinear algebra over the
semifield F=Z" L {0}.

(i)  Find a subset basis of S over F.

(i)  Can S have more than one basis over F?

(iii) Is S finite subset dimensional over F?

(iv) Let Vs : {Ty : S — S} what is the algebraic
structure enjoyed by V?

(v) Can S be written as a finite direct sum of subset
semivector subspaces of S?

(vi) Does S contain infinite number of subset
subsemivector spaces?

(vii) Can S be realized as a subset semilinear algebra?

(viii) I1s S a Smarandache subset semilinear algebra over
F?

(ixX) Find a subset basis relative to S as a subset
semilinear algebra over F.

Let S = {Collection of all subsets from the matrix

a, a, .. a
semigroupM=13la, a, .. a,| ae(Z u{0})

e8]
iy
w

[«
iy
i

[«H)

18
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43.

44,

D,11; 1 <i < 18}} be the subset semivector space over the
semifield F=Z" U {0}.

(i)
(i)

(i)

Study questions (i) to (ix) for problem 41 for this S.

Prove S can be written as a direct sum of n-subset
semivector spacesn=2, 3, ..., 18.

Prove S has infinite number of subset semivector
subspaces which cannot be written as a sum of
subset semivector subspaces.

Let S = {Collection of all subsets from the matrix

i a‘1 a2 a3 1
a, a5 a,
semigroupM = <|a, a, a, || ae(Z Uu{0})As;
a10 all a12
_a13 ayy a15
1 <'i < 15}} be the subset semilinear algebra over the
semifield F = Z" U {0}.
(i)  Study question (i) to (ix) of problem 41 for this S.
(i)  Write S as a n-direct sum of subset semilinear
algebras,n=1, 2, 3, ..., 15.
(iii) Find subset basis of S and compare it in case S is

only realized as a subset semivector space over F.

Let S = {Collection of all subsets from the super matrix
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a1 aZ a3
a'4 a‘S a‘6
a7 a8 a9

10 all a'12

a, a
semigroup M= 4| ° T "B g e (QF U {0 (A, x

S(3)), 1 <i<30}} be the subset semilinear algebra over

the semifield Q" U {0}.

(i)  Study questions (i) to (ix) for problem 41 for this S.

(i)  Write S as a n-direct sum of subset semivector
subspaces over F; n=2, ..., 30.

Let S = {Collection of all subsets from the super matrix

w
(28]
~

a5 | 8

D

D o
©

1

[

dj €

5
L o | o
&

a, a

. a a, a
semigroup M = e
a a,, a,
a25 a26 a27 a28 a29 a30

a31 a32 a33 a34 a35 a36 i

(Z" v {0} x Q" U {0})S4; 1 < i < 36}} be the subset
semilinear algebra over the semifield F = Z* U {0}.

(i)  Study questions (i) to (ix) for problem 41 for this S.
(i)  Write S as a n-direct sum of subset semilinear
algebras over F;n=2, 3, ..., 36.
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46.

47.

Let S = {Collection of all subsets from the super matrix

i a a, | a dg | 89 8y |
a; Ay |8 Qg | 819 8y
semigroup M = Ay Ay | Qyg e Qyg [ Qyg gy || G
d3 Ay |8z g | A39 8y
841 8y | 8y Qg | 849 s

e Z" U {0}Se x Q" U {0} S(7); 1 <i < 50}} be the subset
semilinear algebra over the semifield F = Z*" U {0}.

(i)  Study questions (i) to (ix) for problem 41 for this S.

(i)  Write S as a n-direct sum of subset semilinear
algebras,n=2, 3, ..., 50.

(iii) Prove S is non commutative subst semilinear
algebra over F = Z" L {0}.

Let S = {Collection of all subsets from the semigroup

a1 a2 a5
a a .ooa

M= Ll ae (R U{0DSE);1<i<
a'21 a'22 a25

25}} be the subset semilinear algebra over the semifield
F=R"u {0}.

(i)  Study question (i) to (ix) of problem 41 for this S.

(i) Write S as a n-direct sum of subset semilinear
algebras,n=2, 3, ..., 25.

(iii) Prove S is non commutative.

(iv) Finda subset basis of S over F.
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48. Let S = {Collection of all subsets from the semigroup (R
w I) under “+’} be the S-subset semivector space over the
semifield (R* u {0} U I).

(i)  Study question (i) to (ix) of problem 41 for this S.

(i) Prove S has a S-subsemigroup S.

(iii) Suppose S is realized as semivector space say S;
over Z* u {0}. Study the related problems.

(iv) Does this change for (R* U {0} U I) to Z" U {0}
make any difference on the subset basis?

49. Let S = {Collection of all subsets from the group R* U
{0} x Z" U {0}} be the subset semilinear algebra over the
semifield Z* U {0}.

(i)  Study question (i) to (ix) of problem 41 for this S.

(i)  Does there exist a subset semivector subspace W of
S so that S = W + W2 (W orthogonal complement
of W).

(iii) Prove S is only a commutative subset semilinear
algebra.

50. Let S = {Collection of all subsets from the lattice group
LG = LAs where L =

be the generalized subset semivector space over the
semifield
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51.

52.

53.

54.

F= ol
a
as
0
(i)  Find o(S).

(i)  Find the subset basis of S over F.

(iii) Can S have more than one subset basis?

(iv) Can S be written as a direct sum of generalized
subset semivector subspaces over F?

Study the special features enjoyed by generalized subset
semilinear algebras over semifields.

Let S = {Collection of all subsets from the group RS,} be
the generalized subset semivector space over the
semifield R* U {0}.

Study question (ii) to (iv) of problem 50 for this S.

Let S = {Collection of all subsets from the group
G = {(a1, az, a3, a4, 85, &) | & € ZSs5; 1 < i < 6}} be the
generalized subset semivector space over the semifield
R* U {0}.

Study question (i) to (iv) of problem 50 for this S.

Let S = Collection of all subsets from the group

a

G=1{"|| acQsixs@);1<i<9p
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be the generalized subset semilinear algebra under natural
product over the semifield F = Q" L {0}.

(i)  Find a subset basis of S over F.

(i)  Can S have more than one subset basis?

(iii) 1s S finite subset dimensional?

(iv) If Q" u {0} is replaced by Z* L {0} will S be of
finite dimension?

(v) Can S be represented as direct sum of generalized
semilinear subalgebras?

(vi) Show S = {W + W" is possible where W is a
generalized subset semilinear algebra over
Q" U {0} and W is the orthogonal complement of
W.

(vii) Find Vg = {Collection of all subsets semilinear

operators on S}.
What is the algebraic structure enjoyed by S?

Let S = {Collection of all subsets from the group

al aZ
a3 a4
a5 aG
G=4la, ag||aeQ(SsxDy);1<i<14}}
a9 a10
all alZ
a‘13 a14

be the generalized subset semilinear algebra over the
semifield Z* U {0}.

(i)  Show S is non commutative.
(if)  Study questions (i) to (vii) of problem 54 for this S.
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56.

57.

Let S = {Collection of all subsets from the ring

a a, .. a,
M=4la;, a, .. a,||aeZ(DyxS;xAy);
Ay Bys ... Agg

1 <i < 36}} be subset generalized semivector space over
the semifield F = Z* U {0}.

Study questions (i) to (vii) of problem 54 for this S.

Let S = {Collection of all subsets from the Ilattice
grouplattice LG where G = As and L is a lattice which is
as follows: L =

1 \
a ay
ds
dg
ds >
dg az
dg
dg
0

be the quasi subset semivector space over the S-semiring
LG.

(i) Find o(S).
(i)  Find subset basis of S over LG.
(iii) Can S have more than one subset basis over LG?
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(iv) Find atleast four subsets which are subset linearly
independent.

(v) Find at least 5 subsets which are subset linearly
dependent.

(vi) Will the subset linearly independent elements
generate a subset semivector subspace over
Z" v {0}?

Let S = {Collection of all subsets from the group lattice
LD, ;1 where L is the lattice

ae as a4 > >

az

» a8

4 ag

| o .

be the quasi subset semivector space of the S—semiring.
Study questions (i) to (vi) of problem 59 for this S.

Let S = {Collection of all subsets from the semigroup
lattice LS(4) where L =
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60.

61.

a a
as
ag as
L
az ag
dg
a0 an
X J

be the S-quasi subset semivector space over the S-
semiring LG = LS(4).

Study questions (i) to (vi) of problem 57 for this S.

If S is a S-quasi subset semilinear algebra over a
S-semiring F.

What is the algebraic structure enjoyed by
Vg = {Collection of all subset semilinear operators on S}?

Let S; and S, be any two S-quasi subset semilinear
algebras over the same S-semiring F.

What is the algebraic structure enjoyed by
W4 = {Collection of all quasi semilinear transformation
from S; to S,}?
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Let S = {Collection of all subsets from the matrix group

al aZ a3
a4 a5 aG

pP= . . . g € LG = L(D210 X A5),
a28 a29 a30

1<i<30}}

be the S-quasi subset semilinear algebra over the S-
semiring L(Dy 10 x {1}) where L =

1
ag a,
ds
a4 as
ds
az ag
dg
aio an
ar
a3
0

Study questions (i) to (vi) of problem 57 for this S.
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63. Let S ={Collection of all subsets from the group lattice

L D
w N -

super matrix M = a8 e LS, 1<i<l10andLisas

s:o|su m|m|<;u
~ (2] [3;] E=

follows;

be the S-quasi subset semilinear algebra over the S-
semiring LS,.

Study questions (i) to (vi) problem 57 for this S.



Chapter Three

SPECIAL STRONG SUBSET SEMILINEAR
ALGEBRAS

In this chapter we for the first time define, develop and
describe the new notion of Smarandache special strong subset
semivector spaces and Smarandache special strong subset semi
linear algebras.

All these strong special subset semilinear algebras
(semivector spaces) contain as a substructure the subset
semilinear algebra over the appropriate semifield of the subset
semiring over which the basic structure is defined.

DEFINITION 3.1: Let S = {Collection of all subsets from a
semigroup (or a group or a semilattice under )} be a subset
semigroup. Suppose P be the collection of all subsets of a ring
or a semiring, that is P is a subset semiring such that

(i) Ifforalls eSandp eP;spandps €S.
(ii)  p(si+s2) = psi+ psy

(i) (pL+ p2)s = pus + Pas

(iv) {0} p={0}

v)  S{0}={0}

for all s, s;, 5 e Sand p, py, p2 €P.
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We define S to be a Smarandache special strong subset
semivector space over the subset semiring P.

If in addition an operation product is defined on S we define
S to be a Smarandache special strong subset semilinear algebra
over the subset semiring P.

We use the term Smarandache strong special subset
semivector space as P in most cases is only a Smarandache
subset semiring and not a semifield.

We will first illustrate this situation by some examples.

Example 3.1: Let S = {Collection of all subsets from the
semigroup B = (Z* u {0} x Z" U {0}) under addition} be a
subset semigroup of B.

P = {Collection of all subsets from the semifield Z* U {0}}
be the subset semiring. P is a Smarandache subset semiring.

We see S is a Smarandache special strong subset semivector
space over the S-subset semiring P.

For if A={(3, 2), (5, 0), (0, 0), (7, 8), (0, 6), (11, 2)} and
B={(1,1),(20), (5, 7), (8 0} eS.

We see
A+B {(3, 2), (5, 0), (0,0), (7, 8), (0, 6), (11, 2)} +

11, 1), (2,0), (5,7, (8,0)}

{(4,3),(5,1),(1,1),(8,9), (1, 7), (5, 2), (7,0),
(2,0), (9, 8), (2, 6), (8, 9), (10, 7), (5, 7), (12,
15), (5, 13), (12, 3), (13, 2), (19, 11), (11, 2),
(13, 0), (8, 0), (15, 8), (8, 6), (19, 2)} € S.

Let M ={3,0,5, 9, 12, 15} < P.

MxA = {3,0,509, 12, 15} x {(3, 2), (5,0), (0, 0),
(7, 8), (0, 6), (11, 2)}
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= {(9,6), (15,0), (0,0), (21,24), (0,18), (33,6),
(15,10), (25,0), (35,40), (0,30), (55,10), (27,18),
(45,0), (63,72), (0,54), (99,18), (36,24), (60,0),
(72,96), (0,72), (132,24), (45,30), (75,0),
(105,120, (0,90), (165,30)} € S.

This is the way operations are performed on S.

Example 3.2: Let S = {Collection of all subsets from the

semigroup R* w {0} under the addition ‘+’} be the subset
semigroup.

Let P = {Collection of all subsets from the semifield
Z" U {0}} be the Smarandache subset semiring.

S is defined as a Smarandache strong subset semivector
space over the S-subset semiring P.

Take A= {5, \/3/2, V17 /5, 1/4/11, 0, 25, 9} and
B={+19, /31, 10, 11, 12} € S and
M={0,1,2,5,7, 10,6} € P.

{5, 312, V175, 1/11, 0, 25, 9} +
{19, V31,10, 11, 12}

A+B

{5 + 19, V5 + /31,10 ++/5, 11+/5,
12+ 5, 32+ 19, V372 + /31,
10 ++/3/2, 11++/3 /2, 12 + /312,

775 +19, 17 /5 + /31, 17 /5 + 10,
VI7/5+11, J17/5+12, 111 + 19,
1/11 + /31, 1/11 +10, 1/11 + 11,
1/411 + 12, V19, /31, 10, 11, 12,

25+ /19, 25 ++/31, 35, 36, 37, 19, 20,
J19+9, 431 +9} e S.
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Now consider

MxA= {0,1,25 710, 6} x{5, /372, V17 /5, 1/ 11,
0, 25, 9}

= {0, V17/5,1/\11, \/5, /312, 25,9, 25, /3,
217 15, 2/4/11, 50, 18, 5+/5 , 5~/3 /2, V17 //5,
5/11, 125, 45, 7+/5, 7~/3 /2, 717 15, 7/11, 175,
63, 250, 90, 10+/5, 5/3 /2, 10/\/17 , 2//17 65,
3+/3, 6417 /5, 6/+/11, 150, 54} € S.

This is the way operations are performed on S.

Example 3.3: Let S = {Collection of all subsets from the matrix
semigroup

B=1la;|| ae(Z u{0})S; 1<i<5}}

be the subset semigroup under ‘+’.

P = {Collection of all subsets from the semifield Z* v {0}}
be the subset semiring which is a Smarandache subset semiring.

Let A=

O NN P O W
I—‘N_U'I-bo
I—‘I\);DI\)I\)
I—‘O‘\IO\I
Ol—‘~OI\J(JJ
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e S.

11,/6(,/1},|0

and B

1,/5,|0[,|7],]0

A+B
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4

12
10

16

11
10

9
12

12

{0,5,6,7,9,2}  P.

Let M

0

12

24| |12

12

11,/5(,/01},|7[,|0

0

12

10

{0,5,6,7,9, 2} x

MxA

0

0

10

20110

10

0

10

0

0
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(18] [21|[ 0 ][14][49] [21][27][ 0][18][63]
1211 0||28||14|| 0| |14|| 0 ||36||18]|| 0O
Of[L|7[35],]0{49,|0/(|9[|45]]0 |, 63],
6 (14|14 ||14|| O 7118|1818
01107 ||7]||7 35| 0 91191]1]9

[271[6][0[4][24][6
18||0||8||4]|0]]|4
0 |2}|w0|of|14]]0 [ €s.
9 |[4|]4||4 2
145[]0]|2]]2]]2]][20]

This is the way operations are performed on S.

Example 3.4 Let S = {Collection of all subsets from the
semigroup

a4, 4, a3
M=1{la, a ag|laeZ ' u{0}1<i<9}}
a; dg dg

be the Smarandache subset special strong semivector space over
the S subset semiring;

P = {Collection of all subsets from the semifield Z* u {0}}.

We have for
3 0 1(|{2 2 0|1 1 0|3 00O
A=<1 2 3|1 1 2(/0 1 2|,;0 1 O
4 5 0/|0 0 3/|0 0 1(|0 0O 5

and
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{0, 2,7, 10, 20, 9} € P.

Consider for M
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MxA={0,2,7,10, 20, 9} x

3 0 1||2 2 0|1 1 0|3 0 O
1 2 3|11 2,j0 1 2|,,0 1 O
4 5 0|0 0 3||0 0 1|0 O 5
0 0 O0[|6 O 4 4 0]
=<0 0 0[,j2 4 12 2 4,
0 0 O0[|8 10 0||0 O 6

N
o
o
o
()
[
o
~

SN

o
O NN
N
o
-
o
N
[e0)
w
ol
O

7 7 14
0 O

30 0 10
10 20 30|,
40 50 O

20 20 0|10 10 O
10 10 20,0 10 20|,

14 14 o] 21. 0 0

30 0 0||60 O 20||40 40 O
0 10 0,20 40 ©60(, 20 20 40|,
0O O 50|80 100 0||0 O 60
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(20 20 0o[60 O 0 |[27 O 9
0 20 40,0 20 0 |,|9 18 27|,
|10 0 20/{0 O 100]|36 45 O

18 18 0[9 9 0][27 0 ©
9 9 18(,0 9 18(,;0 9 0 |; €S.
|0 0 27]|0 0 9]]0 0 45

Example 3.5: Let S = {Collection of all subsets from the matrix

semigroup
a, 8, &
a, a; a,
M=1la, ag ag|laeQ uU{0}1<i<i5}}
d 8y 8y
| Q13 Ay Qg5

be the Smarandache subset special strong semivector space over
the S-subset semiring P where

P = {Collection of all subsets from the semifield Q" U {0}}.

Let A= and

o RO ol
— Olk w|lo
N PR Wl
~N o|lo Nk
~N oo oo
N olo Ml
m OO ©ON
N Oolo NN
w vlo Nl s
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e S.

1
0
1

0
1

2

1
0,0

0
1

0
0 0 0|0 0 O

2 2 4]

2
0
0

9

6

1 2 3]

o7

6
0

0,/0

6
2

6
7

0

3

3
1

1{,/0

0

1

A+B

011

1

0
1

0

1

1

2
1

0
1
0
0 0 0|0 O O

1

0,0

0

0

11 2 6]
10 3 3

2

2

5

0

3

11 0 3][10 6 4

eS

3
2
0

1

1

1
1

2

4

0

3

6
2

6
8

0
8

10 2 2

0 1 0,0 6 0,0

5

2 3 3
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Let M = {7/2, 8/5, 3, 6,0, 1/2} < P.

M x P = {7/2, 8/5, 3, 6, 0, 1/2} x

2 0 1|[1 6 2|[2 2 4
0 3 3[|2 0 4|9 2 2
01 1),/0 5 0[,J]O 0 O
1 0 1||0 6 6||6 0 5
10 1 2||7 7 2]|1 2 3
7 0 7/2]0[7/2 21 7]
0 21/2 21/2|| 7 0 14
= 0 7/2 7/2|| 0 35/2 0
712 0 7/2 0 21 21
| 0 7/2 7 ||49/2 49/2 7|
(7 7 7/2][4/5 0 8/5]
63/2 7 7 0 24/5 24/5
o 0 0 || 0 8/5 8/5
21 0 35/2||8/5 0 8/5
| 7/2 7 21/2]| 0 8/5 16/5]
"8/5 48/5 16/5|[16/5 16/5 30/5]
16/5 0 32/5||72/5 16/5 16/5
0 8 0 || O 0 0
0 48/5 48/5||48/5 0 8
|56/5 56/5 16/5]| 8/5 16/5 24/5]
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i A7 ;

O w|o oo
w O|w w|o
o OO O] o
o OO O o
o Olo ol o

i 6]1L |

(12 0 6|[1 0 1/2]|[3 18 6][6 36 12]
0 18 18|| 0 3/2 3/2||6 0 12||12 O 24
0
0

0 6 6|0 12 12[/0 15 0|0 30 0]
6 0 6|12 0 1/2 18 18|| 0 36 36
0 6 12|| 0 1/2 1 ||21 21 6[42 42 12

[1/2 3 1][6 6 12]|[12 12 24][ 1 1 2
1 0 2|27 6 6|54 12 12||9/2 1 1
0 5/2 0,]0 O O 0 0[] 0 O O
0 3 3|18 0 15||36 0 30 3 0 5/2

|7/2 7/2 1|3 6 9|6 12 18]|1/2 1 1/2]

e S.

This is the way the operations are performed on S.
Example 3.6: Let S = {Collection of all subsets from the

semigroup

a € R U {0}}

M = {2aix‘

be the subset semigroup. P = {Collection of all subsets from
the semifield Q" U {0}} be the S-subset semiring.

We see S is a Smarandache special strong subset semivector
space over the S-subset semiring.
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Let A={8x>+ 7x + 1, 3x" + 4/7 5x* + 8x + 3/2,
10x° + 2x + 9/2}

and
B={x"+3x+1,3x"+17x+1,x +3x*+ 8} € S.

A+B={8+7x+1,3x +4/75x* +8x +3/2,
10x° + 2x + 9/2} + {x° + 3x + 1, 3x® + 17x + 1, x" + 3x* + 8}

=+ 8+ 10x + 2, 3x" + x° + 3x + 11/7, 5x* + x° + 11x
+5/2, 11x° + 5x + 11/2, 3x™, 8x% + 24x + 2, 3x” + 3x® + 17x +
11/7, 3x™® + 5% + 25x + 5/2, X° + 19x + 11/2 X" + 11x% + 9 + 7X,
Ax" +60/7 + 3x3, X" + 3x + 5x* + 8x + 19/2, X" +
10x° + 3x% + 2x + 25/2} € S.

Consider M = {7/2, 3/5, 0, 2/5, 6/7, 1, 2} € P.

MxA= {7/2,3/50,2/5 6/7,1, 2} x{8x® + 7x + 1, 3x +
417 5x% + 8x + 3/2, 10x° + 2x + 9/2}

= {0, 4 + 49/2x + 712, 21/2 X" + 2, 35x%/2 + 28x + 21/4,
35x° + 7X + 63/4, 35x° + X + 63/4, 24/5x° + 21/5 + 3/5, 9/5x” +
12/35, 3x? + 24/5x + 9/10, 6x° + 6/5x + 3/10, 16/5x° + 14/5 x +
2/5, 6/5x" + 8135, 2x* + 16/5x + 3/5, 4x° + 4/5x + 9/5, 42x3/7 +
6x + 6/7 18/7 x’ + 24149, 30/7x* + 30/7x* + 48/7x + 9/7, 60/7x°
+12/7x + 2717, 8x% + Tx + 1, 3x’ + 4/7, 5x* + 8% + 3/2,
10x° + 2x + 9/2, 16x3 + 14x + 2, 6x” + 8/7, 10x° + 16X + 3,
20x° +4x + 9} € S.

This is the way operations are performed on S.

Example 3.7: Let S = {Collection of all subsets from the
semigroup (Z* w {0})D, s} be the subset semigroup.

P = {Collection of all subsets from the semifield Z* w {0}} be
the subset semiring. P is a Smarandache subset semiring.

S is a Smarandache special strong subset semivector space
over P.
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Let A = {3a + 5ab + 1, 8ab® + b? + b, 5ab’? + 5ab + 3, 10ab®
+b* + 3ab} and B = {3ab + 5ab* + 5b* + 10a + 3b,
5a+2b+ab+1} e S.

We find A + B = {3a + 5ab + 1, 8ab® + b* + b, 5ab” + 5ab +
3, 10ab® + b* + 3ab} + {3ab + 5ab? + 5b° + 10a + 3b,
5a+2b+ab+1}

= {8ab + 3a + 5ab? + 3a + 15b°, 13a + 3b + 5ab + 1,
8a + 2b + 6ab + 2, 8ab® + 5ab® + 15b° + b* + b, 10a + 4b + b* +
8ab® 5a + 3b + b* + ab + 8ab® + 1, 10ab® + 8ab + 15b° + 3,
5ab® + 5ab + 10a + 3b + 3, 5a + 6ab + 2b + 4 + 5ab?,
10ab® + b* + 6ab + 5ab? + 15ab® + 10ab® + 10a + 3b + b* + 3ab
+10ab® + b* + 4ab + b* + 5a + 2b + 1}} € S.

Now let M = {0, 1, 2, 3, 4, 5} < P.

We find M xA = {0, 1, 2, 3, 4, 5} x {3a + 5ab + 1, 8ab® +
b* + b, 5ab’ + 5ab + 3, 10ab* + b* + 3ab}

= {0, 3a + 5ab + 1, 8ab® + b* + b, 5ab? + 5ab + 3, 10ab® + b*
+ 3ab, 6a + 10ab + 2, 16ab® + 2b* + 2b, 10ab? + 10ab + 6, 20ab®
+ 2b* + Bab, 9a + 15ab + 3, 24ab® + 3b* + 3b, 15ab? + 15ab + 9,
30ab® + 3b* + 9ah, 12a + 20ab + 4, 32ab® + 4b* + 4b, 20ab’ +
20ab + 12, 40ab® + 4b* + 12ab , 15a + 25ab + 5, 40ab® + 5b +
5b*, 25ab’ + 25ab + 15, 50ab® + 5b* + 15ab} € S.

This is the way operations are performed on S.
Now we proceed to study the notion of S subset strong

semilinear algebra over the S-semiring.

Example 3.8: Let S = {Collection of all subsets from the matrix
semigroup
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M= aeQ uU{d}1<i<8}}

be the subset semigroup. Let P = {Collection of all subsets
from the semigroup Q" U {0}} be the S-subset semiring.

S is the S-subset special strong semilinear algebra over the
S-subset semiring P.

We just show the product is the natural product x, on S.

3 0/|1 1|{2 O
1 2/|0 2||1 3
For take A = , , and
3 6//0 0|0 1
0 1/|1 5||5 2
1 2][9 2]
3 4/|5 1
B= , e S.
5 6||0 1
9 0]|4 2]
3 0][1 1][2 O
1 2(|0 2|1 3
We now find A x, B = , , Xn
3 6/|0 0|0 1
0 1|1 5||5 2
1 2(|9 2
3 4||5 1
5 610 1
9 0|4 2
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3 0][27 o][1 2][9 27[2 o07[18 O
|3 8|5 2[|o 8|0 4||3 12||5 3
“ll16 360 6|0 o||l0o ol'l0 6|0 1

0 0||0 2[|9 0||4 10[|45 0|20 4

e S.

It is easily verified A x, B = B x, A. So the S-special
strong subset semilinear algebra is commutative.

Example 3.9: Let S = {Collection of all subsets from the matrix
semigroup

M = a e (Z'U{0}) Dos; 1 <i <8}

be the S-special strong subset semilinear algebra over the
S-subset semiring
P = {Collection of all subsets from the semifield Z* U {0}}.

S is a S-special strong subset semilinear algebra under the
natural product x,. We show A x, B=B x, Afor A,B € S.

3a+5b ab
2ab+1 a
LetA= ) 3 and
5ab“ + 3ab b
7a 8h% +3a
5ab +a b*a
3
B = 5ab® +3 b cs.
3ab + 6ab® a

9b+1 6a+7b
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3a+5b ab
Ax B 2ab+1 a
X = X
" 5ab? + 3ab® b "
7a 8b° +3a
5ab +a ba
5ab® + 3 b
3ab + 6ab® a
9b+1 6a+7b
15b + 3+ 5ba + 25b b 1
10abab® + 3+ 6ab + 5ab® ab
= 15ab?ab + 30ab’ab® ba
+9ab’ab+18
i 63ab + 7a 48b%a +18+56b° + 21ab |
Consider
5ab+a b%a
3
B x, A= 5ab +33 b .
3ab + 6ab a
9 +1 6a+7b
3a+5b ab
2ab+1 a

5ab’ + 3ab® b
7a 8h° +3a
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[ 15aba + 25ab? +5ab + 3 b’
5ab® + 3+ 6ab + 10ab’ab ba
= 15abab’ + 9abab® b
+30ab’ab” +18
| 63ba + 7a 48ab°® +18+21a +54b* |

Itisclear A x, B =B x, A.

Thus S is a non commutative Smarandache special strong
semilinear algebra over P.

Example 3.10: Let S = {Collection of all subsets from the
matrix semigroup M = {(a; a; a3 a4 as) | & € (Z* U {0})Dy7, 1 <
i <5} be the S-subset special strong linear algebra over the S-
subset semiring.

P = {Collection of all subsets from the semifield Z* U {0}}.
We see S is a non commutative S-special strong subset
semilinear algebra which is non commutative.

Let A = {(3a, 5b, 3a + b, 2ab, 10ab®)} and
B = {(b, 3a, 2a + 7b, 5ab%, ab")} € S.

We find A x, B = {(3a, 5b, 3a + b, 2ab, 10ab%} x, {(b, 3a,
2a + 7b, 5ab®, ab*)}

= {(3ab, 15ba, 6 + 2ba + 21ab + 7b* 10abab?®, 10ab®ab)}

= {(3ab, 15ab®, 7b* + 2ab® + 21ab + 6, 10b? 10b)}
O

Consider B x, A = {(b, 3a, 2a + 7b, 5ab®, ab*)} xn {(3a, 5b,
3a + b, 2ab, 10ab®)}

= {(3ba, 15ab, 6 + 21ba + 2ab + 7b% 10ab® ab, 10ab*ab®)}
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= {(3ab®, 15ab, 6 + 7b? + 2ab + 21ab®, 10b°, 10b°)}

Clearly I and Il are distinct. Thus A x, B =B x, A.

Hence S is a S-strong special non commutative semilinear
algebra over P.

Example 3.11: Let S = {Collection of all subsets from the
semipolynomial ring

M = {2aixi

a e Z" U {0}}}

be the S-special strong subset semilinear algebra over the S-
subset semiring. S is a commutative semilinear algebra over P.

Example 3.12: Let S = {Collection of all subsets from the

semiring

g € (Z+ U {0}) D2’4}

M = {gaixi

be the S-strong special subset semilinear algebra over the S-
subset semiring

P = {Collection of all subsets from the semifield Z* U {0}}.
Clearly S is on commutative S-strong special semilinear algebra
over P.

For take A = {5abx’ + 3bx® + 8ax + 3a} and
B ={6b + 7ax’} € S.

A x, B = {5abx’ + 3bx® + 8ax + 3a} x, {6b + 7ax’}

= {35abax™® + 21bax® + 21x* + 56x* + 30ab,x’ + 18b,x* +
48abx + 18ab} ... |
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Consider B x, A = {6b + 7ax’} x, {5abx’ + 3bx® + 8ax + 3a}

= {30bx’ + 18b,x® + 48absx + 18ab; + 35bx'® + 21abx® + 56x* +
21x%} |

Clearly I and 11 are distinct so A x, B = B x, A. Hence S is
a S-special strong subset non commutative semilinear algebra.

Example 3.13: Let S = {Collection of all subsets from the

semiring

a e (Q ulu{oh}

M = {iz:;aix‘

be the S-special strong semilinear algebra over the S-subset
semiring. P = {Collection of all subsets from the neutrosophic
semifield (Q" U 1 U {O})}. Cleary S is commutative.

Example 3.14: Let S = {Collection of all subsets from the
semiring LS3; where L =
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be the subset semiring P = {Collection of all subsets from the
semiring L} be the S-semiring. For M = {{1}, {a1}, {a4}. {a:},
{as}, {ao}, {a10}, {aw}, {0}} under the operation ‘U’ and ‘’ is
a subset semifield which is isomorphic with

1

a
dg
az

S is a Smarandache special subset strong semilinear algebra
over the S-semiring P.

Infact S is a non commutative S-strong special semilinear
algebra over the S-semiring.

For if A ={a;p; + asps + asps} and

B ={a;p.} < Swhere 123 123
= = = , = ,
Pz P 1 3 2 P2 321

_(t 23 (123 (123
Ps=1y 1 3712 3 1)P71l3 1 2

1 2 3
e= then
1 2 3
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A xB ={ap; + asps + agps} x {azp.}
= {a7ps + azpa + arps} oo |
Now
BxA = {a;p.} x {aip; + asps + aspa}
= {aps + arps + azp.} o

Clearly I and 1l are different hence S is a S-special strong
subset non commutative semi-linear algebra over P.

Example 3.15: Let S = {Collection of all subsets from the
group lattice LA, where L =

J

be the Smarandache subset special strong semilinear algebra
over the S-subset semiring.

S is a non commutative subset semilinear algebra over P.
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2 1 4 3 2 31 4
1 2 3 4
a +1}and
1 3 4 2
1 2 3 4 1 2 3 4
B={a1 +ay +
341 2 4 3 21
1 2 3 4
}eS.
2 4 31

. 1 2 3 4 1 2 3 4
WeflndAxB:{az(2 1 j+a5( J

1 2 3 4 1 2 3 4
TakeA={a2( j +as( J

4 3 2 31 4
+a12341“}{611234+
X
1.3 4 2 "3 41 2
1 2 4+1234}
By 3 1 2 4 3 1
2 3 4 12 3 4
—{al +ay +
341 2 4 3 2 1
12 3 4 12 3 4
+ a5 +
2 4 3 1 4 3 2 1

1 2 3 4 1234a1234
3412 la 21 3 4 1 3 2

N W
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1 2 3 4 1 2 3 4
ay + a5 +
32 41 4 3 21

1 2 3 4 1 2 3 4 1 2 3 4
ai + ay + }
31 2 4 4 2 1 3 2 31 4
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I and Il are distinct and S is a S-special strong subset non
commutative semilinear algebra over P.

Example 3.16: Let S = {Collection of all subsets from the
lattice group L (S3 x D, 7) where L =

\

be the S-subset special strong semilinear algebra over the
Smarandache subset semiring P = {Collection of all subsets
from the semiring L}.

P is a S-subset semiring as D = {{1}, {a:}, {as}., {a4}, {as},

{a7}, {as}, {ao}, {au}, {awx}, {0}} < P is a subset semiring
isomorphic to the semifield B =
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01

p A1

p 3

o
® o
[ ] a7
¢ ds

¢ do

p A11

a2
Lo
So P a subset semifield; hence P is a S-subset semiring. It is

easily verified S is a S-strong special subset semilinear algebra
which is non commutative.

Example 3.17: Let S = {Collection of all subsets from the group
lattice (L x L,) (Ss x As) where L; =

1
DX
ds as a4
az
4 a8
L ag
Lo

and L, is a Boolean algebra of order 16} be the S-subset special
strong semilinear algebra over the S-subset semiring
P = {Collection of all subsets from the lattice P x {1} where P =
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Clearly P contains the subset T = {{(0, 1)}, {(a., 1)}, {(as, 1)},

{(a;, 1)}, {as, 1)}, {(as, 1), {(1, 1)}} is a subset semifield
isomorphic with the semifield

J

However S is a non commutative subset strong special
semilinear algebra over the S-subset semiring P.

Now having seen finite order, infinite order, commutative
and non commutative S- special strong subset semilinear
algebras we now proceed onto give examples of the notion of S-
strong special substructure in them.

Example 3.18: Let S = {Collection of all subsets from the
semigroup B = Z* U {0} x Z" U {0}} be the subset semigroup.
P = {Collection of all subsets from the semifield F = Z* U {0}}
be the Smarandache subset semiring.
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S is a Smarandache subset special strong semivector space
over the S-subset semiring P.

Now consider M; = {Collection of all subsets from the
subsemigroup T; = (Z" U {0} x {O}} be the Smarandache
strong special subset semivector subspace of S over the S-subset
semiring P.

Take N; = {Collection of all subsets from the subsemigroup
L={0}xtZ"u{0}cZ" U {0} xZ" U {0}} = S; N, is again a
S-strong special subset semivector subspace of S over the S-
subset semiring.

Infact as 2 < t < oo we have infinite number of S-subset
strong special subsemivector subspaces. If we take
N; = {Collection of all subsets from the subsemigroup
Le={(tZ" v {0} x{0})} = (2" v {0}) x{Z" U {0}} = S. Niis
a S-strong special subset semivector subspace of S over the
S-subset semiring P.

We see S has infinite number of S-subset strong special
semivector subspaces (2 <t < «).

Now consider N; = {Collection of all subsets from the

subsemigroup tZ* U {0} x g Z* U {0}; 2 <t, q < o} = S be the
S-subset special strong semivector subspaces of S over the S-
subset semiring.

Hence we can associate with this S-strong special subset
semivector subspace which are infinite in number. However we
can write S also as a direct sum of S-strong special subset
semivector subspaces over the S-subset semiring P.

Take M, = {Collection of all subsets from the subsemigroup
T={{0} xZ" v {0}) c{Z" v {0} xZ" U {0}}} =S, M;isa
S-subset special strong semivector subspace of S over the S-
subset semiring.
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It is easily verified S = M; @ M,. Further M; is the
orthogonal complement of M, and vice versa, thus for every A
e M; and for every B € M,; is such that A x B = {0} so

Mf =Mgand M, = Mi—

We have no other way of represent this S as a direct sum.

Example 3.19: Let S = {Collection of all subsets from the
matrix semigroup M = {(as, @z, ..., a) |aj e Z- U {0}; 1 <i <
6}} be the S-subset special strong semivector space over the S-
subset semiring; P = {Collection of all subsets from the
semifield F = Z* U {0}}.

S has infinite number of S-subset special strong semivector
subspaces given by L; = {Collection of all subsets from the
matrix subsemigroup; B; = {(a, a, ..., a) |aj e t Z" U {0}; 1 <
i <6, 2 <t < w}} be the S-strong special subset semivector
subspaces of S for varying t over the S-subset semiring.

Now S can also be written as a n-direct sum of S-strong
special subset semivector subspaces of S over the S-subset
semiring P when 2 <n <6.

We will just show if we take M; = {Collection of all subsets
from the subsemigroup N; = {(a;, a2, 0, 0, 0, 0) | &, &, €
Z" U {0})}} be the S-strong special subset semivector subspace
of S over the S-subset semiring P.

Let M, = {Collection of all subsets from the subsemigroup
N, = {(0, 0, a, a, 0, 0) | a, a, € Z* L {0}}} be the S-strong
special subset semivector subspace of S over the S-subset
semiring P. Let M; = {Collection of all substes from the
subsemigroup N3 = {(0, 0, 0, 0, a5, &) | a5, @, € Z" U {0}}
M}} < S be the S-strong special subset semivector subspace of
S over the S-subset semiring P.

Wesee S=M; + My + My and M; n M; = {0} ifi =, 1 <1,
j <3 where {0} ={(0, 0, 0,0, 0,0} Also M, is orthogonal to
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M, but S = M; + M,. Further My is also orthogonal with M3 but
S # M; + My and M; is orthogonal with Mz and S # M, + Ms.

Thus S is the 3-direct sum of S-strong special subset
semivector subspaces of S over the S-subset semiring P.

Now if C; = {Collection of all subsets from the
subsemigroup L, = {(0, a;, 0, a,, 0, 0} | a1, a, € Z" U {0}} =
M} < S be the S-subset special strong semivector subspace of S
over the S-subset semiring P.

C, = {Collection of all subset from the subsemigroup
L;={(a1,0,0,0,0,a)|a;, a e Z" U {0}} = M} S be the S-
subset strong special semivector subspace of S over the S-
semiring P. Let C; = {Collection of all subsets form the
subsemigroup Lz = {(0, 0, a, 0, a5, 0) | a;, a, € Z* U {0}}
M}} < S be the S-subset strong special semivector subspace of
S over the S-subset semiring P.

We see C; + C, + C3 = S and infact C; is orthogonal to both
C, and C3. However C; + C, # S, C; + C3 # S and C3 +C,#S
butCinCi={(000000)}ifi=j, 1<i, j<3. Sowe see
S = C; + C, + Cs is the 3-direct sum of S-special strong subset
semivector subspaces of S over the S-subset semiring P.

Now consider V; = {Collection of all subsets from the
subsemigroup W; = {(0, a;, 0, a,, 0, a3) | a3, a,, as € Z" U {0}}
< M}} be the S-strong special subset semivctor subspace of S
over the S-subset semiring P.

Let V, = {Collection of all subsets from the subsemigroup
W, ={(a;, 0, a, 0, a3, 0) | a;, @y, as € Z* U {0} < M}} be the S-
strong special subset semivector subspace of S over the S-subset
semiring P. We see W; + W, =S,

Infact W, is the orthogonal complement of W, and vice
versa forW, nW,={(000000)}.
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Example 3.20: Let S = {Collection of all subsets from the
matrix semigroup

a;

a
M ZllaeQ u{0y1<i<10}}
aj

be the S-subset special strong semivector space over the S-
subset semiring P = {Collection of all subsets from the
semifield Q" U {0}}.

We see S has infinite number of S-subset special strong
semivector space of S over the S-subset semiring P.

We see S can be written as a direct sum of S-subset special
strong semivector subspaces of S in many ways 2 <n < 10.

We will just indicate it by writing S as a 4-direct sum of S-
subset special direct semivector subspaces.

Let T, = {Collection of all subsets from the subsemigroup

a

job)
N

a, 8 € Q"U{0}} =M} cS

O O O O O O o o o
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be the S-strong subset special semivector subspace of S over the
S-subset semiring P.

Let T, = {Collection of all subsets from the subsemigroup

job)
N

P2 = a, € Q"U{0}}cM}cS

O O O O o o o

be the S-subset strong special semivector subspace of S over the
S-subset semiring P.

Let T3 = {Collection of all subsets from the subsemigroup

o O o o

QD
iy

a8, € Q"U{0}}cM}cS

o
w
11
QD
N

o O O O o
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be the S- strong subset special semivector subspace of S over
the S-subset semiring P.

Let T, = {Collection of all subsets from the subsemigroup

O O O O oo o o o

a, @, a3€ Q" U{0}}cM}cS

be the S- subset special strong semivector subspace of S over
the S-subset semiring.

Wesee TN T; =

ifizj 1<i,j<4

O O O O O O o o o o
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Further S =T, + T, + T3 + T, is the 4-direct sum of the S-
special strong subset semivector subspaces.

Infact S can be made into a S-strong special subset

semivector subspace as direct summand.

Example 3.21: Let S = {Collection of all subsets from the
matrix semigroup

a, a, .. a,
M=1la, ag .. a,|laeZ ulu{0};1<i<18}}
83 8y - A

be the S-strong subset special semivector space over the S-
subset semiring P = {Collection of all subsets from the
semifield (Z* U 1 U {0})}}.

S can be written as a n-direct sum of S-subset special strong
semivector subspaces 2 <n < 18.

Apart from these S-special strong subset semivector
subspaces we have an infinite number a S-special strong subset
semivector subspaces.

Example 3.22: Let S = {Collection of all subsets from the
matrix semigroup

al a2 a3

a, a5 & + :
M= : || aeZ7u{0};1<i<30}}

a28 a29 aSO

be the S-special strong subset semivector space over the S-
subset semiring; P = {Collection of all subsets from the
semifield Z" U {0}}.
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S has infinite number of S subset special strong semivector
subspaces over P.

S has n-S-strong special subset semivector subspaces of S
over the S-subset semiring P, 2 < n <30 and S can be written as
a n-direct sum of S-subset special strong semivector subspaces
over P.

Example 3.23: Let S = {Collection of all subsets from the
super matrix semigroup

M=1las || ae (@ U{O}S;1<i<9}}

be the S-subset special strong semivector space over
P = {Collection of all subsets from the semifield Z* U {0}}.

S has infinite number of S-subset special strong semivector
subspaces and S can be written as a n-direct sum S-subset
special strong semivector subspaces of S over P, 2<n<9.

Example 3.24: Let S = {Collection of all subsets from the
super matrix semigroup M = {(a; | a; a3 a4 | as as as ag) | & € (Z*
w {0}, 1 <i < 8}} be the subset special strong semivector space
over the S-subset semiring. P = {Collection of all subsets from
the semifield Z* U {0}}}.
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Clearly S is a non commutative S-subset special strong
semilinear algebra over P.

Infact S has infinite number of S-strong special subset
semilinear subalgebras some of which are commutative and
some which are non commutative.

S can also be written as a n-direct sum (2 < n < 8) of S-
subset special strong semivector subspaces (semilinear
subalgebras) over P.

Example 3.25: Let S = {Collection of all subsets from the
semigroup

fa a,]
a; 4y
a5 8
M=1<|3; ag||ae(Z U{0}Dyi;1<i<14}}
dg9 8o
d; Aap
| &3 8y |

be the subset strong special semivector space over the S-subset
semiring;
P = {Collection of all subsets from the semifield F = Z* U {0}}.

S is a non commutative S-special strong semilinear algebra
under the natural product x, over P.
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ab 2a
4a 5b+1
7 8b
LetA= 4l a 4ab and
5 2ab+3
b ab’
7b %9a
[ 3a+5b 0
7b+a a+ab
3a+2ab 5b
B= 5ab fa+3ab’ |l ¢,
7ab+b® b’ +5ab’
3ab’ 5ab
0 2ab+a

We show A x, B =B x, A.

ab 2a [ 3a+5b 0

4a 5b+1 7b+a a+ab

7 8 3a+2ab  5b
Take Ax,B=4| a 4ab X 5ab  6a+3ab’

5 2ab+3 7ab+b® b’ +5ab?

b  ab’ 3ab® 5ab

7b 9 0 2ab+a
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[ 3ab + 5ab? 0
4+ 28ab 5ba +a +ab + 5bab
21a +14ab 40b°
= 5b 24b + 4abab’
35ab +5b° 3b® +15ab” + 2ab* +10abab’
3ab’ 5ab’ab
0 9+18b
[ 3ab + 5ab? 0 i
4+ 28ab 6a + ab + 5ab™
21a +14ab 40b?
= 5b 24b + 4b?
35ab +5b° 3b®+15ab® + 2ab* +10b
3ab* 5p™
0 9+18b
Now we find
[ 3a+5b 0 |
7b+a a+ab
3a+2ab 5b
B x, A= Sab  6a+3ab® || x,
7ab+b*® b’ +5ab’
3ab’ 5ab
0 2ab+a
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ab 2a
4a 5b+1
7 8b
a 4ab
5 2ab+3
b ab’
7b 9a
[ 3ab+5a 0 i
4+ 28ab™ a +ab + 5ab + 5ab?
21a +14ab 40b®
= 5aba 24a%b + 4ab’ab
35ab +5b° 3b® +15ab” + 2b%ab +10ab’ab
3ab’b 5abab’
0 9+18aba
[ 3ab+5a 0
4+ 28ab" 6ab +a + 5ab’
21a +14ab 40b?
= 5p° 24b + 4b° U |
35ab +5b° 15ab’ + 3b® + 2b%a +10ab™
3ab* 5b
0 9+18ab™

Clearly I and 11 are distinct, hence A x, B = B x, A.

Thus S is a non commutative S-subset special strong
semilinear algebra over P.

Example 3.26: Let S = {Collection of all subsets from the
super matrix semigroup
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dg ayg

be the S-strong special subset semivector space over the S-
subset semiring
P = {Collection of all subsets from the semifield Q" U {0}}.

8, a3 a, ai e (Q" U{0PA,; 1<i<10}}

d; dg g

S is non commutative S-special subset strong semilinear
algebra over P.

Inview of all these examples we can say the following.

THEOREM 3.1: Let

S = {Collection of all subsets from a semigroup M} be a S-
special strong subset semilinear algebra over the S-subset
semiring. S is a non commutative S-subset special strong
semilinear algebra if and only if the semigroup M is a non
commutative semiring under x.

Proof follows from the fact if on (M, +) the additive semigroup
we have a product x defined on M such that (M, x) is a non
commutative semigroup.

To this end we have seen several examples.

Example 3.27: Let S = {Collection of all subsets from the
super matrix semigroup

a, | (0) (0)
a, aj
oo |O]a 3| O
dg a; dg
0 | (0) 8y d 4y
L ap, Q3 ay

4 e (Z' U {0]) (51 % Do) 1< < 143}
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be the S-strong special subset semivector space over the S-
subset semiring P where P = {Collection of all subsets from the
semifield Z" L {0}}.

S is a S-subset strong special semilinear algebra over P
which is non commutative.

All these S-subset strong special semilinear algebras
happens to be of infinite order.

Now we proceed onto give examples of S-subset special
strong semilinear algebras over the S-subset semiring P.

Example 3.28: Let S = {Collection of all subsets from the
semigroup LS; where L is the lattices

1 )
DX
dg s
as >
dg
dog
aio dig
0

be a S-strong special subset semilinear algebra over the S-subset
semiring, P = {Collection of all subsets from the lattice L}.

P is a S-subset semiring as
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where T < L. We see 0o(S) < «. S is a non commutative S-
subset special strong semilinear algebra over P.

Example 3.29: Let S = {Collection of all subsets from the
lattice group LD, ; where L is a lattice given by
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be the S-subset special strong semilinear algebra over the S-
subset semiring. P = {Collection of all subsets from the lattice
L}}. Pisa S-subset semiring has the semifield T =

Tl
p A1
p A3
[ XV
< a7
$ a0
p 11

¢ di3

» 0

S is a S-subset special strong semilinear algebra over S.

Example 3.30: Let S = {Collection of all subsets from the
semigroup

M= ag aj € LD2'7; 1<i< 9}}
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where L = 1
ai dy
as
a
aio dg
an
0

be the S-strong special subset semilinear algebra of finite order
over the subset semiring P = {Collection of all subsets from the
semifield L}}. S is a non commutative S subset special strong
semilinear algebra over P.

Example 3.31: Let S = {Collection of all subsets from the
semigroup LS, where L is a Boolean algebra of order 64} be the
S-strong subset special semilinear algebra over the S-subset
semifield P.

Clearly o(S) < «© and S is a non commutative S-subset
special strong semilinear algebra over P, where P = {Collection
of all subsets from the S-semiring L a Boolean algebra of order
64}.

Example 3.32: Let S = {Collection of all subsets from the
group lattice LAs where L is a lattice which is as follows:
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be the S-subset special strong semilinear algebra over the S-
subset semiring
P = {Collection of all subsets from the lattice L}}.

P is a S-subset semiring for it contains the semifield
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01

p A1
p A3

p Ay
¢ &
t a0
p A11
¢ d12
p d14
p dis

p di6
o 0

S is a finite S-subset special strong semilinear algebra which is
non commutative.

Example 3.33: Let S = {Collection of all subsets from the
group lattice L(S; x D)} be the S-subset strong special
semilinear algebra over the S-subset semiring

P = {Collection of all subsets from the lattice L where L is

as follows:
1 )
a } I < a3
as 2V >
az
ag
adg
dio anp
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L contains a semifield T =

0(S) < oo and S is a non commutative S-subset special strong
semilinear algebra over P.

Example 3.34: Let S = {Collection of all subsets from the
group lattice (L; x L) (Ss x Sg) where L; =

0
a ay
as
a4
as
as
aio a2
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and L, =

be the S-strong special subset semilinear algebra over the S-

subset semiring P = {Collection of all subsets from the
semifield {1} x T, where T, is as follows:

0(S) < w and S is a non commutative S-subset strong special
semilinear algebra over P.

Now having seen examples of S-subset strong special
semilinear algebra.
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We now proceed onto describe strong subset linear
dependence and strong subset linear independence and strong
subset basis.

Let S = {Collection of all subsets from the semigroup Z* U
{0} x Z" U {0}} be the S-subset strong special semivector
space over P = {Collection of all subsets from the semifield
Z" U {0} = F} be the S-subset semiring.

Take A = {(3, 2), (1, 5), (7, 1), (0, 2), (5, 5)} and B = {(6,
4), (0, 4), (10, 10), (2, 10), (14, 2)} € S.

Clearly {2}A = B so A and B are strong subset linearly
dependent in S. Let A ={(8, 4), (5, 6), (7, 3), (2, 5), (4, 0), (1,
1), (9, 10), (11, 0)} and B = {(5, 6), (8, 0), (4, 4), (5, 2), (3, 7),
(4,9), (12, 15), (14,9), (0,0), (1, 0)} € S.

We see A and B strong subset linearly dependent. Given
two elements A, B € S; they may be strong subset dependent or
strong subset independent.

So finding strong subset basis is a difficult task and left as
an exercise to the reader.

Now we use rings in the construction of S-strong special
subset semivector spaces (semilinear algebras). We first analyse
the special properties associated with them.

Example 3.35: Let S = {Collection of all subsets from the ring
Z x Z x Z} be the S-strong special subset semivector space over
P = {Collection of subsets from the semifield Z* U {0} = F}. S
has infinite number of S-strong special subset semivector
subspaces and S is the 3 direct sum of S-strong special subset
semivector spaces over P.

Example 3.36: Let S = {Collection of all subsets from the ring
C} be the S-strong special subset semivector space over the S-
subset semiring P = {Collection of all subsets from the
semifield Z* U {0}}. S has infinite number of S subset special
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strong semivector spaces and S is not the direct sum of finite
number of S-subset strong special semivector subspaces of S.

Example 3.37: Let

S = {Collection of all subsets from the ring RS} be the S-strong
special subset semivector space over the S-subset semiring;
P = {Collection of all subsets from the semifield R* U {0}}.

Example 3.38: Let

S = {Collection of all subsets from the ring Z;, S(5)} be the S-
special super strong subset semivector space over the subset
semiring; P = {Collection of all subsets from the semiring Z;,.
We call S the S-special super strong semivector space if P is a
subset semiring which has a proper subset T such that T is a
ring.

Example 3.39: Let

S = {Collection of all subsets of the ring Z;;As} be the S-super
special super strong semivector space over P = {Collection of
all subsets from the field Zy;}; the special subset semiring as P
contains a proper subset A which is isomorphic to Zi;.

S is a semilinear algebra of the S-super special super strong
type. Infact S is of finite order.

We may not be in a position to inter relate these structures
but basically all of them are built over S.

Example 3.40: Let

S = {Collection of all subsets from the ring Z4 (S3 x D,7)} be
the S-special super strong subset semilinear algebra over the
subset semiring; P = {Collection of all subsets from the ring

Z40}.

Infact we can define S over the subset semiring
P, = {Collection of all subsets from the ring {0, 10, 20, 30} <
Zio} < P also; or for that matter over any proper subring of Zy,.
Thus this gives us the lineancy to build several such S-special
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super strong semilinear algebras all of which are of finite order
but non commutative.

However ifweuse QorZorRorCor{Qu lyor{(Zu l)or
(Ru l)or(C u I) we can have S-subset semirings as all these
rings contains a subset which is a semifield.

Example 3.41: Let S = {Collection of all subsets from the
group ring (Z1o x Z15)S7} be the S-strong super special subset
semilinear algebra over the subset semiring; P = {Collection of
all subsets from the ring Zyo x Z;s}.

Clearly S is non commutative and is of finite order.

Example 3.42: Let S = {Collection of all subsets from the
group ring C(S; x Daio)} be the S-super special super strong
subset semilinear algebra of infinite order over the subset
semiring, P = {Collection of all subsets from the field C}.
Clearly S is non commutative.

Example 3.43: Let S = {Collection of all subsets from the
matrix ring M = {(ay, ay, ..., &7) | & € Z15, 1 <1 < 7}} be the S-
super special strong subset semivector space over the subset
semiring, P = {Collection of all subsets from the ring Z;s}.

Clearly o(S) is finite, S is commutative and S can be written
as a direct sum.

Example 3.44: Let

S = {Collection of all subsets from the ring Z19(S; x D,7)} be
the S-special super strong semivector space over the S-subset
semiring, P = {Collection of all subsets from the field Z5}.

We see 0(S) < o and S a S-subset super strong special
semilinear algebra. S is non commutative over P.

Example 3.45: Let S = {Collection of all subsets from the ring
Zy (S3 x S7 x Dji9)} be the S-strong super special subset
semilinear algebra over the subset semiring, P = {Collection of
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all subsets from the field Z,3}. 0(S) < . S is a non
commutative semilinear algebra.

Example 3.46: Let S = {Collection of all subsets from the ring
(Zs x Z2) (S(3) x Dy12 x Ag)} be the S-special super strong
subset semilinear algebra over the subset semiring.
P = {Collection of all subsets from the ring Zs x Z»}. Sis a
non commutative semilinear algebra.

Example 3.47: Let

S = {Collection of all subsets from the ring Z,S(5)} be the S-
special super strong subset semilinear algebra over the S-subset
semiring. S is also a non commutative S-special strong super
subset semilinear algebra of finite order.

S has only finite number of S-subset super strong special
semilinear subalgebras.

Example 3.48: Let
S = {Collection of all subsets from the ring RS} be the S-strong
super special subset semilinear algebra over the S-subset
semiring;

P = {Collection of all subsets from the ring Q}. o(S) = «
and S is a non commutative S-special super strong subset
semilinear algebra over P.

It is pertinent to keep on record that we can have the subset
semiring that contain a subset semifield or a subset field or a
subset ring we call the later two as Smarandache super subset
semiring. If this is not mentioned explicitely, one can
understand from the very context.

Example 3.49: Let

S = {Caollection of all subsets from the ring Z;3{Ss x S(4)}} be
the S-strong super special subset semilinear algebra over the S-
strong super subset semiring P = {Collection of all subsets from
the field Z,3}.
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0(S) < o and S is a non commutative, S-subset strong super
special semilinear algebra over P.

Example 3.50: Let S = {Collection of all subsets from the
lattice group LG where L is the lattice given in the following;

\

J

be the S-strong special semivector space of finite order over the
S-subset semiring P.

Now having seen examples of these new structures we
proceed onto give a few examples of the notion of S-strong
semilinear operator and S-strong semilinear transformations of
S-strong special subset semivector spaces over S-subset
semirings.

Example 3.51: Let

S; = {Collection of all subsets from the ring Z(S;)} and

S, = {Collection of all subsets from the ring QS(3))} be the S-
strong special subset semivector spaces over the S-subset
semiring.

P = {Collection of all subsets from the ring Z}.
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We have Ts : S; — S, such that Ts is a S-subset special
strong semilinear transformation.

Ts(A) = A.

Ts({ao + aipy + axp2 + asps + a4ps + asps})
= {ag + ai1p; + P2 + asPs + asps + asps}

Thus Ts is a embedding on S; onto S,.

Suppose we wan T : S; — S; we can define
Te (A)= T¢ (a0 + @Sy + ... + axS26);
(sie S(3):1<i<26)
={a+2Za T (s)}
where T¢ (s)) = 1ifsi € S(3)\ S.
and T, (si) =siifsi e S3, 1 <i<26.

Now it is easily verified T is also a S-strong super special
subset semilinear transformation of S,to S;.

Example 3.52: Let S; = {Collection of all subsets from the
matrix ring

M = |:al a, a; 34}
a, a; a, a,

and S, = {Collection of all subsets from the matrix ring

2 €Q;1<i<8}}

a, a, a,
Mi=<la, a ag||laeQ 1<i<9}}
a; ag a
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are S-subset super special strong semivector spaces (semilinear
algebras) over the S-subset semiring (Super S-subset semiring).
P = {Collection of all subsets from the ring Q}.

Define Ts: S; — S, by

a, a, a, a,
Ts(A)=Ts ({L‘ A a a}}j

It is easily verified Ts is a S-special super strong subset
semilinear transformation of S; to S..

3 450(/1 2 00||7 45 2
IfA= , ) €S,
2 01 1||0 1 0 6/|0 1 8 6

then

{3450“1200“7452}}]
TA) =T , ,

2 01 1010 1 0 6/l0 1 8 6

3 4 5||1 2 0|7 45
=40 2 0f,J0 0 1},|2 0O 1|; €S,
11 0[{|0 6 0/|8 6 0

Suppose one is interested in defining a S-subset super
special strong semilinear transformation from S, to S; say T ;

Ts : S, — Sy is defined as follows:
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TS(A)=T; y|a, as ag

That is if

1/]j10 1 5|3 2 O
0o,y)7 0 5|0 -9 11
7110 6 -2|| 8 14 16

>

I
W = W
~ N A
o o o
N U N
= oo

We now find
Te(A) =

5/|-3 2 0
5,0 9 11
-2||8 14 16

[[3523][2151][10500][-30-9 8
“Hl41070l0401|l1 7562 011 14

S Sl.

~N N A
o o o
, AN
~N O B
|_\

~N o
o o

This is the way S-strong super special subset semilinear
transformation are defined.

Example 3.53: Let S = {Collection of all subsets from the
matrix ring
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M=<|—=1| aaeZ 1<i<6}}

be the S-special subset super strong semivector space over the
S-subset semiring.

P = {Collection of all subsets from the ring Z}.

Let S, = {Collection of all subsets from the matrix ring

a; a, a3
M=<la, a as|laecZ 1<i<9}}
a; adg dg

be the S-subset special strong semivector space over the S-
subset semiring P = {Collection of all subsets from the ring Z}.

We now define Ts: S; — S, by

2]
a
a2 0 a a

T 2|H={la, 0 a,|}isinS,
% a; ag O
as
K
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31| 2|2 8 -9
2110 ||-7 0 6
Forif A = Qii;ﬂﬁ e S; then
1110 0[]-13|| 1
1|5 ]|-7|| 1 ||2
15[-8]| 9| 2 |[7]
(391 2 ][-2]] 8 ]
211610 |-7] O
=102 ]2 2,
110110 0 | -13
12 s||-7]| 1
157 ][-8]| 9| 2 |
0 3 2/|0 2 0|0 -2 -7
=<0 0 1,1 0 0|2 0 0],
1 5 0||5 8 0||-7 9 O
0 8 0 0 -9 6
-11 0 -13(,|8 0 1|; €S,
1 2 0 2 7 0

It is easily verified Ts is a S-special strong super subset
semilinear transformation form S; to S..

Consider T : S, — S; defined by
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a, +a,

%) © =)
@ © ©
o~ 0 )
© @© @©
— <~ ™~
© @© ©
L —
| ——
N—

T wn

T

1
3 S SZ.
3

o N O

M T O

O ™M

O o <

o O <

We now find

- M ™M

o N O

M T O

O ™M

O o <

o O <



Special Strong Subset Semilinear Algebras | 175

O1|2(]|7]]9]]3
4111110701
31111]]|3||8]||6

= Al A 1A S A € Sl'
3 311113
0| 61]]0]]|4]|0
1]|-2]|6]|7][3]

Thus T is a S-subset super strong subset special semilinear

transformation of S-strong special subset semivector spaces
over P.

Example 3.54: Let S; = {Collection of all subsets from the
matrix ring

M, = aeQ;1<i<16}}

be the special strong super subset semivector space over the S-
subset semiring P = {Collection of all subsets from the ring Q}.

Let S, = {Collection of all subsets from the ring M, = {(a; |

Qazas|asas|arag) | a € Q,1<i<8}} bethe S-strong super
special subset semivector space over the S-subset semiring P.

Define Ts: S; > S, by

a, a, a, a,
a; a, a, a
TS 5 6 7 8
a'9 a'10 all a'12
al3 a14 alS alG
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= {(u+a|ag+as as+as as+ag|ag+ap i+ an|as
+ay a5+ ae)}.

Clearly Ts is a S-special subset super strong semilinear
transformation of S; to S,

Let
2 0 1 471 2 3 47111 1
As 0 5 0 7/||-4 -3 =2 —1|]|2 2 2 2
“1ls 9 1 3|5 6 7 8|13 3 3 3/
7 8 5 3||8 7 5 6|4 4 4 4
000 0|[3 838
2 3 2 3/|8 38 3
, eSl.
000 O0/|l8 8 3 3
5 4 5 4(|3 3 8 8
We now find
Ts (A)

2 0 1 471 2 3 47111 1
_T(oso 711-4 -3 2 -1|]|2 2 2 2
- 8 9 1 -3!s5 6 7 8|3 3 3 3/

78 5 3|8 7 5 6|4 4 4 4
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0 00 0|3 8 38
2 3 2 3|8 3 8 3
0000'8833)
5 45 4|3 3 8 8

= {(2|557|174|1-2), (3| 7-7-3|1115]1511),
(2124416688),(0/055|00]99),
(11]11 11 11|16 6|6 16)} € S,.

We see Ts : S; — S, so defined is a S-strong special super
subset semilinear transformation.

Now define Tg:S; — S; is defined as follows:

a,
a,
a, a, 0 a O
L, ay a, 0 ag O
T. - =
S 0 e o
a a, 0 a;, O
a7
[ 2
forif A= , e S,.

O ol MW N KO

= Ol N olol m NIO
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09
2[|1
1](2
then T¢ (A) =T; g;
7015
8[|6
_1__0_
0 06 0[][9 040
2 07 0/|1 050
= , € S
108 0[|2 06 0
501 0f[3000

Thus Tgis a S-semi linear transformation of S, to S;.

Now we proceed onto describe using examples how the
Smarandache special super strong subset semilinear operators
are defined on Smarandache special super strong subset
semivector spaces.

Example 3.55: Let S = {Collection of all subsets from the
matrix ring

a, a,
a, a,
as dg .
M = e Q;1<i<12}}
a; ag
89 8y
311 3y
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be the S-subset special super strong semivector space over the
S-super subset semiring,

P = {Collection of all subsets from the ring Q}.

Let TS : S — S defined by

[a, a, | [a, O]
a; a, 0 a,
0 a5 dg _las 0. .
TS 2 a P={ 0 a, }: we see if
ag  ay a; 0
a; A | 10 &g
1 2][3 0][-7 6][-1 4]
3 4 1 1 -1 0 2
A= 5 6||-2 2 -1/|5 6
7 8113 of 37 -8
9 1|4 4 9 -1
0 -2||5 6]|-1 8]|0 -11]
e S.
(1 21[3 0][-7 6][-1 4]
3 4 1 1|6 -1(|0 2
TO(A) = T 5 6(|-2 2|1 -1||5 6
*I'l7 813 o2 3[|7 -8
9 11||-4 4|3 9 -1
0 -2||5 6][-1 8|0 -11]
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1 0][3 0][-7 0][-1 O]
0 3 0O 1(|0 -1{/0 2
5 0(|-2 0||1 O 5 0
= ) , , e S.
0 8 0 0|0 3 0 -8
9 0|4 0||3 O 9 0
|0 -2j|0 6]|0 8|0 -11]

It is easily verified Tg is a S-special strong super subset
semilinear operator on S.

Example 3.56: Let S ={Collection of all subsets from the

matrix ring
a, a, .. ap
M=3la,; a, .. ay|l aeQ;1<i<30}}
Ay Ay .. Ag

be the S-subset special super strong semivector space over the
S-super subset semiring.

P = {Collection of all subsets from the ring Q}.

Ts: S — Scan be defined by

a; ayg
Ts({|ay ap ay |}
Ay Ay CEN
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Ts is a S-subset special super strong semilinear operator on
S.

Example 3.57: Let S = {Collection of all subsets from the
matrix

a, a, a; a,

a a a a
M=l "2 2 T PllaeCul;l<i<64}}

g1 q5 Az gy

be the S-subset super special strong semivector space over the S
super subset semiring;
P = {Collection of all subsets from the ring (C U I)}.

We can have several S-subset special super strong
semilinear operators on S.

Example 3.58: Let

S = {Collection of all subsets from the ring Z4sS;} be the S-
subset super special strong semivector space over the S-super
subset semiring P. We see 0o(S) < o hence the number of S-
subset special super strong semilinear operators on S is finite in
number.

Example 3.59: Let

S = {Collection of all subsets from the ring (Z U 1)D,} be the
S-subset special strong semivector space over the S-super subset
semiring; P = {Collection of all subsets from the ring (ZUl)}. S
is also a S-subset super special strong semilinear algebra over P.

Example 3.60: Let S = {Collection of all subsets from the ring

a a a
M = { Y 6:|
a; g ap

a a a
8 4 5 aj € Z(S4 X D2’7);

8y dp ay

1<i<12}}
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be the S-subset super special strong semilinear algebra over the
S-super subset semiring;
P = {Collection of all subsets from the ring Z}.

(s o
(o shs 2 slz)

T is a S-subset special super strong semilinear operator
fromSto S.

We can define T : S — S by

a; a, as

8y d ay

a, 0 a,
0 a, O

Example 3.61: Let S = {Collection of all subsets from the ring

((Z U 1)) [S3 x Dy7 x Ag]} be a S-special subset super strong
semivector space over the S-super subset semiring

P = {Collection of all subsets from the ring (Z U I)}. We can
find S-subset super special strong semilinear operators on S.

Example 3.62: Let S = {Collection of all subsets from the ring

a a, a;|(0) (0)
a, a; a,
(0) a; ag (0)
M = 89 Qg

ae(Zy |>_(33 x Ae)}}
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be a S-semigroup of the S-subset super special semilinear
algebra over the S-subset super semiring;

P = {Collection of all subsets from the ring (Z U I)}.

Find a few S-subset strong special semilinear operators on
S.

Example 3.63: Let S = {Collection of all subsets from the
matrix ring

a, a, a; a,

a
M = ® || a e C(Z7)Ss; 1 <i<16}}

g 8 A ap

a13 a‘14 a15 a'16

be a S-strong special super subset semilinear algebra of finite
order over the S-complex subset semiring; P = {Collection of all
subsets from the complex finite modulo integer ring C(Z7)}.
S has only a finite number of S-subset special strong semilinear
operators.

Example 3.64: Let S = {Collection of all subsets from the ring
Z11(91, 92, gs) Where g7 =0, g; =g, and g3 = —03; 0ig; = 9i0i =
0,i#]j, 1< j< 3} be the S-special super strong subset
semilinear algebra over the S-super subset semiring;
P = {Collection of all subsets from the ring Z;,}. Clearly o(S) <
o and S is a commutative S-special strong subset semilinear
algebra which is commutative.

Example 3.65: Let S = {Collection of all subsets from the ring
(Zyp U 1) (S7 x A)} be the S-special super strong subset
semilinear algebra over the S-super subset semiring;
P = {Collection of all subsets from the neutrosophic ring
(Zy v 1)} We see 0(S) < o but S is a non commutative
semilinear semilinear algebra over P.
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We have only finite number of S-subset special super strong
semilinear operators on S.

Now having seen the usual subset substructures, subset
operators and subset transformations on S we now proceed onto
describe new types of substructures on S the S-strong special
super subset semilinear algebras (semivector spaces).

Let S = {Collection of all subsets from the ring (Z13 U I) S7}
be the S-strong special super subset semivector space over a S-
super subset semiring
P = {Collection of all subsets from the ring (Z;5 w I)}.

Consider B = {Collection of all subsets from the subring
(Z1g W DAL} = S, B is a S-special strong super subset semilinear
subalgebra of S over P.

However B is also a S-special strong super subset
semilinear algebra over
P; = {Collection of all subsets from Z;g} = P, the S-super subset
subsemiring of P.

We define B to be the quasi subsemiring S-special super
strong subset semilinear subalgebra of S over the S-super subset
subsemiring P, of P.

Infact S has several such quasi subsemiring, S-special super
strong subset semilinear subalgebras of S over P; a S-subset
super subsemiring of P, i < .

We will give more examples of the above described
situation.

Example 3.66: Let

S = {Collection of all subsets from the ring ((Z2s) v 1) Ss} be
the S-strong special super subset semilinear algebra over the S-
super subset semiring

P = {Collection of all subsets from the ring C(Z,4)}.
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Now consider M; = {Collection of all subsets from the
subring (C(Z,4) w 1)As} be the S-strong special super subset
semilinear algebra over the S-super subset subsemiring.
P; = {Collection of all subsets from the subring C(Z»)} we call
M; the quasi subsemiring S-special strong subset semilinear
subalgebra of S over the S-subset subsemiring P;.

We can have several such S-strong super subset
subsemilinear subalgebras over different super S-subset
subsemirings.

Example 3.67: Let

S = {Collection of all subsets from the ring C(Z1,) (S7 x D,4)}
be the quasi super subset S-strong super special semilinear
algebra over the super S-subset semiring; P = {Collection of all
subsets of from the semiring C(Z1,)}.

Let M; = {Collection of all subsets from the subring C(Z;,)
(S7 x {1})} be the S-subsemiring quasi super subset special
strong subsemilinear algebra over the super S-subset
subsemiring
P, = {Collection of all subsets from the subsemiring Z;,}.

Let M, = {Collection of all subsets from the subring
C(Z12)({1} x Dy4)} be the quasi super subset S-strong special
semilinear subalgebra over the super subset S-strong special
semilinear subalgebra over the S-super subset subsemiring P, =
{Collection of all subsets from the subring {2, 0, 4, 6, 8, 10}
Z15}.

We have more such quasi super subset S-strong special
semilinear subalgebras over S-super subset subsemirings.

Example 3.68: Let S = {Collection of all subsets from the ring
(Q U I) (S3 x Dys)} be the quasi S-special strong super subset
semilinear algebra over the S-super subset semiring
P = {Collection of all subsets from the ring (Q U I)}.
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Consider S; = {Collection of all subsets from the subring
(Q U Iy (S3 x {1})} be the subsemiring S-super special strong
subset semilinear subalgebra of S over the S-super subset
subsemiring, P; = {Collection of all subsets from the subring
(Z v I}, Consider S, = {Collection of all subsets from the
subring (Q w ({1} x D,5)} be the subsemiring S-quasi special
strong super subset semilinear subalgebra over the S-super
subset semiring P, = {Collection of all subsets from the subring
Z} and so on.

Infact S has infinite number of S-quasi special strong super
subset semilinear subalgebra over the S-super subset
subsemiring.

Example 3.69: Let

S = {Collection of all subsets from the ring Z;;S3} be the S-
quasi special strong subset semilinear algebra over the S-super
subset semiring, P = {Collection of all subsets from Z;;}. We
see Z;; has no proper subrings but P has proper subsets A which
is a ring that is A = {{0}, {1}, {2}, ..., {10}} < P is a ring
called a subset ring. Now any appropriate subset of S can also
be a S-super special strong subset semivector space over A. We
call that subsemivector space as subset ring quasi S-super strong
special semivector subspace of S over the subset ring in P. Take
W = {Collection of all subsets from the subring Z;;As} = S. W
is a subset ring quasi S-super strong special semivector
subspace of S over A.

Example 3.70: Let S = {Collection of all subsets from the ring
Z14G where G = {g | g° = 1} be the strong special super subset
semivector space over the S-super subset semiring
P = {Collection of all subsets from the field Z;g}. Clearly Zq
has no proper subring but A = {{0}, {1}, ..., {18}} cPisa S-
subset super subsemiring which is a subset ring of P.

TakeM={n(1+g+09,+0s)|n=0,1,2,..,18}cS; a
subset semivector space over A which we call as quasi subset
semiring S-super subset semivector subspace of S over A.



Special Strong Subset Semilinear Algebras | 187

Now we proceed onto describe some results from these
observations.

THEOREM 3.2: Let S = {Collection of all subsets from the
group ring Z,G; |G| < oo} be the S-special super strong subset
semivector space over the S-super subset semiring P =
{Collection of all subsets from Z,}; Z, has no subrings (as p is
a prime).
So
(i S has quasi subset subsemiring S-special super
strong semivector subspace of S over the S-super
subset subsemiring A = {{0}, {1}, ..., {p-1}} <P.
(i) If|G|=qg,gaprimethanwesee T={{n (1 +g +
L+ 0™ | n=01,2 .., p-1}} cSis the quasi
subset subsemiring S-super strong special
semivector subspace of S over A.

The proof is direct and hence left as an exercise to the
reader.

It is pertinent to keep on record that if Z, is replaced by Z,
in the theorem; n a composite number we have subrings of Z,
giving way to more and more subspaces.

Likewise if Z, is replaced by the ring (Z, U 1) or (Z, U 1) or
C(Zp)or(Zul),{QulyorZorQorRorC(Z,) or C(Z, U I))
or C({Z, v Iy)); we have more number of subset subsemiring
semivector subspaces.

Example 3.71: Let S = {Collection of all subsets from the ring
Z10G and G = S;} be the S-subset super strong special
semivector space over the S-super subset semiring
P = {Collection of all subsets from Z;o}.

Now A = {{0}, {1}, ..., {18}} < S is a S-subset super
subsemiring of P.

B = {{0}, {0, 1, 2, ..., 19}} < A is also a S-subset super
subsemiring of P.
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Thus we have several types of subset subsemivector spaces
(subset semivector subspaces). These concepts are interesting
and infact the notion of subset semivector spaces always
contains an isomorphic copy of semivector spaces, so we see
these new concepts are the more generalized one for all other
types of subset semivector spaces find an isomorphic copy of
this structure.

Thus the study of these notions is not only innovative and
interesting but are very significant.

Indue course of time certainly these new structures will find
several applications.  However as claimed these subset
semivector spaces (subset semilinear algebras) contain an
isomorphic copy of the basic semivector space (semilinear
algebra) we can rightfully claim all the applications of
semivector spaces can also be extended in case of the subset
semivector spaces, S-subset semivector spaces, S-subset special
semivector spaces and S-subset special strong semivector
spaces.

The analysis and further applications would soon be found
as these algebraic subset semivector spaces become more
familiar with researchers.

Finally as necessarily one needs the concept of lattices to
build finite subset semivector spaces one can easily claim that
applications of lattices can also be extended to these new
structures.

Finally we use matrices, polynomials in these constructions
so these structures can also imbibe the applications of them in
these subset semivector spaces.

Further we see these structure can be non commutative as
subset semilinear algebras and the product of two subsets
happens to be non commutative if the basic structures used in
building them happens to be non commutative.
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We suggest the following problems.
Problems:

1. Find all special features enjoyed by the S-special strong
subset semivector spaces which are not S-special subset
semivector spaces defined over S-subset semirings.

2. Let S = {Collection of all subsets from the ring ZS;} be
the S-special strong subset semivector spaces defined
over P = {Collection of all subsets from the ring Z} the S-
subset semiring.

(i)  Find all S-special strong subset semivector spaces.

(i)  Prove S is non commutative.

(iii)  If we define a product on S prove S is a S-special
subset strong semilinear algebra.

(iv) Find a S-subset basis of S.

(v) Find a set of subset elements in S which are S-
subset linearly independent.

3. Let S = {Collection of all subsets from the ring Z(g)S;
with g? = 0} be the special subset strong semivector space
over P, S-subset semiring.

Study questions (i) to (v) of problem 2 for this S.

4.  Let S = {Collection of all subsets from the ring C(Z,2)S7}
be the S-subset super special strong semivector space over
the S-subset semiring P = {Collection of all subsets from
the complex modulo integer ring C(Z1,)}.

(i)  Find o(S).

(i) Find all S-subset strong special semivector
subspaces of S over P.

(iii) Prove S is a S-subset strong special semilinear
algebra over P which is non commutative.

(iv) Find all S-subset special strong semilinear operators
onS.
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(v) Do the collection of (iv) have any algebraic
structure?

(vi) 1f C(Zy) in P is replaced by Z;, study questions (i)
to (v).

5.  Let S = {Collection of all subsets from the ring C(Zs)Ss x
C(Z15)A4}be the S-subset special super strong semivector
space over the S-subset semiring P = {Collection of all
subsets from the ring C(Zg) x C(Z15)}.

(i)  Study questions (i) to (v) of problem 4 for this S.

(i)  If in this P; C(Zg) x C(Zys) is replaced by Zg x Zss5
or C(Zg) x Zs5 or Zg x C(Z35), study questions (i) to
(v) of problem 4 for this S.

6. LetS ={Collection of all subsets from the matrix ring

a, a, .. a
M=4la, ag .. a,|laeC(Zu), 1<i<18}}
Q3 84 . A

be the S-subset super special strong semivector space over
P = Collection of all subsets from the complex modulo
integer modulo integer ring C(Z11)}.

(i)  Study questions (i) to (v) of problem 4 for this S.
(i)  Write S as a direct sum of subspaces.

7.  Does there exist a S-subset special strong semivector
space with finite number of elements which cannot be
written as a direct sum of subspaces?

8. Is it possible to write every S-subset special strong
semivector space of infinite cardinality as a direct sum of
subspaces?



10.

11.
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Let S = {Collection of all subsets from the ring

a3, (0) (0) (0) |
a, a,
(0) (0) (0) (0)
B =

(0) (0) ay (0)

ap, a3 3y s
(0) (0) 0) |ap @y a, agp
L dyp 8y dp A

a; € C(Zs)S(3); 1 <i<23}} be the S-special strong subset
semivector space over P = {Collection of all subsets from
the complex modulo integer ring C(Zs)?

Study questions (i) to (v) of problem 4 for this S.

Let S be a S-strong special subset semilinear algebra over
a S-subset semiring P of finite order. Find the algebraic
structure enjoyed by the collection of all S-special strong
subset semilinear algebra over a S-subset semiring P of
finite order.

Find the algebraic structure enjoyed by the collection of
all S-special strong subset semilinear operators on S.

Find any of the special and distinct features enjoyed by S-
strong special subset semilinear algebras which are non
commutative and of finite order.
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12.

13.

Let S = {Collection of all subsets from the ring M =

o]

a e C(Zis) (Syx S(5)); L <i <8}

be the S-subset special super strong semivector space over
the S-subset semiring
P = {Collection of all subsets from the ring C(Z1s)}.

(i)  Study questions (i) to (v) of problem 4 for this S.

(i) Find Tg: S — Ssuch that ker (Tg) = {0} =

O O Ol O Oolo olo

Let S = {Collection of all subsets from the ring M = {(a;
do | ds | dg a5) | adj € C(Zg) X C(le) X C(Z43), 1<i< 5} be
the S-subset special strong semilinear algebra over the S-
subset semiring; P = {Collection of all subsets from the
ring C(Zy) x C(Z11) x C(Z43)}.

Study questions (i) to (v) of problem 4 for this S.
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14. Let S = {Collection of all subsets from the group lattice
LG = LS(4) where L is a lattice given below

\

p dig
p dis

' )
0

(i)  Study questions (i) to (v) of problem 4 for this S.
(i)  If Ly < I where L, is a sublattice given by

ol

p A1
p A3
¢
< a6
[ ] ag
p d12

¢ di3
p d14

Lo’
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15.

16.

17.

(iii)  Study questions (i) to (v) of problem 4 for this S if
L, is taken instead of L.
(iv) IfLinSis replaced by

1
Lo
Study questions (i) to (v) of problem 4 for this S.

Let S = {Collection of all subsets from the ring

a a a
M = 00T T2 g eZ05(S7xS(3)); 1 < i < 24}}

be a S-subset special super strong semilinear algebra over
the S-subset semiring
P = {Collection of all subsets from Z;s}.

Study questions (i) to (v) of problem 4 for this S
If in the above problem Z;s is replaced by C(Z3s).
Study questions (i) to (v) of problem 4 for this S.

Let S = {Collection of all subsets from the ring RS;} be
the S-special subset super strong semilinear algebra over
the S-subset semiring

P = {Collection of all subsets from the ring R}.

(i) Find at least four distinct S-special strong super
subset semivector subspaces over P.

(if) Can S be written n direct sum of S-special super
strong subset semivector subspaces over P (n < o0)?



18.

19.
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(ii)Find Ty : S — S, a S-subset strong super special
semilinear operator whose null space is non zero.

(iv) Let V, = {Collection of S-strong subset super special
semilinear operators of S};
Study the algebraic structure enjoyed by V..

(v) Does there exist a S-special super strong subset
semivector subspace over P, which is not a S-strong
special super subset semilinear subalgebra over P.

Let S = {Collection of all subsets from the ring

a10:|
EPN)
be the S-subset strong super special semilinear algebra

over the S-super subset semiring
P = {Collection of all subsets from the ring (C U | )}.

g e(Cul)1<i<20}}

Study questions (i) to (v) of problem 17 for this S.

Let S = {Collection of all subsets from the matrix ring

a; a4, &
a, a, a,
a; dg Qg

M = ae(RuUI); 1<i<24}}

be a S-subset super strong special semivector space
(semilinear algebra) over the S-super subset semiring
P = {Collection of all subsets from the ring (R u )}.
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20.

21.

22.

Study questions (i) to (v) of problem 17 for this S.
Let S = {Collection of all subsets from the matrix ring
4
M=% || aecun (axsm);1<iza0n
a20

be the S-subset strong super special semilinear algebra
over S.

Study questions (i) to (v) of problem 17 for this S.

Let S = {Collection of all subsets from the matrix ring

a, a, a; a,
M=1<la, a; a, ag||a e (Zipul)(SsxDa7x S(5));
9 3 8y Aap

1 < i < 12}} be the S-subset strong super special
semilinear algebra over the S-super subset semiring.

P = {Collection of all subsets from Z;, U 1}.

Study questions (i) to (v) of problem 17 for this S.

Let S = {Collection of all subsets from the matrix ring

M = 8 a; € R(gl; gZI g& g4)



23.

Special Strong Subset Semilinear Algebras | 197

where g =0, g5 =0, g2 =gsand g2 = —g, with gig; =
0;0i =0ifi=j, 1<i,j<4}} be the S-subset super special
semivector space over the S-super subset semiring

P = {Collection of all subsets from the ring R}.

(i)  Study questions (i) to (v) of problem 17 for this S.
(i) Does S contain as subset super special strong semi
vector subspaces W; such that we have a W; with

W' =W;and W =W, (i #j) and W; + W, = S?

Let S = {Collection of all subsets from the group lattice
LG where G = S; x Dy7 and L is as follows:

J

be a S-subset semivector space over the S-subset semiring
P = {Collection of all subsets from the lattice L}

(i) Find o(S).
(i)  Find all S-subset semivector subspaces of S over P.



198 | Subset Semilinear Algebras

24.

(iii)
(iv)
V)
(vi)
(vii)
(viii)
(iX)
)

Does S contain a S-subset semivector subspace W
such that there exists a W* with W + W+ = S?

Find a S-subset basis of S.

Find a set of subset linearly dependent elements.
Find o( Vs ) where Vg = {Collection of all S-subset
semilinear operators on S}.

What is the algebraic structure enjoyed by Vg .
Prove S is non commutative as a S-subset
semilinear algebra.

Can S have a S-subset semivector space which is
not a S-subset semilinear algebra over P?

Can S be written as n-direct sum of subspaces?
What is the bound on n < «0?

Let S = {Collection of all subsets from the semiring




25.

26.
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be the S-subset semivector space over the S-subset
semiring P = {Collection of all subsets from the lattice
(semiring) L}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the group lattice

LG where L =
)
a a
az
8 as
ds
az ag >
ag
aipo an
a2
ais A

o)
be the S-subset semivector space over the S-subset

semiring
P = {Collection of all subsets from the lattice L}.

Study questions (i) to (x) of problem 23 for this S.
Let S = {Collection of all subsets from the semiring

L(S; x Dys) where L is a Boolean algebra of order 32} be
the S-subset semivector space over the S-subset semiring
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27.

28.

P = {Caollection of all subsets from the Boolean algebra L
of order 32}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the semigroup
lattice LS(4) where L is the lattice given in the following.

a a,
as
s
as as >
az
ag
ag aio

be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the lattice L}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the group lattice
(L x Ly) Sz x A; where



29.
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and L, = 1

be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the semiring L; x L,}.

Study questions (i) to (x) of problem 23 for this S.

Let S = {Collection of all subsets from the semiring
L(S7 x D,5s) where L is a lattice given in the following L =
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be the S-subset semivector space over the S-subset
semiring.

P = {Collection of all subsets from the semiring L} be the
S-subset semivector space over the S-subset semiring P.

Study questions (i) to (x) of problem 23 for this S.

30. Let S ={Collection of all subsets from the semiring LS(7)
where L =



Special Strong Subset Semilinear Algebras | 203

1 )

a a,
as
a
as as >
a7
ag dg
aio

0 J

be the S-subset semivector space over the S-subset
semiring
P = {Collection of all subsets from the lattice L}.

Study questions (i) to (x) of problem 23 for this S.

31. Let S = {Collection of all subsets from the semiring
(Ly x Ly) (Sz x Ay x Dy7)} be the S-subset semivector
space over the S-subset semiring
P = {Collection of all subsets from the semiring L; x L,}.

Study questions (i) to (x) of problem 23 for this S.

32. Let A = {Collection of all subsets of the ring Z,} (p a
prime) be the S-super subset semiring.

(i)  Find all S-super subset subsemiring of A.
(i)  Can A have more than two subset subsemiring?

33. Let S = {Collection of all subsets of the ring Z,,} be S-
super subset semiring.
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34.

35.

36.

37.

(i)  Find all S-super subset subsemirings of S.

Let S = {Collection of all subsets from the ring C(Zzs)} be
the S-super subset semiring.

(i)  Find all S-subset super subset subsemirings.

(i) If n is the number of S-subset super subset
subsemirings and m = number of S-subset super
subsemirings of the S-subset super semiring using
Z3s. Compare them.

(iii) Isn>m?

Let S = {Collection of all subsets from the ring (Z;s W 1)}
be the S-subset super semiring.

Study questions (i) to (iii) of problem 34 for this S.

If (Z1g Ul) is replaced by C{Zig L I).

Study questions (i) to (iii) of problem 34 for this S.

Let

S = {Collection of all subsets from the ring C({Z,; W 1))}
be the S-subset super semiring.

Study questions (i) to (iii) of problem 34 for this S.

Let S = {Collection of all subsets from the ring C((Zy4 w

1) (9192) | 97= 91, 95 = G2, G102 = Go01 = O} be the
S- super subset semiring.

Study questions (i) to (iii) of problem 34 for this S.

Prove C((Zs U 1)) (9102) has more number of subrings
than C((Zz4 U 1)), Zas, C(Zs), (Z2a U ).



38.

39.

40.

41.

42.
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Let S = {Collection of all subsets of the ring C({(Zx U I))
S0 % D513} be the S-subset super semiring.

(i)  Study questions (i) to (iii) of problem 34 for this S.

(i)  Prove T = C((Zs U 1)) Syo x D313 has more number
subring and this ring T is non commutative.

Find some applications of S-strong super special subset
semilinear algebras which are non commutative.

Let S = {Collection of all subsets from the ring C(Zs)S10}
be the S-special super strong subset semilinear algebra
over the S-super subset semiring P = {Collection of all
subsets from the ring C(Z¢)}.

(i)  Find a subset basis of S.

(if)  Find o(S).

(iii) Prove S is non commutative.

(iv) Can S have more than one subset basis?

(v) Find all subset subsemirings S-special super strong
subset semilinear algebra over the S-subset super
subsemiring in P.

Let S = {Collection of all subsets from the ring ZS;} be

the S-subset strong super special semivector space over

the S-super subset semiring

P = {Collection of all subsets from the ring Z}.

Study questions (i) to (v) of problem 40 for this S.

Let S = {Collection of all subsets from the ring

(Z7 x Z31) (S7 x D,5)} be the S-subset strong super special

semivector space (semilinear algebra over the S-super
subset semiring
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43.

44,

45.

46.

P = {Collection of all subsets from the ring
(Z7 X Zgl) S7 X 22'5}.

(i)  Study questions (i) to (v) of problem 40 for this S.
(i)  Find all S-subset super subsemirings in P.

Let S = {Collection of all subsets from the ring
(C U 1)Syo} be the S-super strong special semilinear
algebra over the S-super subset semiring

P = {Collection of all subsets from the ring (C U I)}.

(i)  Study questions (i) to (v) of problem 40 for this S.

(i) Prove P has infinite number of S-super subset
subsemiring.

(iii) Related to each of the S-super subset subsemiring
find the subsemiring quasi S-super special strong
semilinear subalgebra of S.

Give an example of a subset semilinear algebra with more
than one subset basis.

Can any S-subset semilinear algebra have infinite number
of subset basis?

Does there exists a S-special super strong subset
semilinear algebra defined over a S-super subset semiring
which has more than one subset basis.



Chapter Four

PROPERTIES OF SUBSET SEMILINEAR
ALGEBRAS

In this chapter we just study some of the properties of subset
semilinear algebras. We have introduced, developed and studied
several types of subset semilinear algebras in chapter Il and 111
of this book. We study more about their properties in this
chapter.

We know if S = {Collection of subsets of a semigroup P}
and F any semifield such that S is a semivector space over F
then we call S to be a subset semivector space over the
semifield F.

For more please refer chapter two of this book.

We have defined two subsets A and B are orthogonal if
A x B ={0}. For instance if A = {[ay, 0], [a, 0], [a3, O], [a4, O],
[as, 0]} and B = {[0, by], [0, b2], [0, bs], [0, ba], [0, bs]} € S; we
see A x B ={]0, 0]}.
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Let A={(a;, 0,0,0,0), (az, a3, 0, 0, 0), (0, a4, 0, 0, 0)} and
B = {(O! 01 al! aZl a3)1 (01 01 a51 01 0)1 (01 01 01 01 a3)1 (01 01 01 a41
0)1 (05 01 all aZy O)l (Ol 01 01 all a5)1 (01 01 aZl 01 a3)} € S

We see A x B ={(0,0,0,0,0)}.

We have used this concept for orthogonality of two subsets
in S, S a subset semivector space over a subset semiring.

However we want to define the notion of subset semilinear
product on a subset semivector space.

DEFINITION 4.1: Let

S = {Collection of all subsets form the semiring P} be a subset
semivector space over the semifield F. We define sum in a
subset A ( sum of a subset A ) in S to be sum of the elements in
A (as A contains only elements under ‘+’ the operation on the
semigroup P used to build S).

The sum in A is denoted A = 2 'a;, a; € A is a singleton set
inS.

We will illustrate this situation by the following examples.

Example 4.1: Let S = {Collection of all subsets from the
semigroup 3Z" U {0} under ‘+’} be the subset semivector space
over the semifield T = Z* U {0}.

Let A={3, 6,18, 27, 45,90, 0} € S.

Now As={3+6+18+27+45+90+0}={189} € S
is the sum of A.

Let A={3, 24,18, 15} € S.
As={3+24+18+15}={60} € S.

Example 4.2: Let S = {Collection of all subsets from the
semigroup P = {(a;, ay) | a1, a2 € Z" U {0}}} be the subset
semivector space over the semifield F = Z* L {0}.
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Let A
As

{(3,2),(6,0),(7,9),(1,2),(5,5), (2,4} S.
{(3,2)+(6,0)+(7,9) +(1,2) + (5,5) + (2, 4)}
{(24, 22)} ¢ S is the sum of the subset A.

LetB ={(0,9), (2,0),(6,0),(7,0),(0,0),(0,2)}
BS = {(0! 9) + (21 0) + (61 0) + (71 0) + (01 0) + (01 2)}

= {(15, 11)} < S is the sum of the subset B.
As and Bs are the sum of the subset A and B respectively.

Example 4.3: Let S = {Collection of all subsets from the
column matrix semigroup

P=1{la, aeQ uU{0}1<i<5}}

31141867
0116|801

Take A=3|2|,|5,|2],|6],|7]|t €S.
11]10(]2]]|0(|1
15][1]]0][6][7]

3] [4] [8] [6] [7]

0 6 8 0 1

Wefind As= 4|2 |+|5[+|2|+|6|+|7

1 0 2 0 1

5] |1] [0] |6] 7]




210 | Subset Semilinear Algebras

28]
15

=<| 22 |; e Sisthe sum of the set A.
4
19

Example 4.4: Let S = {Collection of all subsets from the
semigroup of 3 x 4 matrices

a, a, a, a,
M=<{la, a, a, a |[[aeR U{0}1<i<12}}
a9 a'10 all a12

be the subset semivector space over the semifield F = R* U {0}.

Let
5 0 27/4][oo0o0 5 3 2 0 O
A=!J3 0 0 0 /|201 0|3 0 0 V2
0 V72 V5]l090+5]|0 V32 0

5 0 27/4] [ooo0 5 3 2 0 O
A={3 0 0 0 [+]201 0l+/v3 0 0 2
0 V72 5] [090+5] |0 V342 0

8 2 2 27/4
=J23+2 0 1 J2 |V es
0  3+J7+9 242 25

is the sum in the subset A or sum of the subset A.

We use this concept in defining the subset semiinner
product.
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DEFINITION 4.2: Let F be a semifield. S a subset semivector
space over the semifield F.

A subset semiinner product on S is a function which assigns
to each ordered pair of subset vectors A, B € S; a scalar (A | B)s
in F in such a way;

(i) (A1B)s = (As | Bs)s = ({As xBs})s
(i) (A ] A)s > 0 if A #{0};

(where As and Bs are the subset sums of the subset A and B
of S respectively).

(A|B)s=2'a xb; (ai € As, bj €Bsg).
Then we define (| )s is the subset semiinner product on S.
We will first illustrate this situation by some examples.

Example 4.5: Let S = {Collection of all subsets from the
semigroup P = {(as, a,, as) where a; € Z* U {0}; 1 <i < 3}} be
the subset semiring.

Let A, B e Swhere A = {(3, 0, 1), (5, 5, 3), (0, 0, 6), (0, 6,
2),(7,7,2)}and B = {(4, 0, 4), 2, 2, 2), (7, 7, 1), (1, 1, 1)} € S.

As ={(3,0,1)+(5,5,3)+(0,0,6) +(0,6,2) +(7,7,2)}
={(15, 18, 14)} and

Bs ={(4,0,4)+ (2,22 +(7,7,1)+(1,1, 1)}
= {(14, 10, 8)} € S.

(A1B).= (As | B = Yapb,

= (15, 18, 14) | (14, 10, 8))
=15x 14+ 18 x 10 + 14 x 8
=210 + 180 + 112

=402 € Z* U {0}.
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This is the way subset semiinner product is defined on S.

Example 4.6: Let S = {Collection of all subsets from the
semigroup

a, a, a; a a
M = [ 1 2 3 4 5)
dg d; dg 85 8y

be the subset semivector space over the semifield F.

aeZ ' U{0}1<i<10}}

Let (| )s be the subset semiinner product, that is
(A|B):S—Z u{0}.

Let
A-j[30o101]f21000][1 1101
“llo 2 0 400l00012/'2 2202
and
sof[ts000)[1 1111
“Jlo oo 5 112 2 2 2 2
0003 1][1 2500
31 000/|51000
30101][21000] 11101
As= + +
02040/]00012| 22202

6 2 2 0 2
= e S.
{{2 4 2 5 4}}

and
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15000 11111
Bs = + +
{O 0 05 J [2 2 2 2 2}
0 00 31 N 1 2500
31000 51000
3 8 6 4 2
= e S.
10 4 2 2 2
10
(AlB)S:(AS|BS)S:zaibi
i=1

=18+16+12+0+4+20+16+4+10+8
=108 € Z* U {0}.

Example 4.7: Let = {Collection of all subsets from the column
matrix semigroup

M = ae(Q uUlu{0});1<i<6}}

be the subset semivector space over the neutrosophic semifield
F=(Z ulu{0}.

Let (| )s = (Z" w1 U {0}) be the subset semiinner product
onS.

Let A, B € S where
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3211 0 J[2+1][1+1]
0 6+1 1 2+1
Az 3 0 4+1 0
0+51|'| 6 ||3+21|]3+4l
3+41||0+2l 2 4
0 || 6 || 0 || O |
and
C4+1[ 0 [1+1]
0 8+3l|| 2+1
8= 4+2|' 0 ,|+3 s
0 8 1
4 0 1
0 | 8+1 | [1+41

(A|B)swhere A,BeSand (|)s:S— (Z"u{0}u ).

[3+21] 0 [2+1] [ 141 ]
0 6+1 1 2+1
A = 3 N 0 N 4+1 N 0
0+5I 6 3+ 2l 3+4l
3+4l 0+2l 2 4
. 0 | [ 6 | [ 0 ]| 0 |
[ 6+41 |
9+ 21
7+1
- 12 +111 and
9+6l
L 6 _
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[ 441 ] 0 (141 ] [ 5+2] ]
0 8+3l 2+1 10+ 41
4+ 2] 0 1+3 7+3l
Bs = + + =
0 8 1 9
4 0 1 5
L 0 | | 8+1] [1+4]] | 9+5I |

areinS.

(AIB) = (As| Bs) = Yab,

i=1

= 6+4)GB+2)+O+2)(A0+4)+ (7 +1)
(7 +31) + (12 + 111) 9 + (9+61)5 + 6 (9+51)

= 30+8I+32lI+90+ 8l +56l+49+3l+28] +108
+ 991 + 45 + 301 + 54 + 301

= 376 +2941 e (Z" U1 U {0}).

Example 4.8: Let S = {Collection of all subsets from the
semigroup

a ez U{0}}

be the subset semiring over the semifield F = Z*" U {0}.

If As = {5’ + 2x* + 5x + 1} and Bs = {10x® + 5x* + 3x + 4}
then (As | Bs)s that is productis 10 x0+5x0+2x0+0x5+
5x3+4x1=19 e Z* U {0}.

If As = {3x* + 2x + 1} and Bs = {6x° + 4x’} then
(As|Bs)s=0 e Z" U {0}.
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So we see the subset semiinner product also behave in
certain ways like the usual inner products.

Suppose we have subset semivector space on which is
defined a subset semiinner product then we define S to be a
subset semiinner product space over the semifield.

We define the semiinner product as sum of the products.

Example 4.9: Let S = {Collection of all subsets from the

semigroup
a'1 a2 a3
M=<la, a, a||laeZ u{0}1<i<9}}
a'7 a8 a9

be the subset semivector space over the semifield F = Z* U {0}.

We can define subset semiinner product which is as follows.

a'l a2 a'3 bl b2 b3
IfAs=|a, a;, a;|andBs=|b, b, b, | €Sthen
a, ag a, b, by b,

(A|B)s = (As| Bs)s

= iaibi e F.
i-1

Example 4.10: Let S = {Collection of all subsets from the 3 x
10 matrix semigroup
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al aZ a'10
M=<la, a, ay || ae QT u{0}; 1<i<30}}
aZl a’22 a’30

be the subset semiring over the semifield F = Z* U {0}.
Let(])s:S—Z" U {0}.
LetA,Be S, As,BseS;
3
(A|B) = (As| Bs) :;aibi e 2" u {0}
This is the way the subset semiinner product is defined.

Further S is a subset semiinner product space.

We can define on any subset semiinner product space more
than one subset semiinner product.

For in this case we can define

(As | Bs)s = a0 big + @bz + azxbs € Z* U {0} is also a
subset semiinner product.

Likewise (As | Bs)s = a; by + ashs + ... + a9 by 0dd sum and

SO on.

Example 4.11: Let S = {Collection of all subsets from the
polynomial semigroup under

a ez U{0}}

be the subset semivector space over the semifield F = Z" L {0}.
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Take A= {3x*+4x+1,2x+1,7x+3} € S.
As = {3 +4x+1+2x+1+7x+3}
= {3x* + 13x + 5}.

Suppose B = {2x* + 7x + 1, 5x + 8, 8x"} € S then B; = {8x"
+2x° + 12x + 9}

Now (A | B)s = (As | Bs)s

= sum of the coefficient of the even power of x in (As | Bs)s.
=24 +40+ 26+ 27 + 156

=173 € Z" U {0}.

This is the way this subset semiinner product is defined. It
can be defined in other ways also.

For instance (A | B)s = Sum of the coefficient of odd terms
and so on.

Example 4.12: Let S = {Collection of all subsets from the
semigroup
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under the operation

‘U’} be the subset semivector space over
the semifield

(]):S—>F
Let A ={a, a3, as, a7, ag}
and
B = {a4, as, a10, an1};
As={1} and Bs ={a,} € S.
(A|B)s=(As|Bs)s= (1 xa)=a e F.
Thus (| )s is the subset semiinner product on S.

Example 4.13: Let S = {Collection of all subsets from the semi
lattice L under w and L is as follows:
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ay a,
az
s as
as
az ag >
dg
aio
ai1
a2 13

be the subset semivector space over the lattice (semifield) F =

01
p Ay
» A3

¢ Ay

lae

¢ A1
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Let A = {ag, a4, ag, Ay, a10, A13, 3} and B = {ay, as, as, a9, 812}
e S.

Now As = {as} and Bs = {a,} and (A | B)s = (As | Bs)s
—azxap=azeF.
Thus ( | )sis the subset semiinner product on S.

Example 4.14: Let S = {Collection of all subsets from the
semilattice L under ‘U’ where L =

1
K]
dg ay

az
dag dg
0

be the subset semivector space over the semifield

a
as
az



222 | Subset Semilinear Algebras

Let A = {as, a7, ag, a9, as} and B = {ay, a3, 0, 1} € S.
As = {al} and Bs = {1} e S.
(A|B)S=(AS|BS)S=a1><1=ale S.

Hence ( | ) is the subset semiinner product on S.

Example 4.15: Let S = {Collection of all subsets from the
semigroup LSz where L =

be the subset semivector space over the semifield

L= 1
a
dy

Define a subset semiinner product ( | )s: S — L by
(A'| B)s = (As | Bs)s = sum of the coefficients of S.

Let A = {a;p; + axPps + Pa, P2 + asps + 1} and
B={p.+asaps+ps}eS

(A|B)s = (As | Bs)s
(Where As = {1 + a;p; + asps + aPs + P + P2})
and Bs = {p; + az + a1ps + ps})
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= sum of coefficient of {p; + az + a;ps + ps + a; + azp; + aips
+aip, + a5 t asPs + as + asPs + APz + azPs + axPr + aPy + APs +
APz + APy + AP1 + P1Ps + a3Ps + A1Ps + 1 + Ps + azPp2 + A1ps +
P2Ps}

=lel.

Thus ( | )s is a subset semilinear inner product on S.

It is pertinent to keep on record that commutativity or non
commutative of the structure does not depend on this defined

subset semiinner product on S.

Example 4.16: Let S = {Collection of all subsets from the

semigroup
a5 a6 :|
a11 a'12

be the subset semivector space over the semifield Z* U {0}.

a, a, a,

ae Z" U {0}
a8 a9 alO

1<i<12}}

We define the subset semiinner product
(] )s:S—>F=Z" U {0}as (A|B)s = (As | Bs)s where Ag and
12

Bs matrix sum and (A | B)s gives the Zaibi where

i=1

As = |:al 2 3 84 |8 ae} and
a; [8g & ap|a; a,
Be = [b1 2 b3 4 5 be}
g=
b, [ bg by by | by by
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Take

=
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(A|B)s = (As| Bs)s

= 15+455+37+19+47+911+91+43+
11.10 +75+4.6+8.2

= 5+25+21+9+28+99+9+12+110+35
+24+16

= 393 eF=2"uU{0}

L D o
W N

Example 4.17: LetM = a; € L =a Boolean order 8

|| D
| & ]

o

m|m
~

©

5

0
be the subset semivector space over the semifield

F=

1
a
f
0
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Let A= and B = e S.

Ol V|0l @ = D

ol ol o T 9 O

(A|B)s=0a+af+be+cd+fc+ea+db+0d
=f+0+d+f+e+d+0
=leF

Now having seen examples of subset semiinner product
spaces we can define subset orthogonal semivectors of a subset
semiinner product space.

We say A, B € S, S a subset semiinner product space (A |
B)s to be orthogonal if (A|B)s=0

Let As={(00100)}
andBs={(11000)}eS

(A|B)s=(As|Bs)s=0.

If we are using distributive lattices in whichanb =0 ifa =
0 and b = 0 or semifield Z* U {0} or Q" L {0} or R* U {0} or
(R* U ) u {0}, (Q" u Iy U {0} or (Z" U I) U {0}, we can
define orthogonal spaces.

We define (A | A)s by ||Alls as the subset seminorm of the
subset A € S, S a subset semiinner product space.
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We can as in case of usual vector spaces define in case of
subset semivector spaces also the concept orthogonal
complement.

Example 4.18: Let S = {Collection of all subsets from the
semigroup B=(a; @ az a4 a5 a5 a7) | € Z° U {0}, 1 <i<7}}
be the subset semivector space over the semifield Z* U {0}.

Let W,; = {Collection of all subsets from the subsemigroup
Bi={(000ay, a, a3 a)ae Z'U{0}1<i<4}cShbethe
subset semivector subspace of S.

We see under the subset semiinner product W, =

{Collection of all subsets from the subsemigroup. B, = {(a1, a.,
a3, 0,0,0,0)}wherea; e Z"U{0};1<i<3}cS.

Wesee (A|B)s=0if Ae S;andB e W,". Thatis W, is
the subset orthogonal complement of Wy and S =W, = W;" .

LetM={(000a,000),(0000a,00)]|a 52" v {0},
1<i<2}cS.

We see M* = {(a; a, a; 0 0 a4 as) where a; € Z* U {0}, 1 < i
<5} = S we see M* is orthogonal to every element in M.

However M + M* = S.

Take A={(5,000001),(6000000),(0000001)} e
S.

Now {(Collection of all subsets from A* = {(0, ay, a,, as, as,
as,0)|ae Z" U{0},1<i<5}cS.

Clearly A* is a subset semivector subspace of S however A
is not a subset semivector subspace only a subset from S.
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Example 4.19: Let S = {Collection of all subsets from the
interval semigroup under ‘+’. P ={[a, b] |a, b € Z* U {0}}} be
the subset semivector space over the semifield F = Z* U {0}.

Let A={[3, 7], [5, 0], [0, 9], [2, 1], [4, 4]} and
B ={[L, 3], [4, 5], [9, 9], [7, 3] [0, 5], [0, 1]} € S

As={[3,7] +[5,0] + [0, 9] + [2, 1] + [4, 4]} = {[14, 21]}
and

Bs = {[1, 3] + [4, 5] + [9, 9] + [7, 3] + [0, 5] + [0, 1]} =
{[21, 26]} € S.

(A B)s = ('g\s, Bs)s

= Zaibi
i=1

=14%x21+21x26
=840 e Z* U {0}

(,)s:S— F=2Z"U {0} is a subset semilinear product in S.

Example 4.20: Let S = {Collection of all subsets from the
interval matrix semigroup

b
[a,.b,]
P=1|[a,b,]||a ez U{0}1<i<5}}
[a,.b,]
| [as,bs] |

be the subset semivector space over the semifield F = Z* U {0}.

Let us define ( | )s:'S — F by (A|B)s = (As | Bs)s
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= iaia{ where
[a,b,]
As = [azzbz] and
[asbs]
[a;b;]
Bo={| 22| o b, 2, b e 27 U o).
[asb:]
[10,4] | 18,07 |
[2,5] [1,5]
Let As=<|[1,9] |; and Bs = {|[7,2]
[7.2] [9.1]
1[4,4]] 1[0,2] |

(A|B)s=(As|Bs)s=8x0+2x1+1x7+7x9+4x0
=2+7+63
=72 e Z" U {0}.

Thus ( | )s is the subset semiinner product on S.

Example 4.21: Let S = {Collection of all subsets from the
semigroup

aib; e VARV, {0}}

i=0

p= {i[aibi]x‘

be the subset semivector space over the semifield F = Z* L {0}.
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Define (A | B), = (As | Bg))s = > 4, xa, with

i=1

As = {Zt:[aibi] x‘} and

Bs = {j[a; bi’]xi}

where n =t or s which ever is the greatest.

ai, b, a, b eZ"u{0},0<i<t,s.

( | )s is the subset semiinner product on S.

Now having seen examples of subset semiinner product
spaces we now proceed onto define subset semilinear
functionals and describe them.

Let
S = {Collection of all subsets from the semigroup P under +} be

a subset semivector space over a semifield F.

Let S be a finite dimensional subset semiinner product
space over the semifield F.

A semilinear functional f;on S is of the form.

fs(A) = (A | B), for some fixed subset semivector B in S.

We can define some of the properties of semivector spaces
in case of subset semivector spaces with some appropriate
modifications.

We will give one to two examples of this concept before we

proceed onto describe other properties related with subset
semivector spaces.
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Example 4.22: Let S = {Collection of all subsets from the
semigroup M = {(a;, az, ..., a10) |a e F=Z " U {0}; 1<i<
10}} be the subset semivector space over F the semifield.
Let S be a subset innerproduct space under the inner product
10
(A|B)s=(As|Bs)s = inyi where

i=1

As = {(Xl, X2y ooy XlO)} and
Bs ={(Yu Y2 ---, Y1)} €S.

X, ¥j e F; 1<i,j<10.

Let B € S be a fixed subset semivector in S.
Let f: S — F be defined by
f(A)  =(A|B)s
= (fo\s| Bs)s

=y xy €F.
i=1

B the given fixed subset semivector in S.

Example 4.23: Let S = {Collection of all subsets from the
semigroup

al a‘Z a'10
M={la, a, .. ay||aecQ U{0}}}
aZl a’22 a’30

be the subset semivector space over the semifield F = Q" L {0}.

(A1B).= (As B, =Y ab
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al a2 alO
where g € As= 4| a,;, a, .. a,|r and
aZl a22 a'30
b, b, .. by
bie Bs=4|b, b, .. by|;,1<51<30
b21 b22 b30

and B is the fixed subset semivector of S where B; = Sum of B.

Now having seen the concept of subset semilinear
functionals we now proceed onto define the notion of Ts
preserves subset semiinner products.

Let S and S; be two subset (semivector) semiinner product
spaces over the same semifield F and let Ts : S — S; be a subset
semilinear transformation. We say that Ts preserves subset
semiinner products if (Ta | TB)s = (ot | B)s forall o, B € S.

Clearly a subset semilinear isomorphism of the subset
semivector spaces also preserves subset semiinner product.

We can prove that if S = {Collection of all subsets of a
semigroup ‘+’ P = {(a, b) | a, b € Z" U {0}}} be the subset
semivector space over the semifield F = Z* v {0} and if
V ={(a, b) |a, b e Z" U {0}} is a semivector space over F then
we have B = {{(a, b)} | a, b € Z" U {0}} < S is a subset
semivector subspace of S and B = V (B is isomorphic with V as
semivector spaces).

Thus almost all the properties enjoyed by V will also be
enjoyed by S with some simple and appropriate modifications.

Now we see we cannot in case of subset semivector spaces
arrive at the concept of complex structures. However that is
possible if we take subset semivector spaces of type .
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Let S = {Collection of all subsets from the group Z} be the
subset semivector space over the semifield Z* U {0} = F.

We see for this S it is not easy to define subset semiinner
product on S. However we do not say it is not possible we can
always define subset semiinner product space.

We define for

(AIB)s= (As | Bo): = ‘Zaibi eF=Z"U {0}

If the mod is removed we see the subset semiinner product
is not defined.

Let S = {Collection of all subsets from the group G = C} be
the subset semivector space over the semifield R* U {0}.

We see (A | B)s = complex number o
= | Real part of a |;

then ( | )s: S — R" U {0} is a subset semiinner product on
S.

S = {Collection of all subset from the group (a, b) where
a, b € C} be the subset semivector space over the semifield
F=2"u{0}.

(A|B)s:S— R"uU {0}

(A | B)s = (As : Bs)s = integral part and real part of a;b; +

azbg.

Let S = {Collection of all subsets from group
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a, 4a, a; a
G= 1 2 3 4
s a5 a; &g

be the subset semivector space over the semifield Z* U {0}.

8 C;1<i<8}}

(1)s:S — Z" u {0} is defined such that

(A]B)s = (As| Bs)s

8
= integral positive part of Zaibi
i=1

(Herea= |2 % & 8| g |0 D Dy bp
a5 aG a7 a'8 ’ .

We can have several such examples.

This task is left as an exercise to the reader.

We can also have the concept of subset semiinner product in
case of S-subset semivector space over a S-semiring. This is

considered as a matter of routine.

Other properties related with subset semivector spaces can
be extended. However one of the problems is that they can have
a unique basis so some times it is advantageous in certain
situation and disadvantageous in situations when one needs

more than one basis.

We can define subset semifunctional and derive their related

properties.

However as in case of usual vector spaces (Semivector
spaces) we can for the case of subset semivector spaces also
define the notion of subset projection. This will have more

applications as we project subsets on the subsets.
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Let S = {Collection of all subsets from the semigroup P
under ‘+’} be the subset semivector space over the semivector
space.

Suppose T is a subset semilinear operation on S and
S=W; + ... + W, where the sum is a direct decompositions. T

induces subset a semilinear operator. T. on each W; by
restriction.

The k subset semilinear operators Eg,EZ,...,E£ on S is such
that E{ is a subset projection.

We can show several of the properties are inherited in case
of subset semiprojections also.

We will illustrate them by examples before we prove
theorems in this direction.

Example 4.24: Let S = {Collection of all subsets from the
matrix semigroup M = {(as, @, ..., a) |ai e Z- U {0}; 1 <i <
6}} be the subset semivector space over the semifield
F=2Z"u{0}.

LetW1={(a1a20000)|ai €Z+U{0},1SIS2}QM
and V; = {Collection of all subsets of the subsemigroup W, of
M}} < S; V, = {Collection of all subsets from the
subsemigroup W, = {(0, 0, a;, a5, 0,0) |ay e Z" U {0}; 1 <i <
2}} < S and V3 = {Collection of all subsets from the
subsemigroup Ws;={(0000a;a) |a e Z" U {0}; 1<i<2}}
< S be the three subset semivector subspaces of S over the
semifield Z*u {0}. Clearly S =V, + V, + V3 is the direct sum
andVinV;={(000000)}ifi=j 1<i,j<3.

Now define a subset semilinear operator E; : S — S by
Ex(A) = ({(an, &, a3, a4, as, a5)}) = {(a1, @, 0, 0, 0, 0)} for all A
e S. Thatisif
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A={250,1273),(456,778,09),(10, 11,0, 8, 4, 3),
9,2,1,0,1,9)} € S.

E:(A)=Ei1({(2,50,1,2,3),(4,5,6,7,8,9), (10, 11, 0, 8,
4,3),(9,2,1,0,1,93})

={(2,5,0,0,0,0), (4 5,0,0,0,0), (10, 11, 0, 0, 0, 0), (9,
2,0,0,0,0)} e VicS.

We see E; is a subset semilinear projection operation.
Further (E; 0 E;) = E;.
We defineE;: S —> S hy

E2 (B) = EZ({(al! dy, ds, ds, ds, ae)}) = {(01 01 ds, ds, 0, 0)}
where a; e Z" U {0} and A € S; 1 <i<6. E;is also a subset
semilinear projection operator for E; 0 E; = E,.

Take A={(2,3,4,56,7), (2 3,45,6), (45,012,
3),(0,2,9,6,9,8)}eS.

(E1 0 Ep) (A) E.({(2,3,4,56,7),(1,23,4,5,6),
(

=E,0
(4,5,0,1,2,3),(0,2,9,6,9 8}

E, = ({(0, 0,4,5,0,0), 0,0, 3,4, 0,0), (0, 0,0, 1, 0, 0), (0,
0,9,6,0,0)})

={(@,0,4,5,0,0),(0,0,3,4,0,0),(0,0,0,1,0,0), (0,0,
9,6,0,03})

=E, (A) Thus E, 0 E; = Es.

We can define
Es: S > Sbhy Es{(an, a, as, a4, as, ag)} = {(0, 0, 0, 0, as, a)}
and if
A={4,2006,8),(9456,8,0,0), (11,0, 12, 14, 5, 0), (8,
25, 48, 56, 0, 90), (91, 48,0, 9, 25, 126)} € S.
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Es(A) =E; ({(4,2,0,0,6,8), (9, 4,6,8,0,0), (11, 0, 12,
14, 5, 0), (8, 25, 48, 56, 0, 90), (91, 48, 0, 9, 25, 126)}.

= {(0,0,0,0,86,8), 0,0,0,0,0,0), 0,0,0,0, 5, 0), (0, 0,
0,0,0,90), (0,0,0,0,25, 126)} € Vs S.

We see E; is also a subset semilinear projection of S on W5,
Thus each E; is a subset semilinear projection of Son W; , i =1,
2,3.

We see E; + E; + E; = Is the identity subset semilinear
identity operator on S. Thatis Is: S — S is such that Is(A) = A
forall A € S.

Thatis Is : S — S is the identity semilinear operator on S.

We can also define for an element X in a subset semivector
space S over a semifield F the notion of the subset orthogonal to
XinS.

We denote this by X° and X° is a subset semivector
subspace of S even if X is not a subset semivector subspace of
X.

Let S = {Collection of all subsets from the semigroup M =
{(a; a; az a5) | & € Z" U {0}; 1 < i < 4}} be the subset
semivector space over the semifield Z* u {0} = F.

Take X = {(3, 0, 0, 0), (0, 5, 0, 0), (0, 7, 0, 0), (1, 2, 0, 0)
(17, 5,0, 0), (10,0, 0, 0)} € S.

We see X is just an element in S and X is not a subset
semivector subspace of S.

Consider X° the orthogonal complement of X. X° =
{Collection of all subsets from the subsemigroup P; = {(0, 0, a;,
0), (0,0,0,a), (0,0,dy,dy) | diya € Z" U {0}; 1 <i<2} c M}
cS.
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It is easily verified X° is a subset semivector subspace of X
and X°+ X #S.

However it is easily verified if the subset X in S is replaced
by a subset semivector subspace say W then W° the orthogonal
subset semivector subspace of W is such that W + W° = S,

We can develop almost all the properties associated
semivector spaces in case of subset semivector spaces defined
over a semifield. This is considered as a matter of routine and
left as an exercise to the reader.

However it is also important to mention that these subset
semivector spaces also find applications in all the places where
semivector spaces find their applications.

Apart from this also these new structures can find more
applications. This task is also left as an exercise to the reader.

We suggest the following problems.
Problems:

1.  Obtain some nice and special features enjoyed by subset
semiinner product spaces.

2. Given a finite dimensional subset semivector space how
many subset semiinner products can be defined on it?

3. LetS ={Collection of all subsets from the semigroup

a, ay a,
be the subset semivector space over the semifield F = Z* U

{0}.

aeZ {0} 1<i<6}}
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Find all possible subset semiinner products that can be
defined on S.

Let S = {Collection of all subsets from the semigroup

a, a,
a, a,
a; 8,
a, a, N .
P= a8 e QU {0};1<i<16}}
a9 a10
a11 a‘12
a13 a'14
_a15 a16_

be the subset semivector space defined over the semifield

F=Q" u {0}.

(i) Find all subset semiinner products that can be
defined in S over Q" U {0}.

(i) If Q" u {0} is replaced by Z* U {0} can you define
subset semiinner products on S?

(iii) If yes for question (ii) how many such subset
semiinner products can be defined?

Define orthogonality in subset semiinner product spaces
and define some special features using it.

Can orthonormality be defined on subset semiinner
product spaces?

Give some interesting and special features enjoyed by
subset semilinear functionals.

Let S = {Collection of all subsets from the semigroup
M = {[ay, a,, ..., a10] & € F, F a semifield} be the subset
semivector space over the semifield F.
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10.

(i)  Define a subset semiinner product on S.

(i) How many subset semiinner products can be
defined on S?

(iii) Write S as a n-direct sum of subset semivector
subspaces and prove we can find Ts, E; ... E, such
that Ts= oy  E1+ ... +on By, i€ S;1<i<n.

(iv) Define a normal semilinear operator on S.

(v) Define a semilinear functional on S.

(vi) Prove S has as many semilinear functionals as that
semilinear operators defined on it.

Let S = {Collection of all subsets from the semigroup

a, |
a; a,
a5 &g
M=1la, a,||aeZ u{0};1<i<14}}
dy Ay
a; 8y
|3 Ay |

be the subset semivector space defined over the semifield
F=2"u{0}.

Study questions (i) to (vi) of problem 8 for this S.

Let S = {Collection of all subsets from the matrix
semigroup
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whereL= O d2: 1<i<15}}

d

d5 dG

d
dg
do

be the subset semivector space over the semifield L.

(i)  Study questions (i) to (vi) of problem 8 for this S.
(i)  Find o(S).

11. Let S ={Collection of all subsets from the semigroup

QD
iy

1

X1

gel= >‘§ : y1<i<9}}

6

QD || D
|8 18

<
11
[SUR <)
o o N~

X7

|

Xg Xg

DD
©

©

X10
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12.

13.

14.

15.

16.

be the subset semivector space over the semifield L.

(i)  Study questions (i) to (vi) of problem (8) for this S.

(i) Find o(S).
(iii) How many semilinear functionals can be defined on
this S?

(iv) In how many ways can S be written as a subset
semidirect sum of subset semivector subspaces of
S?

Is it possible to build the spectral theorem for subset
semiinner product spaces?

Give an example of a subset semiinner product space so
that

(i) Tsisnormal.
(i)  Tsis unitary.
(iii) T, satisfies the spectral theorem.

Give an example of a subset unitary operator of a subset
semivector space over a semifield F.

Give some of the special features associated with subset
semiinner product spaces of finite order.

Let S; = {Collection of all subsets from the group

a'l a'2 a‘3
a4 a5 aG + -
G = aezZ u{0}1<i<12}}
a, ag a,
a‘lO a11 a'12

be the subset semivector space over F and S, =
{Collection of all subsets from the group
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al a2 a'3
a, ag a + .
G, = e F=2Z2"0U{0};1<i<12}}
a, ag a,
alO a11 alZ

be the subset semivector space over F.

(i)  Define a subset semilinear transformation
Tg S; = S, so0 that

(a) T, preserves subset semiinner products.

(b) T is asubset semivector space isomorphism.

(c) T, carries subset semiorthogonal basis for S; on
to subset semi orthogonal basis of S.

(i)  Define TSz : S, —> S, s0 that

(@) to (c) of (i) is true.
IsTg =Ts or Ty = Tg ?

Let S = {Collection of all subsets from semigroup

M = {iaixi

i=0

a € Z" U {0}}} be the subset semiring

over the semifield Z* U {0} = F.

(i) Isitpossible to write S as a n-direct summand?

(i)  Define semiinner product on S.

(ili) How many subset semiinner product can be defined
on S?

(iv) Can we have subset seminormal operator on S?

(v) Define on S subset semilinear functionals.

Can we always define on S a subset semivector space
over a semifield S a subset semiunitary operator on S?
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19.

20.

21.

Is it always possible to define on S (the subset semivector
space) a subset semilinear normal operator?

Prove if S is a subset inner product space defined over a
semifield.

If AcSisasubsetofS. ISA'={xeS|(x|A)=(0)}a
subset semivector subspace of S?

Let S = {Collection of all subsets of the matrix semigroup

a'1 a2 a‘3
a a a

M=< b7 lare Z7U {0} 1<i<30}}
a'28 a29 a30

be a subset semivector space over the semifield
F=2Z"u {0}

(i)  Find a subset basis B of S.
(i) I T=(oy ... ay are a subset linearly independent
setin S. Find a corresponding orthogonal subset of

T.

(iii) Can T be made into a orthonormal subset linearly
independent set?

(iv) How many subset semiinner products can be
defined on S?
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Let S = {Collection of all subsets from the semigroup

0l
a a Lo a
dyg Q4 .. Qg

ae L= 'jl;lsiSBO}}

p U2
y ds
¢ d,
¢ ds
p s
¢ d;
¢ dg
s 0

be semivector space over the semifield F = L.
Study questions (i) to (iv) of problem 21 for this S.

Let S = {Collection of all subsets from the semigroup

a1 a‘2
a;, a,
G=1{la, a, ||ae Q" U{0}1<i<10}}
a, a,
_a9 a'10_

be the subset semivector space over the semifield Q" U

{0}=F.
Study questions (i) to (iv) of problem 21 for this S.

Let S = {Collection of all subsets from the matrix
semigroup
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25.

26.

M= {al
a'll

a, a, a, a,
Cllag ag a; a . . )
M = ae RMU{0};1<i<16}}
a9 a'10 all a'12
a13 a14 alS a16

be the subset semivector space over the semifield
F=R"u {0}

Study questions (i) to (iv) of problem 21 for this S.

Can we define a subset seminormal operator and subset
semi unitary operator on the subset semivector space
S = {Collection of all subsets from the semigroup

a, a,

a, & 8 |da; 35 3 a10j|

a'17 a'18 a'19 a 20

a'12 a13 a14 a15 al6

a e Z" U {0} 1<i< 20}} be the subset semivector
space over the semifield F = Z* U {0}?

Let S = {Collection of all subsets from the semigroup

al a2 a3
a a a

P=4| ) 7 U |lae Z7u{0}1<i<15}}
a13 a14 a15

be the subset semivector space over the semifield
F=Z"u {0}.

Can we have on S the notion of subset seminormal
operator and subset seminormal operator and subset
semiunitary operator.
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Does there exist a subset semivector space over a
semifield such that we do not have on S for a particular
subset semiinner product defined on S the notion of
subset seminormal operator and subset semiunitary
operator?

Let S = {Collection of all subsets from the semigroup

P= {Zaix‘ a € Q" U {0}}} be the subset semivector

i=0

space over the semi field F = Q" L {0}.

Find all subset seminormal operators and subset
semiunitary operators on S?

Can we have a subset semivector space S on which it is
impossible to define the notion of subset semiinner
product?

Justify your claim.

Does there exist a subset semivector space S on which we
cannot define the notion of subset semilinear functional?

Let S = {Collection of all subsets from the semigroup

M = {Zaix‘ a; € Boolean algebra of order 64}}

i=0

over the semifield

F= Il
0

(i)  Can we define on S a subset semiinner product?

(i)  Can we define on S a subset semilinear functional?

(iii) Is it possible to have on S a subset semi unitary
operator?
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(iv) Is it possible to have on S a subset seminormal
operator?

32. Let S = {Collection of all subsets from the semigroup

be the subset semivector space over the semifield L.

Can we define on S the notion of subset seminormal
operator and subset semiunitary operator?
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