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Abstract

In the present paper we develop the description of massive fields on the basis of space-time
algebra of sixteen-component sedeons. The generalized sedeonic second-order equation for the
potential of baryon field is proposed. It is shown that this equation can be reformulated in the
form of a system of Maxwell-like equations for the field intensities. We calculate the baryonic
fields in the simple model of point baryon charge and obtain the expression for the baryon-
baryon interaction energy. We also propose the generalized sedeonic first-order equation for
the potential of lepton field and calculate the energies of lepton-lepton and lepton-baryon
interactions.

Introduction

Historically, the first theory of nuclear forces based on hypothesis of one-meson exchange has been
formulated by Hideki Yukawa in 1935 [1]. In fact, he postulated a nonhomogeneous equation for
the scalar field similar to the Klein-Gordon equation, whose solution is an effective short-range
potential (so-called Yukawa potential). This theory clarified the short-ranged character of nuclear
forces and was successfully applied to the explaining of low-energy nucleon-nucleon scattering data
and properties of deuteron [2]. Afterwards during 1950s - 1990s many-meson exchange theories
and phenomenological approach based on the effective nucleon potentials were proposed for the
description of few-nucleon systems and intermediate-range nucleon interactions [3-11]. Nowadays
the main fundamental concepts of nuclear force theory are developed in the frame of quantum
chromodynamics (so-called effective field theory [13-15], see also reviews [16,17]) however, the
meson theories and the effective potential approaches still play an important role for experimental
data analysis in nuclear physics [18, 19].

The attempts to generalize the Klein-Gordon equation on the basis of the Clifford algebras
and different systems of hypercomplex numbers have been made in [20-24]. The authors of these
papers discussed the possibility of constructing the field equations similar to the equations of
electrodynamics but with a massive “photon”. The resulting Proca-Maxwell equations enclose
field’s intensities and potentials. However, as we have shown in [25] octonic Klein-Gordon equation
can be reformulated as a system of first-order equations, which contain only field’s strengths.

On the other hand, there are a lot of studies concerning the generalization of the Dirac equation
on the basis of different systems of hypercomplex numbers [26-30], but the interpretation of this
equation as the equation for a special potential field with a zero field strength zero was given in
[25].

In the present paper we develop a description of massive fields based on analogies with the
similar description of massless fields in electrodynamics. For this purpose we use the sedeonic
formalism [31-33] developed on the basis of octonic algebra introduced previously in [34,35]. We
consider the baryon field, which is described by sedeonic second-order equation, as well as the lepton
field that is described by first-order equation. The expressions for the energies of baryon-baryon,
lepton-lepton and lepton-baryon interactions are calculated and analyzed.
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1 Sedeonic space-time algebra

To begin with we briefly review the basic properties of sedeons. The sedeonic algebra encloses four
groups of values, which are differed with respect to spatial and time inversion.

1. Absolute scalars (V) and absolute vectors (V) are not transformed under spatial and time
inversion.

2. Time scalars (V;) and time vectors (V;) are changed (in sign) under time inversion and are
not transformed under spatial inversion.

3. Space scalars (V) and space vectors (V;) are changed under spatial inversion and are not
transformed under time inversion.

4. Space-time scalars (V4;) and space-time vectors (Vi) are changed under spatial and time
inversion.

Here indexes t and r indicate the transformations (t for time inversion and r for spatial inversion),
which change the corresponding values. All introduced values can be integrated into one space-time
sedeon V, which is defined by the following expression:

V=V+V+Vet+ Ve + Vi + Vi + Vir + Vir- (1)

Let us introduce scalar-vector basis ag, a3, as, ag, where the value ag = 1 is absolute scalar
unit and the values a;, ag, ag are absolute unit vectors generating the right Cartesian basis. We
introduce also four space-time scalar units eq, €1, €2, €3, where value eg = 1 is a absolute scalar
unit; e; = eg is a time scalar unit; e; = e, is a space scalar unit; eg = ey, is a space-time scalar
unit. Using space-time scalar units e; (j = 0, 1,2, 3) and scalar-vector basis ax (k = 0,1,2,3) we
can introduce unified sedeonic components Vji in accordance with the following relations:

‘f = epVooao,
V =eo (Vora1 + Vooaz + Visas),

‘_{t = e Vipao,

Vi = e1 (Vi1a1 + Visag + Visag), 2)
Vi = exVpag,

Ve = ez (Vara1 + Vasag + Vasag),

‘ftr = e3zV3pap,
Vir = e3 (Vz1a1 + Vgag + Vizag) .

Then the sedeon (1) can be written in the following expanded form:

V = eg (Vooao + Vo121 + Vizaz + Vizas)
+e1 (Vipao + Viiay + Vigaz + Vizas)
+ez (Vaoap + Va1ay + Vazag + Vasas)
+es (Vaoap + V3121 + Vazag + Vasas).

(3)

The sedeonic components Vjx are numbers (complex in general). Further we will use symbol 1
instead of units ag and eg for simplicity.

The multiplication and commutation rules for sedeonic absolute unit vectors a;, as, ag and
space-time units e, ez, eg are presented in tables 1 and 2 respectively.

In the tables and further the value i is the imaginary unit (2 = —1). Note that sedeonic units
e1, ez, ez and unit vectors aj, as, ag generate the anticommutative algebras:

Apndm = —aman, (4)
€n€m = —€meEn,

for n and m = 1,2,3 (n # m), but e1, ez, eg commute with as, az, as:

anem = €man, (5)



Table 1:

ai az ag
aj 1 ia3 72‘32
ag —ia3 1 ial
as ia2 —ial 1

Table 2:

e [$D)) €3
€1 1 7;83 —ie2
e; —ieg 1 1e1
€3 iGQ —iel 1

for any n and m.

Thus the sedeon V is the complicated space-time object consisting of absolute scalar, time
scalar, space scalar, space-time scalar, absolute vector, time vector, space vector and space-time
vector.

Introducing the designations of scalar-vector values

Vo = Voo + Vonaz + Vozaz + Vosas,
Xl = Vio + Vi1a1 + Visag + Vizag,
Vo = Vi + Vo121 + Vazaz + Vasas,
V3 = V3o + V3121 + V3za2 + V33as3,

we can write the sedeon (3) in the compact form
V= VO + elv1 + 62V2 + e3V3. (7)
On the other hand, introducing the designations of space-time sedeon-scalars

Vo = Voo + e1Vip + e2Vag + e3Vs,
Vi =TVo1 +e1Vi1 +exVa +e3Viy, (8)
Vi = Voo +e1Via + exVas + e3zVis,
V3 = Vo3 +e1Vi3 + ealVa3 + e3Vss,

we can write the sedeon (3) in another form
V =V + Via; 4+ Vyay + Viag, (9)
or introducing the sedeon-vector
V=V +Vi+ V. + Vir = Via; + Voag + Viag, (10)
it can be represented in following compact form:
V=V,+V. (11)

Further we will indicate the sedeon-scalars and the sedeon-vectors with the bold capital letters.
Let us consider the sedeonic multiplication in detail. The sedeonic product of two sedeons A
and B can be presented in the following form:

AB = (AO+A) (Bo+1§) .
~ AdBo+ AgB+ By + (A-B) + [AxH] (12)



Here we denote the sedeonic scalar multiplication of two sedeon-vectors (internal product) by
symbol “” and round brackets

(A : B) — AiB; + A;B, + A3B;, (13)
and sedeonic vector multiplication (external product) by symbol “x” and square brackets

|:A X E:| =1 (A2B3 — AgBQ) ap + ) (A3B1 — A1B3) ag

(14)
+1 (A1B2 — A2B1) ag.

In (13) and (14) the multiplication of sedeonic components is performed in accordance with (8)
and table 2. Note that in sedeonic algebra the expression for the vector product has some difference
from analogous expression in Gibbs vector algebra. Let us consider three absolute vectors ff, B
and C. Then the formula for the vector triple product in sedeonic algebra has the following form:

[ffx{Bxé}]:—§<l-é)+é(ﬁ-§). (15)
Thus, the sedeonic product
F=AB=F;+F (16)

has the following components:

Fo = AyBo +A1B; + AsBy + A3Bs,

Fi1=ABy+AyB; +iA;B3 — iAng,
Fy = AsBy+ ApBsy +iA3B; — iAlBg,
Fs — A3Bo + AgBj + iA; By — iA,B,.

(17)

2 Baryon field

The hypothesis that free baryon field is described by the second order wave equation on Clifford
algebra was formulated recently in Ref. 36. Here we develop this hypothesis on the basis of sedeonic
potentials.

2.1 Generalized sedeonic wave equation for massive baryon field

Let us consider the field potential in the form of space-time sedeon
W (7,t) = W (7, 1) + W(7,t). (18)

The potential of free massive field should satisfy an equation, which is obtained from the Einstein
relation between field’s energy and momentum

E% — p? = mict (19)

by means of changing classical energy E and momentum p on corresponding quantum-mechanical
operators:

. o ~ N
E=ih— and p= —ihV, (20)
ot
where the absolute gradient vector has the following form:
- 0 0 0
= —a; + —ay + —as. 21
v &Cal + ay32+ 82’33 (21)

Here c is the velocity of light, & is the Planck constant and the parameter mg can be interpreted
as the mass of a quantum of baryonic field (or in accordance with generally accepted concept as



the mass of a meson field quantum). Using sedeonic algebra the Einstein’s relation (19) can be
represented in the following form:

(ielE + ezCﬁ—F engCQ)(ielE + ezcﬁ—|— e3m0c2) =0. (22)

Then the generalized sedeonic wave equation for free massive field can be written in the symmetric
form

10 - 10 - ~
(z’elcat —eaV — z’e3mhoc) (ielcat —eaV — z’e3mhoc) W =0. (23)
For convenience we introduce new operators
10
8 - *E7
c
(24)
o moc
=
Then we can rewrite the equation (23) in compact form:
(iela — eV — ie3m) (ie18 — egﬁ — ie3m> W =0. (25)
Let us choose the potential in the following form:
W = a+ie1b—iezc—ie3d+ig+ e1§+e26—e35, (26)

where the components a, b, ¢, d, /L B , C and D are the functions of spatial coordinates and time.
Introducing the scalar and vector fields strengths according to the following definitions:

e=08b+ (V-C)+md,
f=0a+ (V-D)+me,
g=0d+ (V- A)—mb,
h=3dc+(V-B)-
3 C+ﬁ( ﬁ) ma, ) (27)
E=-9B—-Vc¢—i[VxC(C]—mD,
F=—0A—Vd+ilV x D] —mC,
G =—-0D —Va—ilV x Al + mB,
H=—-8C —Vb+i]V x B] + mA,
we get
(ie18 — 826 — iegm) (a + ie1b — iegc — iesd + l/T—f— elé + 626 — 8313)
(28)

= —e+ie1f —ieag + iegh — iE + elﬁ—i— ezé—i— egﬁ
and the wave equation (25) takes the form
(ie;l@ — eV — ie3m) (fe +ie1 f — ieag + iegh — iE + e F + eaG + e3ﬁ) =0. (29)

Performing the action of operator in the left part of the equation (29), and separating the terms
with different space-time properties, we obtain the system of equations for the field’s strengths,



similar to the system of Maxwell’s equations in electrodynamics:

Of +(V-G) —mh =0,

de+ (V- H)—mg =0,

Oh+ (V-E)+mf =0,

8gﬂ+(?-13)—i;meﬂz0, ) (30)
OF +Vg+i[V x G) —mH =0,

OE +Vh —i[V x H| —mG =0,

OH + Ve +i[V x E] + mF =0,
OG+Vf —i[V x F]+mE =0

Of course, in the case of zero-mass the scalar fields can be chosen zero due to the Lorentz gauge,
and then the equations (30) can be reduced to the well-known Maxwell’s equations. Multiplying
each of the equations (30) to the corresponding field strength and adding these equations to each
other, we obtain:

%8(f2+e2+h2+92+ﬁ2+52+ﬁ2+62)
+f(€-é)+e<ﬁ-ﬁ)+h(ﬁ-ﬁ)+g(ﬁ.ﬁ>

+(ﬁﬁg>+< ﬁh)+(ﬁ-ﬁe)+(éﬁf) (31)

+i(ﬁ-[6xE]) —i(G [V x F]) =o.
Let us introduce the following notations:
1 o e L
:_87(f2+e2+h2+gQ+F2+E2+H2+G2), (32)
™
ﬁ:—f(eﬁ+fé+gﬁ+hﬁ+i[ﬁxﬁ}+z‘[éxﬁD. (33)
T
Then the equation (31) can be written as:
10w - =
“S (V- P) =0, 34
c Ot + ( (34)

This is an analog of the Poynting theorem for massive fields. The value w plays the role of the
field energy density and P is a vector of energy flux density. The minus sign in expressions (32)
and (33) are chosen with respect to the attractive character of baryon-baryon interaction.

2.2 Nonhomogeneous equation for baryon field

Here we consider sedeonic equations for baryon field with phenomenological baryon source. We
assume that the potential of the baryonic field is described by sedeonic nonhomogeneous wave
equation for massive field:

ie10 — eaV —iegm ) (ie10 — eaV —iegm | W = J. (35)
( )( )

By analogy with electrodynamics [32] we consider the source of baryon field in the form of incom-
plete sedeon

dr
J = iejdnpp + ezg 75, (36)



where pp is a volume density of baryon charge and jB is density of baryon current. In this case

we can describe the baryon field by sedeonic potential W written in the following form

W =je1b+ 826,

(37)

where b(7, t) is a scalar part and c (7,t) is a vector part of baryon potential. In this case we have

only the following nonzero field’s strengths

(V-E)=0,

9+ (V- F)+me=0,

OF +Vg—mH =0,

OFE —i[V x H] =0,
8ﬁ+§e+i[§xﬁ]+mﬁ_4—ﬂ53,
i x 7 —mb =0 ‘

2.3 Stationary field of point scalar source

In the stationary case fB = 0 and potential of the field can be chosen as a scalar potential

W = ielb (’F’) .
Then we have only two nonzero field components

g = —mb,
H=-Vb
and the following field equations:
(V-H)—mg = —4rpg,
ﬁg —mH = 0,
[V x H] = 0.
Let us calculate the baryon field produced by a scalar stationary point baryon source

j = 747”]35(7:)3

(40)

(43)

where ¢p is the point baryon charge and §(7) is delta function. Then stationary wave equation

can be written in spherical coordinates as

10 /(5,0 mac? _

(44)



The partial solution of the equation (44), which decays at r — oo, is
qB moc
b= exp (- Tr) 15
- exp T (45)

Thus the stationary baryon field has scalar and vector components

) w
(L) () e

where 7 is a unit radial vector.

2.4 Baryon-baryon interaction

Let us consider the interaction of two point baryons due to the overlap of their fields. Taking into
account that the baryon field in this case is the sum of the two fields g = g1 + g2 and H = H, + H>
the energy of interaction is equal [see (32)]

1
Wan =~ [{or2-+ (Hy - Ha)}av, (15)
where the integral is over all space. This expression can be derived analytically:

e
WBB:_MGXP( 0 ),

—=-R (49)

where R is the distance between the baryons.

3 Lepton field

The hypothesis that free lepton field is described by the first-order Dirac-like wave equation on
Clifford algebra was formulated recently in Ref. 36. Here we develop this hypothesis on the basis
of sedeonic potentials.

3.1 Homogeneous sedeonic equation for lepton field
In sedeonic algebra the homogeneous first-order Dirac-like equation is written as
(ie18 —eaV — iegm) W = 0. (50)

In equation (50) the basis elements e;, ea, ez and a;, ap, ag play the role of the space-time
operators, which transform the wave function by means of component permutation. Choosing
potential in the form (26) we find that sedeonic equation (50) is equivalent to the following system

b+ (V-C)+md =0,

dc+ (V- B) —ma =0,

5d_'+ (Y )__,mb_,: 0, ) (51)
A+ Vd—i[V x D] +mC =0,

OB +Ve+i[V x Gl +mD =0,

OC + Vb —i[V x B] —mA =0,

OD +Va+i[V x Al —mB =0

In fact, these equations describe the special field [25] with zero field intensities (see for comparison
the expressions (27)).



3.2 Plane wave solution

Let us consider the plane wave solution of equation (50) in detail. In this case the potential can
be written as

W=U exp{—iwt+i(E-F>}, (52)

where w is a frequency and k is an absolute wave vector; the amplitude of the wave U does not
depend on the coordinates and time. In this case, the dependence of frequency on the wave vector
has two branches:

2.4
wi = £/ c2k2 + ”%C (53)

Let us consider the amplitude of the wave function in the form of (26):
U =a+ie1b—ieqc —iegd +iA + 91§+e26—e35, (54)

where a, b, ¢, d, /_l', B , C and D are arbitrary constants. Then the solution can be written as

W = (a +ie1b — iegc — iegd + iA + e1 B + eaC — e3ﬁ> exp {—iwit +1 (/Z . F)} . (55)

Substituting this expression in the original equation (50) we get:

moc

(elw—ﬂE — iezl_c' - iegT) (a +ie1b — iegc — iegd + iA + e1 B + eaC — 935) =0. (56)
c

For convenience we introduce the following notation:

and equation (56) can be rewritten as
(elw' - iezl; — ie3m> (a + ie1b — ieac — iegd +iA + e B + eaC — e35) =0. (58)

For fixed k let us represent the vector constants in (54) in the form

/YZ/YH-FAJ_,
§=§|‘+Bl,
. . (59)
CZCH-FCL
D—D”—FDl,

where the vectors A”, BH7 CH and D” are parallel to the vector k while the vectors AJ_, BJ_, C | and

D, are perpendicular to k. Then performing the multiplication in (58), we obtain the following

system of algebraic equations:
iw’b - ’LkC” —md = 0,

w'a — kD) + imc =0,

60
61
62
63
64
65

—w'd+ k‘A” +imb = 0,
w'c — kB —ima = 0,
w’B” — kc+ szH =0,

(
(
(
(
(
iw' Ay = ikd — mCy = 0, (

)
)
)
)
)
)



iw' D) —ika +mB) =0, (66)
iw'Cy —ikb+mA) =0, (67)

(68)
)
EXA¢]+m§L:0, (70)
iw’C_"J_—[ExB’J_]—l—m/L_:Q (71)

where the values A, B), C|| and D) are the projections of the vectors E||, EH’ C] and DW on the

vector k.
Let us solve this system of equations. From (70) and (71) we find

Bl:@§L+%[EXEL], (72)
w w

éL:ﬁEL—L/{EXBL}. (73)
w w
Using (53) one can easily check that for arbitrary vector constants A; and B, equations (68) and

(69) are fulfilled.
As a next step from equations (60)-(63) we obtain:

Cy=—b+ i%d, (74)
!

DH = %a + ’L'%C, (75)
W' m
A= —d—i—

I=5d-irh (76)
W' m

B” ?07 Z?a (77)

One can check that these solution fulfill the equations (64)-(67).
Thus the sedeon U has the form

U = a+ie1b — iegc — iesd

—

+ {iw'd + mb + e1w'c — ieyma + eaw’'b + ieamd — egw’a — iegmc} = (78)

o - - ~ 1 7- - 11> =
—&—iAJ_—&—elBJ_—&—iezE/AJ_—ie3E,BJ_—ie3—/ |:kXAJ_:| —ieg—, |:]€><BJ_:|.
w w w w

Note that the expression (78) can be rewritten in the following form:

. - k 1~ 1=
U= (elw' — jegk — ie3m) {iez (a +ie1b — ieqc — iegd) +ie1— A + Bl} . (79)
k2 w! W
Substituted this amplitude into (58) one can see that this equation is satisfied for any parameters

a,b,c,d, A LB’ 1 because the expression in round brackets is sedeonic zero divisor. Indeed it is
simple to check that

(e1e — ienki —iegm) (exw’ — iesk — iegm ) = 0. (80)

It is worth mention that the expression (79) is defined by 8 scalar constants. Nevertheless one can
represent the general form of the plane-wave solution as

W = (elw’ —iegk — ie3m> M exp {—iwt +1 (E . F) } ) (81)
where M is an arbitrary sedeon defined by 16 scalar constants. In this case after performing

multiplication in (81) one will obtain that the components of the resulting sedeon will be defined
only by 8 independent combinations of the sedeon M components.
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3.3 Nonhomogeneous equation for lepton field

Let us consider the nonhomogeneous equation corresponding to the equation (50)
(ie16' — 626 - iegm) W = i (82)

Here the sedeonic source I describes the lepton charges and the corresponding currents. Choosing
the potential in the form (26), we obtain the following equation for the lepton fields:

—e+ie1f—iegg+iegh—iﬁ+e1ﬁ+ezé+e3ﬁ:Io—i-f. (83)

This equation means that the intensity of the lepton fields are nonzero only in the region of field
source.
Let us consider the a stationary lepton field generated by a scalar point source

Iy = —ieaqrd(7), (84)
where ¢, is the point lepton charge. Then the intensity of the scalar lepton field is
g.(7) = qré(r). (85)

Since this field is non-zero only in the region of source, it indicates that two point leptons interact
only if they are in the same point in space. The interaction energy for two point leptons is equal

1 —
WLL = —g /nggLQdV = _quqL26(R)v (86)

where R is the vector of distance between leptons.

4 Baryon - lepton interaction

The interaction of baryon and lepton is due to the overlap of scalar fields gg and gy,. In the case
of a point baryon and lepton the fields are determined by the expressions (46) and (85), so that
the interaction energy is equal to:

1
= —— dav.
Wer SW/QBQL V. (87)

As a result, we get:

Wor =5 oom5 #

where R is the distance between the baryon and lepton. In particular, the baryon-lepton interaction
can lead to the formation of a stable proton-electron bound state, which can be interpreted as a
neutron.

MoC4gBqL ( mocC )7 (88)

5 Summary

Thus, in this paper we considered the sedeonic generalization of equations describing the massive
fields. It was shown that this approach allows to construct the theory of massive fields analogous
to the theory of massless electromagnetic field in classical electrodynamics.

We considered the sedeonic second-order wave equation for the sedeon wave function. It was
shown that this equation can be interpreted as an equation for the potential of the baryon field. It
was demonstrated that the second-order wave equation for the potentials can be represented as a
system of first-order equations for the field intensities similar to the system of Maxwell’s equations.

We defined the concepts of density of energy and density of energy flux for the massive baryon
field. We have derived an expression that describes the energy conservation for a massive field,
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similar to the Poynting theorem in electrodynamics. The resulting field of point baryon is described
naturally by the Yukawa potential. We have considered the interaction of two point baryons
(strong interaction) due to the overlap of scalar and vector fields and calculated the baryon-baryon
interaction energy as a function of the distance between them.

Assuming that the lepton field is described by the first-order wave equation, we have shown
that the intensity of the lepton fields are nonzero only in the source region, so the point leptons
interact only when they are at the same point in space (weak interaction).

We have demonstrated the possibility to describe the baryon-lepton interactions in terms of
the overlap of scalar fields. This allows us to offer a composite model of the neutron, according
to which a neutron can be considered as a bound state of a proton and an electron due to the
baryon-lepton interactions. This hypothesis will be discussed in detail in our next paper.
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