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Abstract: In the papers [1, 2] we presented the concept efdffiective mass tensor (EMT) in

General Relativity (GR). According to this concepter the influence of the gravitational field
the bare mass tenscmfjre becomes the EMM,, . The concept of the EMT is a new physical
interpretation of GR, where the curvature of sptinee has been replaced by the EMT. In this
paper we consider again the concept of the EMThén@R but in the aspect of the equation of

motion.
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|. Introduction

In the papers [1, 2] we presented the concefhiekffective mass tens@MT) in General Relativity
(GR). According to this concept under the influedehe gravitational fieldhe bare mass tensor

mfj'e becomes the EMTn,, (see Table I). The concept of the EMT is a newsjifa} interpretation
of GR, where the curvature of space-time has beglaced by the EMT.

In this paper we again consider the concept oEM& in the but in the aspect of the equation of mo-

tion. In the Table | we compared a few physicatdess concerning of the space-time curvature with
the physical features of the EMT which were disedss this paper.

As we know from the papers [1, 2] the metric tenggy we can express by the EMT,,

9, =—— 1)

where:misthe bare massf the body, the space-time compongnts=0, 1, 2, 3.

Therefore the metric

d<(g,,)=d(m,,) @



where:ds?(g,, ) = g,,dx“dx’ andds’(m,, )= %dx"dx" .

Il. The equation of motion

Let us consider the Lagrangian function for thes foedy in the curved space, which is moving with
. dxf dx” . . . .
the small velocny(ij— (CL— << (), wherec s the speed of the light, is the proper time.
r T

1 dx* dx’
L="miy,, —
2 O dr dr

(3)
If we replace in the eq. (3) the metric tengpy, with the EMTm,,, (see eq. (1)) then we have

L:lm d_x'u% 4
2 " dr dr “)

The equation of motion for the Lagrangian functfdhhave the form (see to Appendix)

d’x” | ep X dx _

dr?  * dr dr ®)
where the terrrl';f we will callthe modified Christoffel symbols of the second kimdi
ra =L e MMy | OMy, _ Oy (6)
o2 ox’  ox¥  ox*

In the weak gravitational field we can decomposethef EMT of the body to the simple form:

m,, =My +m,,, where:m® = mi,, = diag-m,+m+m,+m) we will call the bare mass ten-

sor, 71, is the Minkowski tensor,m:w = m[lhw

<<1is a small EMT “perturbation” [1] (see also to

Table I). Note that in the absence of the grawtatl field the EMT becomes the bare mass tensor

b o . . b
m,, — m>*. The ', describes the anisotropy of the EMT. For the bmess tensom;; the

rs=0.
The modified Christoffel symbols (6) (with accuraoyfirst order) have the form
Moo :ié—ijajm;o (7)
2m
(components andj are the Roman indices to denote spatial components 1, 2, 3) and similarly
M) :_%5k(ajm;k_akrn;i) (8)
Now the equation of the motion (5) have the form
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dt

dZXi 1 . % 1 i * *
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(9)

where we omitted the terrﬂom;V . Now we can interpret this equation in the Newdorianguage.
The second right term in the eq. (9) is velocitpeledent and is associated with the rotation thed
Coriolis accelerationLet’'s assume that the body is not rotate érjmm;k —ka;j =0. Motion of the
body in a weak gravitational field is describedthg equation

d?x' 1 o
= -%czd”ajm00 (10)

According to the eq. (10) we can say that the gradofthe time componerdf the EMT — djmgo
2l

determines the acceleratiené of the tested body in the gravitational fieldihe ajmgo #0 (the
dt

bare

EMT m,, is an anisotropicand m,,, # m;,
d*x
dt?

) then the tested body is moving with an accelenati

#0. But if the d,;my, =0 (the EMT m,, is an isotropic andn,, =m>>) then the accelera-

2,0
tion of the bodydd—t)z( =0 and the test body move takes place at a constdmtity. Eq. (10) deter-

mines the first Newton’s law of motion in the EMRafework.

Of course we must remember that our consideratmsed for a weak gravitational field in the New-
tonian approximation. The more generally conditl?):rf =0 in eq. (5) determines the first Newton’s

law of motion in EMT framework and is more precise.

In the classical mechanics the Newtonian equationation have the form

d?2x'
dt?

=-0V (11)

where:V is the Newtonian gravitational potential of the im@u Both eq. (10) and (11) are equivalent if
and only if the time component of the EMT takesftiven

m, 2V _2GM
moc 12

We can see that the concept of the EMT correctberilees gravitational phenomena in the Newton's
law of gravity.

Let us consider the Lagrangian function (eq. (4ihwthe Schwarzschild EMT (the EMT in the
Schwarzschild metric)

! The EMT is isotropic if and only if his propertids not depend on the directions in the space-#heSo far,
the concept of the mass isotropy was associategt with the 3-dimensional space but not with the
4-dimensional space-time. It is a new paradigm.
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Well known calculations for the Schwarzschild EMSE€ eq.(4)) satisfy the classical tests of GRF~ fo
examplethe perihelion shiftthe deflection of light by the Samdthe gravitational redshiftbut their

physical interpretation is different.

The concept of the EMT correctly describes grawdtestl phenomena known from GR but these phys-
ical phenomena are not generated by the curvafuteespace-time, but by the effective mass tensor

of the body.

Let's compare a few physical features concerninthefspace-time curvature with the physical fea-
tures of the EMT discussed in this paper. Restilt®mparison are presented in Table | below.

Table I. The space-time curvature vs. the EMT.

Space-time curvature

The EMT

The metric tensor

O

The effective mass tensor

m,, :m[gw

The metric

ds?(g,, )= g, dx“dx’

The metric

ds(m

m
W): —2 dx“dx’

m

Decomposition of the metric tensor in the weak
gravitational field

g,uv :”yv + h,uv

where:7),,, = diag(-1, +1, +1, +1) is the Minkow-

ski tensor,‘hw <<1 is a small “perturbation”.

Decomposition of the EMT tensor in the wealk
gravitational field

*

+m,

— ~nbare
=m

m Ly

uv

bare _

where:m,,

is the bare mass tensom,, =mlh,,

mlg,, =diag(m, +m, +m, +m)

<<lis

a small EMT “perturbation”.

Lagrangian:
o d¥
odr dr

L=2m
2

g

Lagrangian:
1 dx* dx’

L==m,————
2 dr dr




The equation of motion (m = 1): The equation of motion:

2y B H v 2,8 U v
d x2 +rﬂvdx dx -0 d x2 *5didx _
dr odr dr dr odr dr

where the terrﬁfv isthe Christoffel symboland | where the terrﬁ;f we will callthe modified
Christoffel symbolsand

e :Egﬂa 09, 209, _ 09, o=l om,, Lom, _om,,
w2 ox”  ox*  ox” w2 ox’  ox*  ox°
Equation of motion in the Newtonian limit Equation of motion in the Newtonian limit
AN TP A DEP Y
da? 2 1o dt*  2m e

[Il. The Foucault's pendulum

There are two different ways of measuring the Eantbtation about its polar axis. The first one is
astronomical method where we can determine Eantesion with respect to the background of dis-
tant stars. The second method is dynamically methlbere Earth's rotation we can determine by
means of Foucault's pendulum or the gyroscope. Betihods have the same results. The first method
describes Earth’s rotation with respecthe fixed starsThe second one with respect to the absolute
space. Is it important coincidence or not? AccaydmE. Mach this coincidence is not trivial andyon

the mass rotatiOI(ajrrf)k —dkm;j) in equation (8) changes the plane of Foucaultisipem.

IV. Mach’s Principle in a new sound

Eqg. (5) we can rewrite in a slightly different form

d?x’ . dx* d¥ _

m, —— 4+, —~ =%
Modr2 A dr dr

(14)

where the terni

s We Will call the modified Christoffel symbols of the first kiexpressed by the

formula

_— 1(6mﬁv . omy, amwj as)

A "ol axE T axY oxP

Now the motion of the body in the gravitationalldies described by two interesting expressions:

d®x” . dx* dx . d?x” . .
m,, —— andl 5, ————. The first termm,, ——- describeshe four—forcewhere:m, is the
dr dr dr dr
2V
EMT, ? is the four—acceleratiorfsee Appendix). Dimension of this term is [N = kgs]. The



second ternT

X dx’ , : . :
VC;—(Z— describes “the four-gradient” of the EMT afumlir-velocitiesof the effective
r ar

masses. Dimension of this term is [N].

describesthe four-gradient” of the EMT. Dimension of this term is [kg/m]. Wil

the term I',,),ﬂ

According to eq. (14) we can say that:

the effective mass of the body is not an intrinsiproperty but is a result of interactions between
this body and the effective mass other bodies inéhUniverse

This is Mach’s Principle in a new sound.

V. Conclusion

In this paper we considered the concept of the EMThe aspect of the equation of the motion.
According to this concept under the influence & ¢navitational field the bare mass tensor becomes
the EMT. The concept of the EMT is a new physicakfipretation of GR, where the curvature of
space-time has been replaced by the EMT.

Analyzing the Lagrangian function (4) and the eguabf motion (5) we see that: in a weak gravita-
tional field the Lagrangian function and the equadi of motion for the body with the massnoving

in the space-time curvature with the metric tenggy are the samelike the Lagrangian function and

the equations of motion for the body moving wite 8BMT m,, in the flat Minkowski space-time.

Both descriptions are equivalent (see Table IjhtnNewtonian limit the equation of motion (5) give
the equation (11) well known from classical mechani

Let's note that the motion of the bodies we descrérelative to other bodies with the effective or
bare mass, but not to the respect to the masslesference frames

The concept of the EMT is a very attractive becahseequation of the motion (5) includes full in-
formation about all fields (in this case a weakvgedional field) surrounding the body without thei
exact analysis. The EMT can be isotropic or anigot: Us we known from the solid-state physics the
EMT can be positive or negative. Is a negativeatiffe mass can exist in a Universe? It is a very im
portant question.

The concept of the EMT offers Mach’s Principle imew soundthe effective mass of the body is
not an intrinsic property but is a result of interactions between this body and the effective mass
other bodies in the Universe

We believe that the concept of the EMT will helgtbeunderstand a fascinating gravitational phe-
nomena.

Appendix

Let us consider the Lagrangian function with theTEm,, (xﬁ)

1 » (Xﬁ)dx” dx’

L==m —
2 dr dr (A1)



TheEuler — Lagrangian equatiorsas the form

dy oL |_dL -0 (A2)
dr a(dx%r) oxf

After well-known calculation we get the equationrobtion (5). If EMTm,, does not depends on

coordinatex” then
d oL -0 (A3)

dr aldx%r' -

which implies that GI; is a constant. But- alﬁf \=m, dx , S0 we have that the four-
aldx/’ a(dx/ ) dr
dt dr

momentump, is constant. Thus, we obtained a very importalaticnship between four-momentum

p, and EMTmM,, and
_ dx’
Py =M~ (A4)

Note that this relationship is something differémn in GR, where mass is a scalar. Using eq. (A4)
we can rewrite eq. (14) in a more general form

dp, i dx* dx’ -0

A5
dr ™ dr dr (A3)
ax’ .
where: p; = mﬁVW is the four-momentum.
Differentiating the four-momentum in eq. (A5) witkspect todi we obtain
T
m d?x” N dmy, dx’ e dx* dx’ _ 6
P dr? dr dr Y dr dr (A6)

Although the mass does not exist explicit in ed..&t plays a very important role in the eq. (Al).

dm
we assume th&td—'gv =0 then eq. (A6) becomes the eq. (14).
r
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