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Abstract

In this paper, we have established a connection between The Dirichlet series with the
Mobius function M (s) = > 72, u(n)/n® and a functional representation of the zeta function
((s) in terms of its partial Euler product. For this purpose, the Dirichlet series M (s) has been
modified and represented in terms of the partial Euler product by progressively eliminating
the numbers that first have a prime factor 2, then 3, then 5, ..up to the prime number p, to
obtain the series M (s, p;). It is shown that the series M (s) and the new series M (s, p,) have
the same region of convergence for every p,. Unlike the partial sum of M (s) that has irregular
behavior, the partial sum of the new series exhibits regular behavior as p, approaches infinity.
This has allowed the use of integration methods to compute the partial sum of the new series
and to examine the validity of the Riemann Hypothesis.

Keywords: Riemann zeta function, Mobius function, Riemann hypothesis, conditional con-
vergence, Euler product.
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1 Introduction

The Riemann zeta function ((s) satisfies the following functional equation over the complex
plain [2]
C(1 = s) = 2(2m)2 cos(0.5sm)T(5)(s), (1)

where, s = o + it is a complex variable and s # 1.

For o > 1 (or R(s) > 1), ((s) can be expressed by the following series

=1

C(S) = = Ea (2)

or by the following product over the primes p;’s

1 o0 1
C(s)_iHl<1_pf>' 3)

where, p1 = 2, [[:2,(1 — 1/p;®) is the Euler product and [[;_;(1 — 1/p;®) is the partial Euler
product. The above series and product representations of ((s) are absolutely convergent for
o>1



The region of the convergence for the sum in Equation (2) can be extended to %(s) > 0 by
using the alternating series 7(s) where

0 1\yn—1
a(s) =3 T @
n=1
and .
((s) = mﬁ('ﬁ ®)

One may notice that the term 1 — 2!7% is zero at s = 1. This zero cancels the simple pole that
((s) has at s = 1 enabling the extension (or analog continuation) of the zeta function series
representation over the critical strip where 0 < R(s) < 1.

It is well known that all of the non-trivial zeros of ((s) are located in the critical strip. Rie-
mann stated that all non-trivial zeros were very probably located on the critical line (s) = 0.5
[13]. There are many equivalent statements for the Riemann Hypothesis (RH) and one of them
involves the Dirichlet series with the Mobius function.

The Mobius function p(n) is defined as follows
p(n)=1,ifn =1.

p(n) = (=1)%,if n = [T¥_ pi, pi’s are distinct primes.
p(n) = 0, if p?|n for some prime number p.

The Dirichlet series M (s) with the Mobius function is defined as

o~ A(n)
M(s) = nz::l s (6)
This series is absolutely convergent to 1/((s) for R(s) > 1 and conditionally convergent to
1/((s) for R(s) = 1. The Riemann hypothesis is equivalent to the statement that M (s) is
conditionally convergent to 1/{(s) for R(s) > 0.5. It should be pointed out that our definition
of M (s) is different from Mertens function (defined in the literature as M () = >~ <,,<, (1))
If we denote M (s; 1, N) as partial sum of the series M (s) o

M1, = 3 ) @)
a1
then the Mertens function is given by M (0; 1, V). On RH, we then have [16]
M(0;1,N) = O(N'/#+),
where € is an arbitrary small number. By partial summation, on RH, we also have

M(1;1,N) = O(N~Y/2+e),

The irregular behavior of the Mobius function z(n) has so far hindered the attempts to esti-
mate the asymptotic behavior of any of the above two sums as IV approaches infinity.



The Riemann hypothesis is also equivalent to another statement that involves the prime
number function 7(x) (defined by the the number of primes less than x). The prime counting
function can be computed using Riemann Explicit Formula

[log z/log 2] 1/n
m(a ")

Li(z) — 1 o A

n Z A og(2 +/ — 1 )logt

n=2

Li(z'/?)

m(x) = Li(x) — 5

- Z Li(z”) + Lesser terms

p
where Li(x) is the Logarithmic Integral of x and the sum }° Li(z”) is performed over the
nontrivial zeros p; = «; + i7; . This sum is conditionally convergent and it should be per-
formed over the nontrivial zeros with |y;|< T" as T' approaches infinity.

The prime counting function 7(x) has a jump discontinuity at each prime number. In the
literature, this function is a right continuous function given by m,.(z) = > opi<z L where the
suffix rc was added to indicate that the function is right continuous. Since the analysis of this
paper employs integration methods (and specifically Lebesgue-Stieltjes integration), there-
fore it is more appropriate to assign the left-right average to the function value at discontinu-
ities. In the literature, this function is referred to as mo(x) = limy,_o(7m(x + h) + 7w(z — h))/2.
In this paper, we define 7(z) as mo(z). In fact, for the above equation, 7(x) does converge to
the right-left average when z is a prime number (or at the discontinuities of the function 7(z)).

The distribution of the prime numbers can be also analyzed by defining the function 1 (z)
as

pi"m<z pim<z

P(x) =1 (Z logpi + Y Ingz)

and using Von Mangoldt formula given by

It is well known that as x approaches infinity, the prime counting function is asymptotic to
the function Li(x). Therefore, if we consider that 7(z) is comprised of two components, the
regulator component given by Li(x) and the irregular component J(z) given by

J(x) = m(x) — Li(x) (8)

then on RH, we have .
J(z) < 8—\/510g:c for = > 2657
™

The irregular component J(x) is also given by [14] (refer to lemmas 5 and 6)

_Y) - v
J(z) = log = +0 (ng>
or
_ Vi
Tlw) = logx Z ) <log$> ©)
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Our method to examine the validity of the Riemann Hypothesis is based on represent-
ing the Dirichlet series M (s) (defined by Equation (6)) in terms of the integral [ dJ(z)/z. In
order to do that, we need to smooth the irregular behavior of the function A (s) by introduc-
ing a method to represent the series M (s) in terms of the partial Euler product. This task is
achieved in section 2 by first eliminating the numbers that have the prime factor 2 to generate
the series M (s, 3) (i.e, the series M (s, 3) is void of any number with a prime factor less than
3). For the series M (s, 3), we then eliminate the numbers with the prime factor 3 to generate
the series M (s,5), and so on, up to the prime number p,. In other words, we have applied
the sieving technique to modify the series M/ (s) to include only the numbers with prime fac-
tors greater than or equal to p,. In the literature [10], numbers with prime factors less than y
are called y-smooth while numbers with prime factors greater than y are called y-rough. In
essence, our approach is to compute the Dirichlet series over p,_i-rough numbers. In section
3, we have shown that the series M (s) and the new series M (s, p,) have the same region of
convergence (Theorem 1).

We will then present two methods to represent the series M (s, p,) in terms of the integral
JoodJ(x)/x. The first method is based on complex analysis (section 4). With this method,
we have provided a functional equation for ((s) using its partial Euler product. The second
method is described in section 5 and it is based on integration methods to represent the series
M(s,p;) in terms of the integral [ d.J(z)/x.

Gonek, Hughes and Keating [5] have done an extensive research into establishing a re-
lationship between ((s) and its partial Euler product for #(s) < 1. Gonek stated ”Analytic
number theorists believe that an eventual proof of the Riemann Hypothesis must use both
the Euler product and functional equation of the zeta-function. For there are functions with
similar functional equations but no Euler product, and functions with an Euler product but
no functional equation”. In section 4, we will present a functional equation for ((s) using its
partial Euler product. The method is based on writing the Euler product formula as follows

O
_izl Py _i:1 pi) pi)’

The above equation is valid for (s) > 1. To be able to represent ((s) in term of its partial
Euler product for R(s) < 1, we need to replace the term [[° (1 — 1/pf) with an equivalent
one that allows the analytic continuation for the representation of ¢(s) for R(s) < 1. Thus, the
new term (that we need to introduce to replace [[.° (1 — 1/pj)) must have a zero that corre-
sponds to the pole ((s) has at s = 1. In section 4, we will use the complex analysis to compute
this new term and then represent ((s) in terms of its partial Euler product. This functional
representation is given by Theorem 2. We have then used this theorem to represent the series
M(s,p;) in terms of the integral [* d.J(z)/z (Theorem 3).

As mentioned before, the efforts to use the series M (o) to examine the validity of the Rie-
mann Hypothesis have so far failed due to the irregular behavior of the partial sum of the
series M (o) (due to the irregular behavior of the Mobius function p(n)). In section 5, we
have shown that the partial sum of the new series M (o, p,) exhibits regular behavior as p,
approaches infinity. This has allowed the use of integration methods to compute the partial
sum of the new series. We have then shown that the partial sum of the series M (1, p,) can
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be decomposed into two terms (Theorem 4). The first term, that we have called the regular
component, is generated by the regular component of the prime counting function Li(z). The
second term is the remainder and we denote it as the irregular component.

In section 6, we have used Theorem 3 and the Fourier analysis to derive a second rep-
resentation for the partial sum of the irregular component of the series M(1,p,). The two
representations of the irregular component of the partial sum of the series M (1, p,) are then
compared to examine the validity of the Riemann Hypothesis. This comparison analysis in-
dicates that non-trivial zeros can be found arbitrary close to the line R(s) = 1.

2 Applying the Sieving Method to the Dirichlet Series 1/ (s).

The Dirichlet series M (s) with the Mobius function is defined as

n

M(s) = Z M(?)’
n=1

where p(n) is the Mobius function. Thus,

1 1 0 1 1
Next, we introduce the series M (s, 3) by eliminating all the numbers that have a prime
factor 2 (or keeping only the numbers with prime factors greater than or equal to 3). Thus,
M (s,3) can be written as

1 1 1 0 1 1 1
M =1 — - — — — —_—— — = —— 1 —.....
(873) 35 53 7s+ +

Our analysis to test the conditional convergence of these series (M (s) and M(s,3) for
o < 1) is based on comparing correspondent terms of these two series. Therefore, rearrange-
ment and permutation of the terms may have a significant impact on analyzing the region of
convergence of both series. Thus, it essential to have the same index for both series M (s) and
M (s, 3) refer to the same term. Hence, we will represent M (s, 3) as follows

or

M(s,3) = 3 HO3). (10)

where
w(n,3) = u(n), if n is an odd number,
wu(n,3) =0, if n is an even number.

The above series M (s, 3) can be further modified by eliminating all the numbers that have
a prime factor 3 (or keeping only the numbers with prime factors greater than or equal to 5)
to get the series M (s, 5) where



1 1 1 1 1 1 1 o0
M — 1 _— e — ceee
(5,5) 5 75 115 13° 177 195 935 T 255

or more conveniently

0 0 0 1 0 1 0
M(8,5):1—|—¥—§+4§—§+§—¥—§....,

and so on.

Let I(p,) represent, in ascending order, the integers with distinct prime factors that belong
to the set {p; : p; > p,}. Let {1,1(p,)} be the set of 1 and I(p,) (for example, {1,1(3)} is the
set of square-free odd numbers), then we define the series M (s, p,) as

ns

M(S,pr) — Z u(n,pr)’ (11)
n=1

where

pw(n,py) = p(n),ifn € {1,1(pr)},
otherwise, u(n, p,) = 0.

It can be easily shown that, for every prime number p,, the series M(s,p,) converges
absolutely for R(s) > 1. Furthermore, it can be shown that, for R(s) > 1, M (s, p,) satisfies
the following equation

r—1
M(s) = M(s,pr) [| (1 - 1) : (12)

i=1

Since

1 = 1
M(S):é'(@:g(l_ﬁ)’

therefore we conclude that, for R(s) > 1, M (s, p,) approaches 1 as p, approaches infinity. It
should be pointed out here that with this definition of M (s, p,), M (s, 2) is equal to M (s).

3 The region of convergence for the series M (s) and M (s, p,).

In this section, we will deal with the question of the relationship between the conditional
convergence of the two series M (s, p,) and M (s) over the strip 0.5 < £(s) < 1. Theorem 1
establishes this relationship.

Theorem 1. For s = o + it, where 0.5 < o < 1 and for every prime number p,, the series M (s)
converges conditionally if and only if the series M (s, p,) converges conditionally. Furthermore, within
the region of convergence, M (s) and M (s, p,) are related as follows

M(s) = M(s,p,) H <1 - 1) : (13)

i=1 i



The proof of this theorem can be achieved either by applying the Cauchy convergence
criteria or more conveniently by applying the complex analysis where we take advantage of
the fact that both functions ¢(s) and ¢(s) [[/—] (1 — 1/p$) have the same zeros (and a simple
pole at s = 1) to the right of the line R(s) = 0.

In the following, we will use the complex analysis to prove Theorem 1 by using a method
similar to the one outlined by Littlewood theorem that shows that the Riemann Hypothesis
is valid if and only if the sum Y ;> ; u(n)/n® is convergent to 1/{(s) for every s with o > 0.5.
The proof of this theorem can be found in [16] (refer to Theorem 14.12) and it depends mainly
on Lemma 3.12 of the same reference [16]. This Lemma states: Let f(s) = > 72, a,/n®, where
o > 1, a, = O(y(n)) being non-decreasing and Y ;> |a,|/n” = O(1/(0c — 1)*) as 0 — 1.
Then, if ¢ > 0, 0 + ¢ > 1, x is not an integer and N is the integer nearest to x, we have

an 1 et v x¢ Y(2x)x! = logx P(N)zt=°
;& wr T ami oy TR dwr0 <T(0 Yoo 1)a>+0 ( T O\ T =

To prove the first part of Theorem 1 (i.e. for s = o + it and 0.5 < ¢ < 1, the series M (s, p;)
converges conditionally if M (s) converges conditionally), we note that for o > 1,

= u(n 1
M =3 D =

and

M(s.p, _ = M) 1 _
R TTE (Y
If we assume that M (s) is convergent for ¢ > h > 0.5, then ((s) has no zeros in the
complex plane to the right of the line $(s) = h [16] (refer to Theorem 14.12). Consequently, the
function ¢(s) [[/ (1 — 1/p$) has no zeros in the complex plane to the right of the line R(s) =
h. Thus, we may apply Lemma 3.12 [16] with a,, = p(n,p;), f(s) = 1/({(5) - l/pf)),
¢ = 2 and z half an odd integer to obtain [16] (refer to Theorem 14.12)

Zu(n,pr) 1/“” 1 x”dw+0<x?>
] (R A €

i

However, by the calculus of residues we have

1 2-+iT 1 i du — 1
2mi /Z—iT r—1 L\ w T o) (1-21) -
C(s+w) Il (1— i i=1 e
1 /ho+'yz'T N h—o+vy+iT N 24T 1 xwd
— —dw
2mi \ Jo—ir h—o+~y—iT h=o 47+ ) (5 4 ) [0 <1 _ 1 > w
i= P

where, 0 < v < o — h. Since, along the line of integration and for an arbitrary small ¢, we
have 1/({(c+iT") = O(T*) [16], therefore the first and third integrals on right side of the above
equation are given by O(T~!*<z?) while the second integral is given by O (2"~ +7T¢). Hence
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+O(T ™ 40?) + O(Tea" o)

anr _ 1
Zw o)

Taking T = 23, the O—terms tend to zero as = approaches infinity. Consequently, the partial
sum >, .. p(n, py)/n® is convergent as x approaches infinity and it is given by

M (s, pr) i npr = ! :
= I (1)
or

M(s) spr1j<1—>

Similarly, we can prove the second part of Theorem 1 (i.e. for s = 0 +itand 0.5 < 0 <1,
the series M (s) converges conditionally if M (s, p,) converges conditionally). The second part
of the theorem can be also proved by first defining M (s, p,; N1, N2) as the partial sum

n
M(s,pr; N1, Na) = Z u(n,pr) p’“ (14)
n=N1

where No > Ny > p,. Then, we have

M(Sap’l‘—l; 17 Npr—l) - M(Sap’l‘; 17 Np?"—l) -

—M(s,pi 1, N). (15)
r—1
Since the series M(s,p,) is conditionally convergent, then the partial sums M (s, p,; 1, Np;)
and M (s,py; 1, N) are both convergent to M(s,p,) as N approaches infinity. Furthermore,
the partial sum M (s, pr; Npr—1, Npr—1 + k) (for any integer k in the range 1 < k < p,_1)
approaches zero as N approaches infinity. Hence, as N approaches infinity, we obtain

: 1
M(S’prfl) :Ill)rgoM(sapT'*l;Lx) :M(Sapr) (1_])5 > .
r—1

By repeating this process r — 1 times, we then obtain

r—1 1
M(s) = M(s,py) H <1 S) :

i=1 P

4  Functional representation of ((s) using its partial Euler product.

In this section, we will use the prime counting function to derive a functional representation
for ((s) using its partial Euler product. We will start this task by first writing ((s) for o > 1

as follows
e’} r—1 e’}
1/g(s)=H<1—;>:H<1—;>H<1—15>. (16)

i=1 i i—1 i) r p;

8



For o > 0.5, we have

7

T2
1
log H (1 — ) = > log (1 - ) + 27iN,
i=rl p; i=rl Di

where N is zero, positive or negative integer to account for the ambiguity in the phase of the
logarithm of complex numbers. Since 1/|pj|< 1, hence,

T2
logH (1—) =Y (—1'—1425—1'35—...>+27T¢N.

i=rl D; i=rl

Let 6(pr1,pr2, s) and d(p,1, s) be defined as the sums

3(pr1, pr2, 8) = i <_2 1.23 - 1.35 - 1.43"') ’ (17)
= Di 3pi 4p;
and -
Opr1,s) = 2;1 (_ 2p1¢25 - 3p1i35 - 4pt45'"> ' (18)
Thus, ,
log H (1 — > = — Z i + 6(pr1, pra, 8) + 2miN. (19)
i=rl i=rl %

Since ‘5(1)7“17]91”2) )|< Z n=pr1 (2712” + 371% + 471%)/ thus ‘5(p7‘17p7“278)|: (prl 20/( g — 1))
Furthermore, if 20 — 1 is a fixed positive number, then [6(p,1, pr2, s)|= (p}n1 2").

Using the Prime Number Theorem (PNT) with a suitable constant a > 0, the number of
primes less than x is given by [15] (refer to page 43)

7(z) = Li(z) + J(z), (20)

where Li(z) is the Logarithmic Integral of x and

J(x) =0 (xe_“\/@) , (21)
or
J(@) = O (w/(logx)*) (22)

where k is a number greater than zero.

Using Lebesgue-Stieltjes integral [8], we may then write the sum /2, 1/p;” for o > 1 as

follows
Pr2
S Lo 3)

i=rl pi? T=pr1

Using Equation (22) for the representation of 7(x), we may then write the integral in Equation
(23) as [7] (refer to Theorem 2, page 57)

DPr2 ]_ 1
/ z+0 <k> : (24)
i= 7‘1 pz Pri II: logﬂf (logpr]-)
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where £ is a number greater than zero. Therefore,

>~ 1 1 1
———dx+ O () . 25
2 /,, o ) o (logpri)F )

Recalling that the Exponential Integral £ (r) is given by

) e*U

Eq(r) :/r —du,

u

and using the substitutions u = (¢ — 1) log x, du = (¢ — 1)dz/z and x° /x = €*, then for o > 1,
we may write Equation (25) as

r2
)y pl — By (0 = 1)log p1) — Er (o — 1) log pra) + O <<1og;1)k) | 26)

Combining Equations (19) and (26) and noting that, for o > 1, E; ((¢ — 1) log pr2) approaches
zero as pr2 approaches infinity, we may write Equation (16) for s = o and o > 1 as

~log((o Zlog (1) - L+ i

i=r £

or

log ((o) + Z log (1 - ) By ((0 —1)logpr) =,

where ¢ = O(1/(log p,)¥) can be made arbitrarily small by setting p, sufficiently large. There-
fore, by taking the exponential of both sides of the above equation, we then have

r—1
(o) 1 (1 - ;) exp (—E1((0 —1)logp,)) = L+ e+ O(€). (27)
=1 t

As p, approaches infinity, e approaches zero. Hence, the right side of the above equation ap-
proaches 1 as p, approaches infinity.

Similarly, for R(s) > 1, we can use the following expression for F (s)

OOe—fL'S
Bis) = [ “—da,

to show that
log ((s —l—Zlog <1—> Ey((s—1)logp,) = €+ 2miN.

where |¢| can be made arbitrarily small by setting p, sufficiently large. Taking the exponent
of both sides and allowing r to approach infinity, we then have

r—1
lim {c( )11 (1— ;) exp (- Eﬂ(s—l)logpr»} =1 (28)

r—00
=1 ?
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Let the function G(s, p,) be defined as

r—1
G(s.pr) = C(s) [] (1 - pl.b,) exp (—E1((s — 1) logp,)) (29)

i=1 i

where, G(s,p,) is a regular function for R(s) > 1. Referring to Equation (28), the function
G(s, pr) approaches 1 as p, approaches infinity. It should be noted that, for every p,, the func-
tion exp (—E1((s — 1) logp,)) is an entire function, the function ((s) is analytic everywhere
except at s = 1 and the function []/_; (1 — 1/p$) is analytic for ®(s) > 0. Thus, for any ¢ > 1,
the function G(s, p,) can be considered as a sequence of analytic functions. Furthermore, as
pr (or ) approaches infinity, this sequence is uniformly convergent over the half plane with
o > 1+ € (where, € is an arbitrary small number). Therefore, by the virtue of the Weiestrass
theorem, the limit is also analytic function [4] (Weiestrass theorem states that if the function
sequence fy, is analytic over the region €2 and f,, is uniformly convergent to a function f, then
f is also analytic on 2 and fn, converges uniformly to f "on ). If we define this limit as G (s),
where

G(s) = lim G(s,pr) (30)

then, G(s) is analytic over the half plane R(s) > 1 and it is equal to 1 by the virtue of Equation
(28).

Our next task is to extend the previous results to the line s = 1 4 it. We will then show
that on RH and for the strip s = o + it (where 0.5 < o < 1), these results are also valid with
the limit of G(s,p,) is 1 as p, approaches infinity.

We will start this task by showing that although both ((s) and Ei((s — 1) logp,) have a
singularity at s = 1, the product G(s, p,) has a removable singularity at s = 1 for every p,.
This can be shown by first expanding ((s) as a Laurent series about its singularity at s = 1

s —1)2 s—1)3
et I Che)

() = 5+ —mls =)+ + o @

where 7 is the Euler-Mascheroni constant and ;s are the Stieltjes constants. For s = 1 + ¢,

where € = € + i€y, €; and e are arbitrary small numbers, the above equation can be written

as
€ e

1
— 4y A 2
¢(s) ST et g gt (32)

Furthermore, using the definition of the Exponential Integral, we may write F; (s) as

52 3 st

Ei(s) = —y —1 S R R
1(s) ~v—logs+s 22!—1-33! 44!+ (33)

Thus, for s = 1 + ¢, we have

log p,)? log p,)3
exp (—F1((s — 1) logp,)) = €€ log p, exp (—elogpr + C (;g;'? ) - (¢ (;)g?)}'? ) + ) . (34)

By taking the product ((s)exp (—Ei((s — 1)logp,)) and allowing |e| to approach zero, we
then have
lim {(s) exp (~Ex((s — 1) logpr))} = ¢ logpy. (35)

11



However, it is well known that the partial Euler product at s = 1 can be written as [11]

r—1 —
1 e 7 1
1- = —+0(>. 36
g ( pi) log pr—1 (Ingr—l)z ( )

Multiplying Equations (35) and (36), we then conclude that at s = 1, G(s, p,) approaches 1 as
pr approaches infinity. Furthermore, for s = 1 + it and ¢ # 0, the value of exp(—E (itlogp,))
approaches 1 as p, approaches infinity and since

r—1
Tlggo{C(S) I(1- pl)} -1

therefore, for s = 1 + it, we have the following

r—1
lim G(s,p,) = lim {C( )11 (1 - ;) exp (—E1((s — 1) logpr))} =1

=1 ?

So far, we have shown that the function G(s, p,) is uniformly convergent to 1 when R(s) >
1+ 6 > 1 (where ¢ is an arbitrary small number). We have also shown that G(s, p,) is con-
vergent to 1 for R(s) = 1. In the following, we will show that, assuming the validity of the
Riemann Hypothesis, the function G(s, p,) is uniformly convergent to 1 for every value of s
with £(s) > 0.5+ ¢, where € is an arbitrary small number. Toward this end, we will first show
that on RH the function G(s, p,) is convergent for any value of s on the real axis with o > 0.5.
This can be achieved by first writing the expressions for G(o, p,1) and G(o, py2) (Where 2 is
an arbitrary large number greater than 1)

G0 1) = (o) exp (~Ea((& — 1) logpro) f[ [ (157 ). @)
r2—1 1

G(o,pr2) = ((0)exp (—E1((0 — 1) log pr2)) H (1 — p") : (38)
i=1 i

Since the function G(s, p,) is analytic and not equal to 0 for o > 0.5, hence we can divide
Equation (38) by Equation (37) and then take the logarithm to obtain

r2—1 1
11 (1 - U)) + 2im Ny
i=rl pi

(39)
where N is zero, positive or negative integer. To compute the logarithm of the partial Euler
product in Equation (39), we recall Equation (19) with s = ¢ + 0 and o > 0.5 to obtain

r2—1 1 r2—1 1
log H (1 - p") = - Z — +0(pr1, Pra—1,0),

i=rl £t

G(U,pn)) = E1((0 —1)logpn) = E1 (0 — 1) logpr2) + log <

where §(p1, pro—1,0) = O(p,,1 2U/(Qa — 1)). Furthermore, we have

m(z) = Li(z) + J(x), (40)

12



where, on RH, J(z) is given by
J(z) =0 (Vz logz) . (41)

Using the above equation for the representation of the prime counting function, we may then
have (refer to Appendix 1)

r2—1

D

i=rl

1
P Ey((0 —1)logpr1) — E1((o — 1) log pra—1) + €(pr1, Pra—1,0),

where o1
mmm%ﬁ:/’dﬂ@M%
p

1

e(pr1,8) = dJ(z)/x®,
Pri1

and on RH, |e(py1,pr2,8)|= O (pr1°° 7 logpy1/(c — 0.5)%). Hence, on RH and for ¢ > 0.5,
Equation (39) can be written as

G(O’, pr?)

log ————=2
& G0, pr)

= —&(pr1,Pra—1,0)+6(Pr1,pra—1,0)+E1((0—1)log pro—1)—E1((0—1) log pro)+2im N;.

Taking the exponential of both sides, we then have

G(o,pr
Ggagj; = exp (—e(pr1,Pr2-1,0) + 6(pr1, pra—1,0) + E1((0 — 1) log pra—1) — E1((0 — 1) log pr2)) .
However, the difference E;((c — 1) logpra—1) — E1((0 — 1) log pr2) approaches zero as p,2 ap-
proaches infinity. This follows from Cramer’s theorem on the gap between primes. This theo-
rem states that on RH, the gap between the prime numbers p,_; and p;, is less than ky/p, log pr
for some constant k [3]. Therefore,

im ClO0Pr2) o) +or0)
pe2"voe G0, pr1)
It should be emphasized here that for the above equation, p,; was kept fixed while p,, was
allowed to approach infinity. Therefore, G(o, p,) is bounded for any arbitrary large p,. Fur-
thermore, on RH and for o > 0.5 + ¢, the term —¢(p;1,0) + 0(pr1,0) can be made arbitrary
small by choosing p,; arbitrary large, thus the limit of G(o, p;) as p, approaches infinity exists
and it is given by
G(0) = lim G(o.p,) (42)

This proves that, on RH, G(o, p;) is convergent as p, approaches infinity and thus G(o) exists
for o > 0.5.

Similarly, we can follow the same steps to show that G(s,p,) is convergent as p, ap-
proaches infinity and thus G(s) exists for #(s) > 0.5. Therefore, on RH and for o > 0.5 + ¢,
we have (refer to Equation (39) )

G Dr 7"2—1 )
log <ng ]’; j;) = E1 ((s — 1)logpr1) —E1 (s = 1) log pra) = Y — +0(pr1, pro—1,8) +2miNy,
T i=r1 £
(43)
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where N is zero, positive or negative integer. In Appendix 2, we have shown that, on RH
and for R(s) > 0.5, we also have

Z pf (s —1)logpr1) — E1((s — 1) log pr2) + €(pr1, Pr2, 5), (44)
=rl (2

where €(p,1, pr2, 5) = ;ff dJ(x)/x*, |e(pr1, Pr2, s)|= O (% pr %57 10gpr1) (on RH and
for o > 0.5) and e(py1,s) = [ dJ(z)/x°. Hence

G(s,pr2) — o—c(pr1,8)+8(pr1,s)
Pr2—00 G(Svpr‘l)

Therefore, the limit of G(s, p,) as p, approaches infinity exists and it is given by

G(s) = lim G(s.p,) (45)

It should be noted that, while the function sequence G(s, p;) is not uniformly convergent
when the region of convergence is extended all the way to the line o = 0.5, it is however
uniformly convergent for any rectangle extending from —i7" to ¢1" (for any arbitrary large T')
and with o > 0.5+ ¢ (for any arbitrary small ¢). This follows from the fact that, on RH, (s, p;)
is bounded for any rectangle extending from —iT to ¢1" (for any arbitrary large 7') and with
o > 0.5 + € (for any arbitrary small €). . Since G(s,p,) is analytic for R(s) > 0 and it is uni-
formly convergent for %(s) > 0.5 + ¢, thus G(s) is analytic for the half right complex plain
with R(s) > 0.5+ € (Weiestrass theorem [4]). Since we have shown that G(s) = 1 for R(s) > 1,
thus on RH, G(s) = 1 for R(s) > 0.5 + e. Consequently, we have the following theorem

Theorem 2. On RH and for o > 0.5, we have

r—1
lim {C( )11 (1 - ;) exp (—E1((s — 1) long))} =1 (46)

r—00
=1 ?

lim {M(s,p,)exp (E1((s —1)logp,))} = 1. (47)

r—00

It should be also pointed out that Theorem 2 can be generalized for the case where there
are no non-trivial zeros for values of s with R(s) > ¢ (where ¢ > 0.5). For this case, Equation

(46) is valid for every s with R(s) > cand |e(p,1, s)| in Appendix 2 is given by O ((U‘ IC)2 pr1¢77 log pM).

Equation (46) of Theorem 2 can be written as follows

r2—1
log ((s) + log H <1 — > — FE1((s —1)logpra) +2miNy =0 asry — 00

7,

where N, is zero, positive or negative integer. Notice that the equality of both sides of the
above equation is attained as 73 (or p,2) approaches infinity (or more appropriately, the right
side can be made arbitrary close to zero by choosing p,» sufficiently large). For r < 72, the
above equation can be then written as

r2—1
1
log((s) = E1 ((s — 1)logpra) — Zlog (1 — ) Z log (1 — ) +2wiN3  as rg — o0
p;

i=r ?
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where N3 is zero, positive or negative integer and

r2—1 1 r2—1 1
- ) log (1 — ﬁ) =Y — —0(pr,pra—1,5) + 2miNy

7 i=r pZ

where N, is zero, positive or negative integer. For the region of convergence of the series
M (s, pr), we have (refer to Appendix 2)

r2—1

1
> o Ey ((s —1)logpr) — E1((s — 1) log pra—1) + &(pr, pra—1, )
. K3

Therefore, ((s) can be written as
s 1 - . Eq1((s—1) 1o E1((s—1)1lo —FE1((s—1)logpr € 2,8)—0 2,8
C(s) = L[l <1 — pf) p};Elooe 1((s—1) log pr)+E1 ((s—1)log pr2) —E1((s—1) log pra—1)~+e(pr,pr2,5)—8(pr,pra;s)
(48)
where for sufficiently large p,, [0(pr, 5)| is negligible compared to |e(p,, s)| (in fact, |0(pr, 5)]| is
of the same order of magnitude as |¢(p;, s)|?). Consequently, M (s, p,) can be represented by
the following theorem

Theorem 3. For the region of convergence of the series M (s, p,) = >_7° p(n, pr)/n’, we have

M (s, py) = e~ Frlls=1)1ogpr)=e(pr.s)+0(pr.s) (49)
wheres(py, s) = [7° dJ(x) /2%, J(x) = 7(z)~Li(z) and §(p,, ) = L2, (=gl = 5l — o).
Furthermore, on RH and for sufficiently large p,., we have for o > 0.5
M(a,py) = e P02 (1 = o(p,.,0) + O (e(pr, 0)?) + 8(pr,0) ) - (50)

While in this section we have used the complex analysis to compute M (s, p,), in the next
section, we will employ integration methods to compute the partial sum M (s, p,; 1,pf). The
results obtained in this section and the following section will be then combined (using the
Fourier analysis methods) in section (6) to examine the validity of the Riemann Hypothesis.

5 The series M (o, p,) ato = 1.

In this section, we will compute the partial sum M(1, p,; 1, p,*) using integration methods
and noting that M (1, p,) equals zero for every p, (in other words, for every p,, M (1, p; 1, p,*)
approaches zero as a approaches infinity).

Before we present the details of our method, it is important to mention that the partial
sum M (1, p,; 1,p.*) can be also generated using y-smooth numbers. The y-smooth numbers
are the numbers that have only prime factors less than or equal to y. These numbers have
been extensively analyzed in the literature [6] [9]. In [6], a method was presented to generate
the partial sum M (1, p,; 1, p,*). With this method and using the inclusion-exclusion principle
[6] (refer to page 248), one can then provide an estimate for the partial sum M (1, p,; 1, p,). In
this section, we will provide a more general approach to compute M(1, p,; 1, p,*). The main
advantage of our approach is the ability to extend it to compute the partial sum for values of
s other than 1. We will present our method in the following two steps.
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e In the first step of our approach, we will show that, for every a and as p, approaches
infinity, the partial sum M (1, p,; 1, p,*) approaches a function that is dependent on only

a (independent of p,.).
Toward this end, we define the function f(a,p,) as

pre

f(aapr> = ]\4-(17])7,7 1,pra) — Z H(nT;pT’)
n=1

We will then show that, for every a and as p, approaches infinity, the function f(a,p,) ap-
proaches a deterministic function p(a). In other words; if we plot M(1,p,;1,N) (where
N = p,*) as a function of a = log N/log p,, then for each value of a and as p, approaches

infinity, f(a, p,) approaches a unique value p(a). This is equivalent to the statement

p(a) = lim f(aapr) = p}iinoo M(l,pr; 1apra)-

Pr—>00

This result can be achieved by first noting that the partial sum M (1, p,; 1, p,%) for1 < a < 2

is given by
1
M(lap'r’;lapra) =1- Z o
PrSPiSPr“ pl
If we define M1 (1,p,;1,p,?) as
a 1
Ml(lapT; 17p7" ) = Z ;a

Pr<pi<pr

then, using Stieltjes integral, we obtain

prt d'/T X a dﬂ' Yy
M(1,pr;1,p") = 1= Mi(1,pr; 1,p") = 1—/ ; ) :1‘/ (pr?)
T=Dpr y

Since
dr(p,¥) = dLi(p,") + dJ (pY),

therefore

Y
dp,Y + dJ(p,Y) = Loy + dJ(p,Y),

dr(p?) =
(pr") log(pr¥) Yy

where onRH, J(p¥) = O(y/p,Y log(p,?)) (itis also worth noting that d=(p¥) > 0 and (p¥/y)dy >

0, hence one may write |dJ (p¥)|< dm(p¥) + (p¥/y)dy). Hence, for 1 < a < 2, we have

@ d @ dJ(prY
M(1,pr;1p®) =1 —/ = —/ # =1 —log(a) + g1(pr, a),
1Y 1 br

where « dJ(pyY)
gl(meL) = _A ¢

rY

As p, approaches infinity, g1 (p,, a) approaches zero. Consequently,

16



. . ay _ 1 _
p}»l—IPOOM(l’pT, 17p7” ) =1 IOgCL.

The terms of the partial sum M(1,p,;1,p,*) for a in the range 1 < a < 3 are either a
reciprocal of a prime or a reciprocal of the product of two primes. Therefore, for 1 < a < 3,
we have

1 1
M(l,pr;l,pra):1— Z —+ Z

)
pr<pispre VU pr<pi<pio<pupin<pee PP

where p;; and p;; are two distinct primes that are greater than or equal to p,. Let M>(1, p,; 1, p,%)
be defined as

1 1 1
MQ(lapT;lapTa> = Z - = 5 Z 7M1(17p7“71ap?/p1)+7ﬂ2
Pr<pi1 <pi2<pi1Pi2 <pr® Papi2 pr<p;<ppo—1 1t

Note that, for the second sum (i.e. 3, <, <, a1 p%Ml(l, pr; 1,0%/pi)), the factor of half was
added since each term of the form 1/(pii1pi2) is generated twice. Furthermore, this sum in-
cludes non square-free terms (notice that, there is no repetition in any of the non square-free
terms). The term 7, was added to offset the contribution by these non square-free terms. We
will show later that ry is given by O(p; 17¢). Hence, 2 approaches zero as p, approaches
infinity. Using Stieltjes integral, we then have

1 ro—1dx P Y
M2(1,p1“; Lpra) = 7/ ( ; )
1 DPr

5 (log(a = y) + g1(pr,a —y)) + 2.

Hence
1 re1llog(a —
M(1,p,;1,p.%) =1 —log(a) + g1(pr,a) + 5/1 g(yy)dy + g2(pr,a) + 1o,

where

1 o=t gi(pr,a— 1 ot dJ(p?
92(177“;@):*/ (P, ~y) y)dy+/ log(a —y) (y )+
2. Yy 21

dJ(p.Y)
pr

1 a—1
5/1 gl(p'l‘a a — y)

The first two integrals on the right side of the above equation are valid Riemann-Stieltjes in-
tegrals. Consequently, they are also valid Lebesgue-Stieltjes integrals. It can be easily shown
that, for any fixed value of a, these two integrals approach zero as p, approaches infinity. It
is also worth noting that the sum of these two integrals is zero. The third integral also ap-
proaches zero as p, approaches infinity (refer to Appendix 6). Furthermore, we will show
later that 73 also approaches zero as p, approaches infinity. Thus, for 1 < a < 3, we have

1 a—ll _
lim M(1,py;1,p,%) :1—10ga+§/ Mdy
1

Pr—00 y

Therefore, as p, approaches infinity, M (1, p,; 1, p,*) approaches a function that is dependent
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on only a.

Repeating the previous process |a| times (where [z] is the integer value of z) and by
using the induction method, we can show that, as p, approaches infinity, the partial sum
M(1,p,; 1, p,*) approaches a function that is dependent on only a. Specifically, we first write
the partial sum M (1, p,; 1, p,*) as follows

M(l,pr; 1apra) =1- Ml(lapr; 1apra) + M2(1apr§ 1apra) — ...+ (_1)ij(1apr§ 1apra) + ...+

(_1)LQJ_1M\_aJ—1(17pr; 17pra) + (_1)I‘GJM|_QJ (Lpr; 1apra)>
where
1

M;(1,pr;1,p.%) = S
]( " " ) Z <pr o Pi1lPi2-. ng

Pr <p7,l <piz2<. <ng <pi1pi2- -Pij

and p;1, pi2, ..., pi; are j distinct prime numbers greater than or equal to p,. If we assume that
M;_1(1,pr;1,p,?) is given by

M;—1(1,pr; 1, pr") = hj—1(a) + gj—1(pr,a) + 751

where h;_1(a) is a function of a and g;_1(p,, a) approaches zero as p, approaches infinity,
then
a 1 1 a
Mi(1,pr;L,pe®) == > =M (1L, prpr P/ Pi) + 75
pr<pi<pye—t

where the factor of 1/j was added since each term of the form 1/(p;ipi2...pij) is generated
j times. It should be also noted that the sum of the above equation includes non square-
free terms. The term r; was added to offset the contribution by these non square-free terms.
We will show later that r; is given by O(p,11¢). Thus, r; approaches zero as p, approaches
infinity. Using Stieltjes integral, we then have

1 o=l dn(pYy
Mot =+ [ I ) i) )+
T

Hence
1 a—1 h i_1(a —
M;(1,pri1,p,%) = j/1 J(yy)dy +9j(pr,a) +1';,
where the first term is a definite integral with only one variable y integrated over the range

1 <y < a — 1. Thus, the definite integral is a function of only a. We define this function as
hj(a). The second term is given by

L o= 9] 1(prv - / dJ (p:Y)
i\Dr,a) = — d + = 4
g](p ) ]/1 ) pqz{
1/(1—1 dJ(pry)
- 9ji—1\Pr,a —Y .
il J 1( ) p%

It can be easily shown that, for a fixed value of a, the first two integrals on the right side
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of the above equation approach zero as p, approaches infinity. The third integral also ap-
proaches zero as p, approaches infinity (refer to Appendix 6). The term 7’; is given by

S B dr( p 4x(p") Thus, this term also approaches zero as p, approaches infinity. Hence,
as Dy approaches 1nf1mty, we have

1 [ao—1 h~_1(a—y)
- . . ay _ J _ 1.
i M (1, s 1pp®) = j/1 , W=l

where h;(a) = log(a). Hence, for every a and as p, approaches infinity, we have

lim M(1,pr;1,p:%) =1—hi(a)+ ha(a) — ha(a) + ... + (—1)LaJhLaJ (a) = p(a). (53)

Pr—00

It should be pointed out that the above equation implies that the partial sums M (1, p,; 1, p,%)
and M (1,pY;1,p."Y) (where, p is a prime number) have the same limit as p, approaches
infinity. Hence,

lim M(L,pr31,p:%) = lim M(L,p751,p:®) = pla). (54)

Pr—00

Equation (54) will be used in the next step to estimate the asymptotic behavior of the function
p(a) as a approaches infinity.

As mentioned earlier, the partial sum M (1, p,; 1, p,*) constructed by this process included
non square-free terms (i.e r;’s). In the following, we will show that, for every a and as p,
approaches infinity, the total contribution by these non square-free terms approaches zero as
well. Toward this end, let Sy be the sum of the terms with the factor 1/p?. Therefore, Sy can
be expressed as Ko/p?. Let Si be the sum of the remaining terms with the factor 1/(p,41)2.
Therefore, S can be expressed as K/ (pr41)?. Let Sy be the sum of the remaining terms with
the factor 1/(p,42)? where S5 can be expressed as K/ (pr12)?, and so on. Let S be sum of all
the terms associated with non square-free terms. Thus, S is given by

where p, 1, is the largest prime that satisfies the condition p?, ; < p,*. Furthermore, since
there is no repetition in any of the non square-free terms, therefore

1 1 1
Kol, | K4, .., |Kp|l<14+ =+ =+ ..+ —,
Kol 1K1 (K| Lt G gt
and
|K0|7‘Kl‘v'-'7|KL|:O(a10gp7')'
Thus,

1 1 1
S=(—5+—5+..+= O(alogpy).
P2 prya? Pryrp

Hence, the contribution by the non square-free terms S is given by,

S = O(alogp,/pr).

Consequently, for every a and as p, approaches infinity, S (or the contribution by the non
square-free terms) approaches zero.
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e In the second step, we write the partial sum M (1,p,;1,p,*) as the sum of two compo-
nents. The first one is the deterministic or regular component and it is given by p(a)
(= limp, 500 M (1, pr; 1,p.*)). The second one is the irregular component R(1,p,; 1, p,*)
given by M (1,p,; 1, p*) — p(a). We will then show that the function p(a) is the Dickman
function that has been extensively used to analyze the properties of y-smooth numbers.

Toward this end, we write the partial sum M (1, p,; 1, p,*) as the following sum

1 1
M,psLp®) =1— > =M(,piri; L, p) — D>, —. (55)

KA
pr<p;<pe/2 pr®/2<p;<pr®

The second sum was added since the first sum is void of the terms 1/p;’s for p;%/? < p; < p®. It
can be easily shown that every term on the right side of Equation (55) is a term on the left side
of the equation and vice versa. Furthermore, there is no repetition of any term on the right
side of Equation (55). The first sum on the right side of the above equation can be written as

follows (refer to Equation (15))

1 1 1
> =MQpiyslp/p) = >, — (M(l,pi; Lp"/pi) + —M(1, pisa; l,pr“/p?)>
pr<pi<pra/2 7" pr<p;<p,*/? pi pi

Let Q(p,, a) be defined as

1
Q(pr,a) = Z 72M(17pi+1; 1ap7"a/p12)'
pr<p;i<py/2 "
Hence
1 a 1 a
> —MQ,pilLpp) = Y, —MQ,pil,p/pi) + Qpr,a).
pr<pi<pra/2 pr<pi<pra/2 "

For sufficiently large p,, the contribution by the term Q(p,, a) becomes negligible compared
to the sum on the right side of the above equation. In fact, it can be easily shown that the term
Q(py, a) is given by O(p, !). In Appendix 3, we have shown that

IM(1,pig1; 1, /p?)|< 2.

Thus,
1 a /2 1 -1
|Q(pr, a)|= > SMpiyslpp)| <2 Y. 5 =0(@").
pr<pi<p,/2 1 pr<pizpro/2 i
Using Stieltjes integral, we can write Equation (55) as follows
/2 dn(p,Y) @ dr(p")

M(pry; 17p7c"b/p1:l{> - /

a/2

M(1,pr;1,p%) =1 —/1 . +Q(pr,a),  (56)

pr
where drn(p,Y) = dLi(p,¥) + dJ(p,Y). It should pointed out that while Equations (55) and (56)

provide the value of the partial sum M (s, p,;1,p%) at s = 1, they can be easily modified to
compute the partial sum for any value of s to the right of the line (s) = 1 (and on RH, to the
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right of the line R(s) = 0.5).

For any fixed a, as p, approaches infinity, M (1, p,¥; 1, p¢"Y) approaches p(a/y — 1) (refer
to Equation (54)). Therefore, as p, approaches infinity, we have

In the following, we will show that p(a) is the Dickman function that has been extensively
used in the analysis of the y-smooth numbers. This task will be achieved by using Equation
(57) to compute the difference p(a + Aa) — p(a) (where, Aa is an arbitrary small number) to
obtain

(a+Aa)/2 p (422 _ a2p(e—1 (a+Aa) g a g
1 Yy 1 ) (a+Aa)/2 Y a/2 Y

Since the third integral of the above equation is equal to the fourth integral, therefore

(a+Aa)/2 p (2E22 a/2p(2—1
pla+ Aa) — p(a) = —/ <yy)dy+/1 <yy)dy
1

If we define z = y/(1 + Aa/a), then we have

((a+2a)/2)/(1+Dafa) p (& 1) bt /a/2 p (% — 1) o
1

/(1+Aa/a) Z Y

pla+ 2a) = p(a) = = |

Thus,

1 a

p(2-1)
a+ Aa) — a:—/ —Z —~dz.
p( ) — p(a) s 2

Dividing both sides of the above equation by Aa and letting Aa approach zero, we then

obtain
dpla) __pla—1) 8)

da a

where p(a) = 1—log(a) for 1 < a < 2. Equation (58) is a first order delay differential equation
that has been extensively analyzed in the literature [6] [9]. The function p(a) is known as the
Dickman function. As a approaches infinity, p(a) can be given by the following estimate [6]

pla) = (* +0(1))a. (59)

aloga

For sufficiently large values of a, we have p(a) < a™.

To compute the irregular component of M (1,p,;1,p%), we notice that R(1,p,;1,p,*) is
given by

R(lapT7 17p7“a) = M(17p7"7 17])?) - p(a)

Thus, R(1,p,;1,p,*) can be computed by subtracting Equation (57) from Equation (56) to
obtain the following theorem
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Theorem 4. The partial sum M (1,p,;1,p%) = Zn i ,u(n pr)/n can be expressed as
M(1,pr; 1, p7) = pla) + R(1, pr; 1, pr%) (60)
where p(a) is Dickman function. The reqular component of M (1, p,; 1, p¢) is given by

pla) = lim M(1,pr;1,pr). (61)

R(1,py; 1, py%) is defined as the irregular component of M (1, p,; 1, p%) and it is given by

ALt == [ plofy =) Z [P [ ) T 00

(62)
where Q(p, a) is given by O(p; 1)

Since the partial sum M (s, p,;1, N) is given by the sum "2, 1i(n, p,)/n®, therefore we
can write it as follows

N
Ms.pil,N) =1+ [ ZaM(1,pi1a),
T=pr x

or
M(s,pr;1,p%) =1 +/ b —sdM (1, p31,pY).

Consequently

a

a Yy
M(s,ppi1,p%) =1+ / PE o) + / PrR(1,pri 1 pY). (63)
pr y=1 Pr

Therefore, for any s, the partial sum M (s, p,; 1, pg) has two components. The first one is the

deterministic or regular component given by 1+ [/ 1y ys dp( ). The second one is the irregular

component given by fyazl Ing;dR(l, pr; 1, prY). Therefore, if we define « as

o = (s—1)logp,

and the regular component of M (s, p,; 1, pf) as F'(a, a), then

Flava) =1+ [ Pdpa) = 1+ [, 0797 (w)da,
1
or,

F(a,a) =1+ /a e o/ (z)dz, (64)
1

while the irregular component is given by

R(s,pr;1,p7%) = M(s,pr; 1, py) — F(a, a).

Notice that for s = 1, we have a = 0 and F(0,a) = p(a). We also notice that the regular com-
ponent exists for any value of s with R(s) > 0. This is expected since the regular components
of both the prime counting function and M (s, p;; 1, p?) are not determined by the location of
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the non-trivial zeros within the critical strip.

We now define F'(«) as

Fla)= ali_)ngo F(a,a) =1 +/1 el (z)dx. (65)
Thus, for R(s) > 1, a is a complex variable in the complex plane to the right of the line
R(s) = 1. Hence, the integral [°e~*%p/(z)dx is the Laplace transform of the function p'(z)
and is given by F'(a) — 1 (where F'(«) is the regular component of the series M(s,p;), i.e.
M((s,py; 1,00)). Since the Laplace transform of p(x) multiplied by s is given by e=#1() [10]
(refer to page 569) [9] and the Laplace transform of p' (z) is given by s£(p(z)) — p(0), therefore

F(a) = e Brle),

Remarkably, these results agree with what we have obtained in Theorem 2. In Theorem 2,
we have shown that

lim {M(s,pr)exp (E1((s —1)logpr))} =1,

T—00

or referring to Theorem (3), we have

M(s,p,) = e~ Br(@)=e@rs)+3(pr.s) (66)

)

where (py, s) = [* dJ(z)/2* and J(z) = m(z) — Li(x). Consequently, we have the following
theorem

Theorem 5. For the region of convergence of the series M (s, p,), M (s, p,) can be expressed as
M(s,pr) = lim M(s,pr; 1,p,%) = M(s,pr; 1,00) = F(a) + R(s, pr) (67)
where a = (s — 1) log p, and F(«) is regular component of M (s, py) given by
F(a) = e 1@, (68)
and R(s,p,) is the irreqular component of M (s, p,) and it is given by
R(s,p;) = lim R(s,p;i1,p,%) = R(s,py; 1,00) = e F1(@) (e7cers)t0rs) 1) (69)
Furthermore, on RH, M (s, p,) can be written as

M(s,p,) = F(a) (1= (pr,s) + Op;  log? py)) (70)

It should be emphasized here that the regular component F'(«) is the value of M (s, p,) due
to Li(z) component of the prime counting function = (x). The irregular component R(s, p;)
is given by limg o0 R(s,pp; 1, %) = limg_y00 M (s, pp; 1, %) — limg 00 F'(ar, pr®). It should be
also pointed that for s = 1, the irregular component R(1,p,) = F(0)(e~sP-)+or1) 1) s
zero for every p, (note that R(s, p,; 1, p,*) may deviate from zero but it ultimately approaches
zero as a approaches oo). For s # 1, F(a)(e~¢(Pr)+0(Pr5) _ 1) may have values different from
zero although it approaches zero as p, approaches infinity

In the following section, we will use Theorem 5 and the Fourier analysis to obtain an

alternative representation for R(1,p,; 1, p%). This representation will then be compared with
Equation (62) of Theorem 4 to examine the validity of the Riemann Hypothesis.
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6 The irregular component of M(1,p,;1,p%) and the Riemann Hy-
pothesis.

The irregular component of M (1,p,;1,p%) for values of @ > 1 is given by Equation (62) of
Theorem 4

a 3 dJ(p,Y der drm(p¥
R 1) = [ ptagy -1 PG [T E 0 T G0

r

In the following, we will find an alternative representation for R(1, p,; 1, p,*) using Equa-
tion (69) of Theorem 5

R(S’pT; ]-; OO) == e_El(a) (g_s(phs)-i'(s(pr,s) o 1)’

or
R(s,py;1,00) = —e P e (p,, 5) + e P W (p,, 5),

where £(p;,s) = [[Z,dJ(p})/pY = [2,e"*dJ(p})/pY. Also, on RH, [r(p,,s)] is given by
O(p; ! log? p.). However, using Stieltjes integral and by the virtue of Equations (63) and (64),
we can write R(s, py; 1, p,%) in term of R(1,p,; 1, p,*) as follows

a Y a
R(s,pr;1,p:%) =/ %dR(lapr;l,pry) =/ e YdR(1,py; 1, prY).
y=1 Pr y=1

Hence

/ eiaydR(lva 17pry) = _eiE 1) (p 5) +e 5 (a)T(pr,S),
y=1

or
+e W (p,,s). (71)

[ee] 0o y
y=1 y=1 Y

To compute R(1,p,;1,p,*) using the above equation, we first ignore the term r(p,, s) (the
contribution by the term r(p,, s) is analyzed in Appendix 4). For y > 1, let fi(y) and f2(y) be

defined as
dR(1> pri 1, pry)
dy ’

fily) =

and 0 (o)
N by )/ Pr

while fi(y) = fa2(y) = 0 for y < 1. Thus, after ignoring the term r(p,,s), we can write
Equation (71) as follows

Lfily) = —e POLL(y).

Since L~ 'e=F1(®) = p/(y) + §(y), therefore

fily) = = ((p' +9) * f2) (y)
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Since f1(y), f2(y) and p/(y) are zero for y < 1, hence

y—1

ﬁ@%:—é Py — 2) folw)dz — fo(y)

Consequently,

/ya fily)dy = — /ya2 dy /:_1 Py — ) fo(z)de — /a F)dy

y=1

/yil dR(1,pr;1,pY) = —/y Qdy/y 1 y— ) fo(x dx—/ fa(z (72)

The right side of the above equation can be written as the following sumes,

Thus,

a —1 a
!é dy |1 Py — 2) fola)der + Jaa)do =

=2 rx=1 xr=

J 7-'?24—1 —J xT; I_‘INJ J fi—‘—l —J xT;
1m1(§;Ay§;p G - I | 5 J0) - I

Nooo \JON 2N r i=N

where Ay = 1/N, y; = j/N, Az = 1/N and z; = i/N. From the above sum, we notice that,
for every z;, the term (J(p; ™) — J(p%)) /p¥ is multiplied by p'(y; — x;)’s for values of y;’s
in the range z; < y; < a. Thus, by noting that p/(z) and f»(x) are zero for = < 1, the order of
integration of equation (72) can be changed as follows

/yildR(l,pr;l?pr = / foz < /x+1p(y_x)dy>dx’

/yil dR(1,pr;1,pY) = — /: &f% (1 + /y;+1 oy — :U)dy) ) (73)

-1 p¥

or

Since p(z) = 1+ [{ p/(x)dx, thus p(a — ) = 1 + [}, p'(y — x)dy. Hence, ignoring the term
r(pr, s) (refer to Equation (71)), we then have
¢ dJ(py)

R(1,pr; 1, pe") = —/flp(a—x) o

In Appendix 4, we have shown that the contribution by the term r(p,,, s) is given by O(e?(p,, 1))+
d(pr,1)). Consequently, we have the following theorem

Theorem 6. For sufficiently large N and for every p, > N, the relationship between the irreqular
component R(1, p,; 1, p%) of the partial sum M (1, p,; 1, p?) and J(x) is given by

R(1,pp;1,p%) = —/ p(a—x)&ff) + O0(2(py, 1) + 6(pr, 1)). (74)

=1 T

a

where R(1,p;1,p%) = M(1,p,;1,p%) — p(a), J(z) = w(z) — Li(x) and on RH, O(2(p,, 1) +
§(pr, 1)) is given by O(p; 1 7€), In other words; on RH, we have

a ¢ dJ (py
Rt == [ pla— @0
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Equations (74) (of Theorem 6) and (62) (of Theorem 4) provide two different representa-
tions of the term R(1,p,;1,p,*). Our analysis to examine the validity of the Riemann Hy-
pothesis will be based on analyzing the difference between these two representations. Before
we proceed with this task, we will first analyze the relationship between p, and the integral
J,21(dJ(pY)/p})- Referring to Appendix 1, on RH, we have

/ > dJ(p})
y=1 p%

Furthermore, by the virtue of Equation (9), we also have on RH (refer to Appendix 5)

=Q (pr_l/z_e) .

where € can be made arbitrary small by choosing p, sufficiently large. Therefore, for suffi-
ciently large NV and for some constant k, there are an infinite number of p,’s (that are greater

than N) such that
/ % dJ(py)
y=1 p%

Moreover, for any positive number h, we also have

:O< 1/2logp)

sup
z>1

/°° dJ (p)

Y
=z Dr

—1/2—¢ > 0.

> kpr

>~ dJ(p}) - —1/2 —h/2. —1/2
2 =0 ((1+h)p "2, logpr ) = O (pr " ?p " log pr
J o S =0 &rr) =0 ( ).

Thus,

1+h qJ 71{ B
:/ (5)+O(pr "2p, = 1ogp, ).
)

Therefore, on RH and for sufficiently small i, we can always find infinitely many p,’s so
that the integral [, (dJ(p)/p}) is determined by values of y in the vicinity of one. In other
words; we have

/°° dJ (py) /”h dJ(p¥) +/°° 4. (o)
y=1 y

pr 1 Pl y=1+h DY
where,
o dJ(p¥)
/ (57" > kprfl/Qfe >0,
y=1 Dr
and
< dJ(pY _ _
/ (yr) < kipy h/zpr 1/210gp7"a
y=1+h DPr

for some constant ki. Therefore, for any h and for sufficiently large p,, there are infinitely
many p, satisfying the following equation

< d.J(p¥ L+h ] (p¥
[ R (75)
y=1 Dr y=1 Dr

26



where 4, is given by O(pr_h/ 2) and it can be made arbitrary close to zero by choosing p, suf-
ficiently large.

It should be noted that the above analysis for the integral [,2, (d.J(p})/p}) can be extended
to the integral [2, (g(y)dJ (p¥)/p¥) where g(y) is a differentiable function for y > 1 that grows

no faster than e’ or decays no slower than e~% for any § > 0 (for example, g(y) or —g(y) is
given by 1,y,1%,...,y", 1/y,1/y%,..,1/y", (logy)™). For the integral fyoil(g(y)d(](p%)/p%), we

then have on RH 0 (pY)
o br)| _ —1/2+4¢
=0 (pr ;
/y 9wy (p )

and (refer to Appendix 5),

[

y=z2

sup -Q (pr—l/Q—e) 7

z>1

where € can be made arbitrary small by choosing p, sufficiently large. Therefore, for suffi-
ciently large NV and for some constant k, there are an infinite number of p,’s (that are greater
than V) such that

—1/2—¢ > 0.

> kp,

After analyzing the integral [ =, (dJ(p})/p}), we now turn our attention to the analysis of
two representations of the term R(1,p,; 1, p,*). The first representation is based on Equation
(62) of Theorem 4 where we have unconditionally

BlLpritr®) = = [ otaly =) - [TEBD [ R T 000

s ’I’

where Q(p;, a) is given by O(p, ). The second representation of the term R(1,p,;1,p,?) is
based on Equation (74) of Theorem 6

R(1,pr;1,p") = —/a oo — ) r)

pe +O0(*(pr, 1) + 6(pr, 1)),
r=1 "

where, on RH, O(¢%(p,, 1) + é(p, 1)) is given by O(p, ~1*¢). Consequently, we have the fol-
lowing theorem

Theorem 7. On RH, the difference between the representation of R(1,p,;1,p,*) by Equation (62)
without the term Q(p,, a) and the representation of R(1, p,; 1, p,*) by Equation (74) without the O
term is given by O(p,~1%€). In other words;

<_/1;p<“/y_1)djé?y) /g der / R(Lpy%1p )d( ))_

([ ot

Dy
where € can be made arbitrary small by choosing p, sufficiently large.

) = 0t (76)
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For the remaining of the paper, we will analyze Equation (76) and use this analysis to
examine the validity of the Riemann Hypothesis. For infinity many prime numbers, the dif-

ference | [ (p(a — z)dJ (p})/p%) — f/Q(p(a/y —1)dJ(p.¥)/p¥)| is given by Q(p,~1/27¢) (refer

to Appendix 5). However, the term [’ 12(dJ(pr¥)/pY) is given by O(pr af 2+€). Therefore, for

the Riemann Hypothesis to be valid, the integral I = [" / 2(R(l, pr¥; 1, pt~Y)dn(pY)/pY) has to

equal the sum S, = [, p(a—=)(dJ (p?)/pF) — [ (pla/y—1)dJ (p.¥)/pY) — Jay2(dJ (pr¥) /pY)

within a margin of O(p;!7¢). Our task will then be focused on computing the integral

Ig = J{ / 2(R(l, pr; 1, p87Y)dm(pY)/pY) at different values of a and comparing the result with

the sum Sy = [ (p(a — 2)dJ (p2) /1) — [ (pla/y — 1)d (p,*) [p) — J(dT (pr¥) /DY)

In the following, on RH, we will compute the integral I = [’ /2 (R(1, py¥; 1, p2=¥)dm (pY) /p¥)
and the sum S = [*_, (p(a — 2)dJ (5)/p%) — [i"*(p(afy — DA (,) [p) — [(dT (p:")/pY)
for values of a in three intervals. The first interval is 1 < a < 2. For this interval, we will show
that both the integral /r and the sum S; are zero. The second interval is 2 < a < 3. For this
interval, we will show that the integral /r and the sum S; are the same within a margin of
O(p,~17¢) (this result is consistent with RH). The third interval is 3 < a < 4. For this interval,
our analysis shows that the integral Ir and the sum S; differ by a margin that is well over
O(p,~11¢) and this result is the basis for our claim that the Riemann Hypothesis is invalid.

For the interval 1 < a < 2, it can be easily shown that Equations (62) and (74) ) provide
the same value for R(1,p,;1,p,%) (this follows from the fact that for 0 < u < 1, p(u) = 1 and

P2 R(1,p 31, p0Y)dr(pY) /¥ = 0 for 1 < a < 2).

For the interval 2 < a¢ < 3, we have

a/2 dJ(p,Y a dJ(p¥
/1 pla/y—1) ](f; )/1 pla—y) p(g):

/1a/2 <p (1(@_3/)) _p(a_y)) dJ(p,Y) _/a“ p(a_y)def(fi’).

Yy pg /2 Dr

We also have p(u) = 1 —log(u) for 1 < u < 2. Thus

a/ a
[ ptapy -1y [ oy D)
1 1

pr pr
o2 dJ(pY) e dJ(py) _ [* dJ(pY)
1 T _/ 1_1 _ r _/ T ,
/1 ey p%{ a/2 ( Og(a y)) pvy a—1 p%
Hence the sum S is then given by,
“ dJ (p}) /“/2 dJ (p.) /“ dJ (py)
a— — a/y—1) —5— — — =
/1 pla=y) pr , Plefy=1) p? a/2 P
a/2 dJ(p¥ a=1 dJ(pY
—/ logy (y )—/ log(a —y) (y ) (77)
1 Pr a/2 Pr
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The integral ff/Q(R(l,pry; 1, p¢~¥Y)dm(p¥)/pY) is given by

a/2 d Y a/2 d a/2 d.J(pY
/ R(l,pry;l,pﬁy)ﬂgﬁ =/ R(l,pry;lvp?’y)zy +/ R(L,p?; 1L, prY) (57)
1 r 1 1 Dbr

Using the method of integration by parts and referring to Appendix 6, we then have on RH

a/2 d(pY a/2
/ R(Lpry; 17p;f_y) 7;557”) — —/ ]ogy dR(l’pry; Lpg—y) 4 O(pr_1+€).
1 4 1

To compute dR(1,pY;1,p,*"Y), we note that the change in R(1,p¥;1,p,*"Y) due to the
change in y by Ay is given by

AR(L,p%1,p,27Y) = R(1, p, Y T2Y; 1, p, % Y =2Y) — R(1,p¥; 1, p,27Y)

However, referring to Equation (52), for 1 < b < 2, we have

1+b 1+b dJ g
R(1,p;;1,p 1) =/ dR(1,p,; 1,pY) = —/ (yp ) (78)
y=1 y=1  Dr

Thus, for 1 < y < 2, we have

dJ(pY
dR(1,py;1,pY) = —Ig)r). (79)

Consequently, for 1 < “;yy < 2, we obtain

9

a=y=2Y d.J (p) N / Y dJ(pf)

AR, pY;1,p,%7Y) = —/
(L2 1,2 =y+Ay  Dr =y  Pr

or

y+AY d.J(p? a—y d.J(p?
AR(L,pY;1,p,7Y) =/ 7(5’”) +/ (fr).
z=y pr z=a—y—-Ay Pr

Hence for2 < a < 3,
dJ(pY dJ(p,*Y
dR(1,p};1,p,*7Y) = (5’”) + (p_ )
Dr proY

Therefore, on RH and for 2 < a < 3, we conclude that

a/2 o dT(pY a/2 dJ(p¥ dJ(p27Y _
A R(lvpry; 17pr y)p(zl/)) = _/1 lOgy( 155 ) + ;pa_y ) +O(p7‘ 1+6)7

or

a/2 dm(p¥) a/2 dJ(p¥) a/2 dJ(p?)
R(1,pY; 1, pt™ ) —= ———/ lo L +/ log(a — z "+ O(p, ).
/1 (L.p pr) P 1 &y pr a—1 &l ) Dr? w )
(80)
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Thus, referring to Equations (77) and (80), on RH and for 2 < a < 3, the difference between
the sum S; = [, (p(a — y)dJ (1) /p¥) — [ (pla/y — 1)dJ (p¥) /DY) — [&o(d] (p,*) /pY) and
the integral Ir = fla/Q(R(l,pry; 1,p¢~¥)dm(p¥)/pY) is then given by

Sy —1Ir=0(p, ')

Thus, for 2 < a < 3, the sum S is the same as integral /r within a margin of O(p,~1*€). This
result is consistent with the Riemann Hypothesis.

For the interval 3 < a < 4, the representation of the functions p(a — y) and p((a — y)/y) is
dependent on the value of y. For values of y in the range 1 < y < a/3, we have [7]

=y dv
pla—y) =1-logla—y)+ [ loglo— 1)

and
1 (a=9)/y dv
p(Gla=n) =1-tlogta—p) +logy+ [ logo -1
2
Thus, for values of y in the range 1 < y < a/3, we have
a/3 dJ(pry) a/3 dJ(py)
- - 1 +/ — r pr
| etary -0 S [
a/3 dJ(pY a/3 [ ra=y dv\ dJ(p¥
—/ logy (gr) +/ (/ log(v — 1)U> (5’") (81)
1 Dr y=1 \Jov=(a—y)/y v Dr
For values of y in the range a/3 < y < a — 2, we have
a-y dv
pla—y) =1—logla—y)+ [ " loglo— 1)
and .
p (y(a - y)) =1+logy — log(a —y).
Thus, for values of y in the range a/3 < y < a — 2, we have
a2 dJ (p:*) a2 dJ (p)
— a/y—1 + / a — T =
/a/g pla/y—1) o " pla—y) o
a—2 dJ(pY a—2 a-y dv\ dJ(p¥
—/ log y (5T) +/ (/ log(v — 1)1}) (57«) (82)
a/3 Dbr a/3 2 v br
Similarly, for values of y in the range a — 2 < y < a/2, we have
o/2 aI(p) | [or? A [ A
_ _1 n / - Ho_ / 1 v, 83
/a—2 P (a/y ) pvy a—2 p(a y) ng a—2 08y p%! ®3)
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For values of y in the range a/2 <y < a — 1, we have

LA )
[, P == [ tosta )= 0

while for values of y in the range a« — 1 < y < a, we have

/a:p(a—y)d‘]}fypﬁz/: 47(pr)

T -1 pg

Thus, for values of y in the range a/2 < y < a, we have

¢ dJ (py) /a‘l dJ (p}) /“ dJ (p})
a— = log(a — LT —, 84
/a/2 pla=y) pi a/2 8la=v) pr a/2 DY ®4)

To compute the integral I = fla/ 2 R(1,p,Y;1,p8Y)dn(pY)/pY, we refer to Equation (74) of
Theorem 6. On RH and for a < 3, we then have

dJ (py)
Dy

R@mnm%:—[pm—m + O(p, ).

Therefore, fora < 4and 1 <y < a/2, we have

_ = (a-— dJ((p¥)* .
R(1,pY; 1, pf y):*/_yl P( yyx) ((p(f)z) )+O(pr 1+ ).

Defining z = yz , we then have

v o(a— dJ (p;
R(1,p,Y;1,p27Y) = _/ ) (a y Z) (v7) O(p ),
zZ=Y

Yy y/) Dpr
and
o2 dr(pt) _ [ oy 2\ dI)) dr(pY)
R(1, ry; 1, g_y r’— _/ (/ < _ > 10 pT—l—‘,—s > T
/1 ( P P ) pg{ 1 2=y P ) ) D7 ( ) 71{
Since 2 o) Py o)
¢ _i4e\ (P} m(p¥ e
[0 < o, [T < 0p, 1),
therefore
a/2 a—yr AT (DY a/2 ¢ ra=y raq—y 2\ dJ(p?)\ dr(pY lae
/ R(l)pry;lapr y) (5 ) = _/ </ p( - ) (z )> (y ) + O(pr 1+ )
1 pr 1 z=y Yy ) by Dbr

By noting that dn(p¥) /p¥ = dlogy+dJ(p;)/p; and referring to Appendix 6 (where we showed
that fla/2 (fafy p (“;—y — 5) d‘](p’z“)) Y — O(p,~1+¢) ), we then have

z= P Py

a/2 Y a/2 a—y _ z
/ R(L,p, 51, ) ) _ _/ (/ P (a - Z) dJ(]%)) dlogy + O(p, ™).
1 1 z

p¥ =y Yy y/) pE
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Using the method of integration by parts, we then have

a/2 d Y a/2 a—y _ d 2
/ R(l,pry; 17pg*y) W(pr) = / logy d (/ p (ay _ Z) J(pT)> + O(prflJrE)'
1 1 z=y

pr y v/ D

2\ dJ

The change in the integral [7_7 p (% — y) % due to the change in y by Ay is given by

(L5135 -

a—y—Ay _ z a—y _ z
[ (A ) ) (e ) 46
z=y+Ay y+ Ay Dr? z=y Yy D5
or

a—y _ z y+Ay _ Z
A(/ p(a y_Z) dJ(pr)>:_/ p<a Z_1> dJ(p7)
2=y y ¥/ pr a=y y p;

a—y _ a—z a—y _ — z
[ o) [ ) (5502
z=a—y—Ay Yy Pr z=y y+ Ay Yy pr

where
a—z a—z a—z a—z
S1) - “1) = ( 1) A
(y+Ay ) p( ) P\ 2
Consequently
@y fa—y 2\ dJ(pZ a dJ(p¥ dJ(p*7Y
e O e =
z=y Yy Yy pr Yy pr Pr
a-y a—z a—zdJ(pZ
dy/_ p’( - 1) 5 (Z ), (85)
2=y Y Y Dr
and
a/2 d Y a/2 dJ(pY a/2 dJ(p, %
/ R(1,p.Y51,py7Y) W(fﬁ = —/ p (a —2> logy (yp’”> —/ logz%Jr
1 Dr 1 Yy Dr 1 Dr
a/2 a=y a—z a—zdJ(p? Clte
/ 10gy</ p’( —1) 5 (f)>dy+0(pr ),
1 z=y Yy Yy by
or
a/2 a—us dm(pY a/2 /g dJ(pY a—1 dJ(p¥
/ R(L,p¥51,pi7Y) (y ):/ p(2) log y (y )/ log(a—y) (y i
1 Dbr 1 Yy Dbr a/2 Dr
a/2 a=y a—z a—zdJ(p? lte
/ logy(/ p’( —1) 5 (f))derO(pr ).
1 z=y Yy Yy by

For the third integral on the right side of above equation, we rearrange the double integral as
follows

a/2 a—y _ _ 2z
([ (55 ) 5
v=1 2=y Y U
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a/2 /1% a—=z a—z dJ(p? a=l a=z a—z a—z dJ(p?
[ ot (52 ) L ([ (2521 ) 2
z=1 y=1 Yy Yy Dr z=a/2 y=1 Yy ) by

Consequently,

a/2 o dm(pY a2 /g dJ(p¥ a-1 dJ(p¥
/ R(1,pY;1,p27Y) (y ) _ —/ p<—2> logyi(f )—/ log(a—y) (5 )+
1 1 ) D a/2 Dr

Dbr r
a/2 z _ _ z
/ logyp'(a z_1>a QZdy) dj(fr)+
z=1 y=1 Yy Yy y2
a-1 a=z a—z a—z dJ(p? e
[ ([ e (52 -1) ) P o, . )
z=a/2 \Jy=1 Yy Y pr

Thus, on RH and for 3 < a < 4, the difference between S; = fy“ 1(pla —y)dJ(p¥)/pY) —

J2(play = )T (0,¥)/pY) — Ji5(dJ (%) /p¥) and T = [/ (R(1,p,¥; 1, p=¥)dr(p¥) /pY) can
be computed by combining Equations (81), (82), (83), (84) and (86) to get

a/2 dJ( —y dv\ dJ(p¥
SJ—IR:—/ logy pr +/ </ log(v—l)v> (5T)+
1 (a—y)/y v pr
a-y dv\ dJ(py) [/ d.J (p!
/ </ log(v—l)v> (5T) +/ p(a—2> logy %JT)—
/3 v Dpr 1 ) Pr
_ _ Y
< og v ( y_1> a 2%) dJ ()
v v pr

_ _ dJ(pY
/ (/ log v o' (“y _ 1> a zydv> W) L 0@, ). (87)
y=a/2 \Jv=1 v v Dbr

Since for a/3 < y < a—2, the integral ["_J (log(v — 1)dv/v) is a differentiable function that
grows no faster than pf¥ (for any € > 0), hence on RH we have,

=2/ ra—y dv\ dJ(pY) e
1 I Y . — 0O , a/6+e ]
/ya/3 (/v2 (v —1) v ) pr (p )

Similarly for a/2 < y < a — 1, the integral [/ logv p/ ( — 1) ““!dv is a differentiable

function that grows no faster than p¥ (for any € > 0),. Therefore, on RH, we have

a—1 a—y _ _ Y
[ (o (1) ) S0 gy, ot
y=a/2 \Jov=1 (% % Dbr

Moreover, by the virtue of Theorem 7, on RH we have S; — I = O(p,~17¢). Thus, Equation

(87) can written as follows,
dJ(pY a/3 [ ra—y dv\ dJ(p¥
+/ ( ) logy (57")_’_/ (/ log(v _ 1)U> (57")_
Dr 1 (a—y)/y v br

a/2
O (pfa/GJrE) = —/ log
1
a/2 Y _ _ Y
(e 52
y=1 v=1 (% v pr
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Since fora/3 < y < a/2, theintegral [?_, logv p (‘lv;y - 1) “Ydv and the function — log y+
p(a/y—2)logy are differentiable functions that grow no faster than p¥ (for any € > 0),. There-
fore, on RH, we have

o2 (v a—y a—y \ dJ(pY)
/ 1 d r) _ Tfa/6+6
[ UL pore o (55 21) S0 S =0 o)

and
a/2 dJ(pY a/2 /g dJ(pY —a/6+¢
_/ log y (5)+/ ”<_2>1°gy = 0 (5
a/3 pr a/3 Yy pbr
Therefore,
af3  dj(py) [/’ dJ(py) [ [ ey dv\ dJ(py
0 (pr_a/6+6) _ _/ log y (57")_'_/ P (a _ 2) log y (5r)+/ (/ log(v — 1)”) (5r)_
1 pr 1 y pr 1 (a—y)/y v pr
a/3 Y — — J(pY
/ </ logv p’ (ay - 1) a4 2ydv> d (5r) (88)
y=1 \Jo=1 v v pr

For1 <y <a/3, let

n(y) = <—1 +p (Z - 2>> logy

a-y dv
e = [ " logo-1T
v=(a—y)/y v
and y
a— a—
g3(y) = —/ logv p/ ( y_ 1> Zydv
v=1 v v

Therefore, Equation (86) can be written as

dJ (py)

pr

a/
0 (p") = [ (@) + 02(0) + 05(0)

Without loss of generality, we can define g;(y) for y > a/3 as g1(y) = ¢1 + di/y, where
g1(a/3) = c14+3dy /aand g, (a/3) = —9d; /a®. Also, fory > a/3, we set ga(y) = c2+ds/y, where
g2(a/3) = ¢3 + 3da/a and gy(a/3) = —9dy/a?. Similarly, for y > a/3, we let g3(y) = c3 + d3/y,
where g3(a/3) = c3 + 3d3/a and gs(a/3) = —9d3/a?. With this definition of g (y), g2(y) and
g3(y) for y > a/3 (where the functions ¢1(y), g2(y) and g3(y) are bounded, differentiable and
monotone increasing or decreasing depending on the sign of d;(y), d2(y) and d3(y)), we have

[0 + 020 + ) B = 0 (p, 0+,
a/3 py

Combining the above two equations, we then have

0 (n") = [~ (0106) + 0200) + 05() 1. (59)

T
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In the following, we will show that function g1 (y) + g2(y) + g3(v) is positive and monotone
increasing by showing that its derivative is positive for y > 1. Toward this end, we first
note that g1(y) + g2(y) + g3(y) = 0 at y = 1. To show that the derivative of the function
91(y)+92(y)+g3(y) is positive, we have (note thatfor 1 <y < a/3, p(a/y—2) = 1-log(a/y—2)),

dg1(y) ( 1 1) 1
=2 + — ) logy — —log(a — 2y),
dy a—2y vy Yy ( )
we also have
dga(y) 1 a
= — logla — 1 —y) + — log(a — 2y) — —— log y,
dy a—y ( ) y(a —y) ( ) y(a—y)
and
d _
93(y) _ g(a y) log .
dy y?(a — 2y)

Therefore for 1 < y < a/3 and 3 < a < 4, d(g1(y) + 92(y) + g3(y))/dy is positive and the
function g1 (y) + ¢2(y) + g3(y) is positive and monotone increasing for 1 < y < a/3. Since
the function g1 (y) + g2(y) + g3(y) (for y > 1) is differentiable that grows no faster than ¢%¥ or
decays no slower than e =% for any ¢ > 0). Thus, referring to appendix 5, we then have

o0 dJ (p _1/2e
/ (p¥) :Q(prl/Z )

sup (91(y) + g2(y) + g3(y)) p

z>1

y=2

Therefore, on RH and for sufficiently large N, there are infinitely many prime numbers p,
(where p, > N) satisfying the following equation

O (p; /%) =2 (p ") (90)

Consequently, on RH and for sufficiently large p,, Equation (90) will eventually lead to a
contradiction. This contradiction points to the invalidity of the Riemann Hypothesis. Similar
results can be also attained if we assume that there are zeros on the line R(s) = ¢ and there
are no zeros to the right of the line R(s) = ¢ for any ¢ < 1. This follows from the fact that if
there are zeros on the line f(s) = c and there are no zeros to right of the line R(s) = ¢ for any
¢ < 1, then |J(z)| is given by O(z¢"¢) and Q(z°¢) and this will lead to similar contradiction.
This indicates that non-trivial zeros can be found arbitrary close to the line R(s) = 1.

Furthermore, Equation (90) can be used to estimate where the distribution of the prime
number deviates or starts to deviate from what has been predicted by the Riemann hypothe-
ses. As mentioned earlier, we don’t expect to have inconsistent results with RH for values of
a less than 3. Hence, we need to set a greater than 3. In the following, we will set a equal to

4. For a = 4, the left side of Equation (90) is less than k;p; 2/3+¢ for some constant k1 while
the right side of the equation is greater than kop,~1/27¢ for some constant k. Therefore, if p,q
satisfies the following equation

ky > kapil, (91)

then there are infinitively many prime numbers p, > p,; where I = [ 12 (R(1, py¥; 1, p2=¥)dm(pY) /p¥)
and the sum Sy = [, p(4 — 2)(dJ(pF)/pF) — [ (p(4/y — 1)dJ (p,¥)/pY) — [5 (dJ (p,¥)/p¥) are

not the same within a margin of O(p; 17¢). Consequently, we expect that the prime numbers
greater than p?; do not follow the distribution predicted by the Riemann hypothesis. Notice

that the estimation of p,; depends on poper estimation of the constants k; and k2
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Appendix 1
Assuming RH is valid and for ¢ > 0.5, to show that

r2 1

> P Ei((c —1)logpr1) — E1((o — 1) log py2) + €(pr1, pr2, 0)

1=rl

where, £(p,1,pr2,0) = [ dJ(z) /27 = O (m pr1t/27% log pﬂ) and J(z) = m(z) — Li(z),
we first recall that

i 1 /m dr(z) /m dLi(z) /m d.J(x)
i=rl pg Pri x? Pr1 x? Pr1 7 ’
or

r2
1 Pr2 d Pr2 ]_ Pr2 ]_
Y= () = [ et [ i)
1 p; P T pr1 L log x pr1 L

i=r Tl

Since the integral ['"2 277d.J(z) is a valid Riemann-Stieltjes integral (where the function
x~? is differentiable and the function J(z) has a countable number of discontinuity and a
finite number of discontinuity over the interval p,; < = < p,2 ), therefore, we can use the
method of integration by parts to obtain

[ =g =i e ()

r1

Since the function 77 is a monotone decreasing function where its derivative is always neg-
ative and since J(x) = O (y/x log ) on RH, therefore on RH

[ s = Olvprelogpra) _ O y/pnlogpn) _ [ o (aoga) d( : )

1 X7 pr2? Pri1 i

1

Since x > 0, thus

/pr2 idJ(x) _ O (\/pr2logpr2) O(\/legpﬂ) —O( Pr2 Ve logad <1U>>

pr1 L7 Dra? Pr1

Pr1

With the substitution of variables y = log x, we then obtain
Pr2

1 log pr2
Vrlogzd () = —/ aye(%_a)ydy.
x 1

Og Pr1

1
/xe“mdw = (a: — 2) e,
a a
therefore

Dr2 1 longQ 1 > 0.5— <10gpr1 1 ) 0.5—
logzd(—)=— _ 5o _ 50
/p Vwlogx (x") 0<0.5—a 05—02)P2 T\ 05 -5 (05-0p2)

r1

Pri1

Since
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Hence, for o > 0.5, we have

Pr2 ] pr10'5_0 Ingrl
—dJ(z) =0 | —————— 92
[ @ ( (c—05)2 2
For o > 1, the integral If’ Tf o gxda: can be computed directly from the definition of the

Exponential Integral E; (r) = [>° ¢~du (where 7 > 0) to obtain

Pr2 ]_
de =F —1)logpr) — FE — 1) logp,
|7 gt = Bulle — Dlogpn) — Bi((o — 1)logpra)

It should be pointed out that although the functions E((c — 1) logp,1) and E;((o — 1) log py2)
have a singularity at o = 1, the difference has a removable singularity at o = 1. This follows
from the fact that as o approaches 1, the difference can be written as

Ei((o —1)logpr1) — Er((0 — 1)logpre) = —log ((1 — o) logpr1) — v +log ((1 — o) log pr2) + v

or,

. Pr2 1
lim =
o—1Jp,, x°logz

dz = lim {E1((o—1)log pr1) = Er((0 —1)logpy2)} = —loglog py1 +loglog py

To compute the integral [}"* - 1ngd1: for o < 0, we first use the substantiation y = log
to obtain
pr2 1 log pra e(l_g)y log pr2 e(l—a)y log pr1 6(l—cr)y
/ dxr = dy = / dy — / dy
pr1 L7 log T log pr1 Yy € Y . y

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and zo = y/log py2 , we then obtain

pr2 ] 1 e(1—0)(log pr2)z2 1 e(1—0)(logpr1)z1
Y L P
p 27 logw €e/logpra z2 €/logpr1 <1

With the variable substantiations w; = (1 — o)(log pr1)21 and we = (1 — o)(log pr2)z1 and by

adding and subtracting the terms — |, ((11 :elogp | ((11 o) €1ng " 441 we then have

Dr2 ]_ o ]ongQ e’u}g _ 1 (170') logp,«l eIUl _ 1
[ or- | o
p L7 108;45 wo (1-0)e wy

/(1—0’) log pr2 dw2 /(1_0—) log pr1 dwl
( (

1—0)e w2

1—o)e w1

Using the following identity [1] (refer to page 230)

a t_l
/e —dt = —~Fy(~a) — log(a) -
0

where a > 0, we then obtain for o < 1,

Pr2 1
/ xalogxdeZEl((U_ 1)logpr1) — E1((0 — 1) log pr2)
Pr1
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Hence, for o > 0.5, we have

Z ]T (0 —1)logpr1) — E1((0 — 1)log pr2) + &(pr1, pra; )
i=rl £

In general, if there are no non-trivial zeros for values of s with R(s) > a, then by following
the same steps, we can also show that for o > a, we have

Z p— 0‘ — 1) logprl) — El((O' - 1) logpm) +5(pr17pr270-)
1 Pi

where, e(py1,pp2,0) = [72 dJ(x) /27 = O (pr1?~7 log pr1/ (0 — a)?).

Appendix 2

Assuming RH is valid and for o > 0.5, to show that

Z ]T 5 - 1) logprl) El((s - 1) 1ngr2) + 5(prlupr27 5)
i=r1 £t

where, |e(py1, pra, 5)|= O ((UJ?]"S)Q pr1 /20 logprl), we first recall that

Pr2 d Dr2 ]_ DPr2
Z — / m(z) :/ dx—i—/ )
i=rl pi’ P TP pr Z°logx pr1 TP

We will first compute the integral [ LdJ(x). This can be done by integration by parts
to obtain

/m idj(x) _ J(]im) _Jpr) /pT2 J(z)d (1>

S
rl xS pT’2 pT’l r1 xS

The integral on the right side of the above equation can be then written as

Pr2 1 Pr2 1
/ J(x)d () =—s J(x)x™* dx.
Pr1 xS Pri

Pr2 ]_ Pr2
/ J(z)d <S>’ < \s\/ O (Vzlogz) |z~ |dx.
Ppri1 T Ppri1

—0 pr1%577 log pr1
B s (o —0.5)2 '

Hence,

Consequently,
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For R(s) > 1, the integral [P"? L _dx can be computed directly from the definition of

pr1 z%logx
tz

the Exponential Integral F1(z) = [ ©—dt (wWhere R(z) > 0) to obtain

Pr2 1
dr=FE —1)logpr) — E — 1) log py
L7 siogate = Fal(s = Dlogp) = Bi((s — 1)logpra)

Dr2 1
pr1 xSlogx

To compute the integral dx for R(z) < 1, we first write the integral as follows

dx.

/pr2 1 pro o0 logz cos(t log x) g ) /pr2 e—0logz Sin(t log x)
T —1
p

dx =
. xSlogx Pr1 log x P log x

ologx COS(
log x

The first integral on the right side [} £ L8 %) 1: can be computed by using the sub-

stitution y = log x to obtain

/p7'2 e 7 log COS(t log :1;.) p /logprz e(l—U)y Cos(ty) d
€Tr = —_—_—m
P 1

1 log x 0g pr1 Y ,
or
Dr2 o~ 0 log = cos(t 10 log pra2 (1_U)y cos(t log pra2 (1_U)y log pra2 (1_U)y
/ ‘ i il gx)dx :/ ¢ T cos(ty) y)dy—i-/ ‘ dy— € dy.
Pr1 og T log pr1 log pr1 Yy log pr1 Y
Hence,
/Pr? e~ 198 cos(t log :c)d /IOgPTl el=9)y (1 — cos(ty))d /10%7"2 e(1=9)y (1 — cos(ty))d
T = — -
Pri log z € € Y

logpr1 o(1—0)y logpr2 o(1—0)y
/ dy + / dy
€ Y € Y

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log pr2 , we then obtain

/Pr? e~71987 cos(tlog ) dx /1 e(1=o)(logpr)z1(1 — cos(t(log pr1)21))
p €

= dz1—
- log

/Ingrl Z1

/1 6(1—0)(10gpr2)22(1 — cos(t(log pra)z2)) drpe

/1og pr2 Z2
/1 6(1_0)(1(3%1%1)31 1 6(1_0)(10gpr2)22
€

dz1 + ——d2z
/log pr1 <1 6/Ing'r2 22

By the virtue of the following identity [1] (refer to page 230)
/1 e (1 — cos(bt))
0

t dt = %log(l 1+ 82/a?) + Li(a) + R[E) (—a + ib)],

where a > 0, we then obtain the following

pro ,—0logx 1
/ : cos(i log x>dx = R[E1((s — 1) logp1)] + Li((1 — o) log p1) —
P

- log x
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§R[El(<8 - 1) logPTQ)} - Ll((l - U) longQ)_

1 e(1=0)(logpr1)z1 1 e(1=0)(logpr2)22
/ - dx+ - dz
¢/logpr1 21 ¢/logpra z2

With the variable substantiations w; = (1 — o)(log py1)2z1 and wy = (1 — o)(log py2)22 and by

adding and subtracting the terms — f((l U))elogp "z | Ja- (1 U logp " 441 we then have

pro ,—0logT 1
/ 2 ¢ cos(t ogx)dm = R[EL((s — 1) log pr1)] + Li((1 — o) log py1)—
p

- log
RIE1((s — 1) log pro)] — Li((1 — o) log pr2)+

(1—0)logpro ew2 — 1 (1—0)log pr1 el — 1
/ dwsy — / dw1+
(1—0)e w2 (1—0)e w1

1—0)e w2

1—0)e w1

/(1_0) log pr2 dw2 /(1_0) log pr1 d’U)]_
( (

Using the following identity [1] (refer to page 230)

aet 1 .
/ ; dt = Ei(a) — log(a) — v
0

where a > 0, we then obtain for o < 1,

/Pr? e~7198% cos(t log )
p

1 log x dz = R[E1((s — 1) logpr1)] — R[E1((s — 1) log pra)]

Similarly, using the identity [1] (refer to page 230)

1 ,at
/ eszn(bt)dt = — arctan(b/a) + S[E1(—a + b)],
0

where a > 0, we can show that for 0 < 1, we have

Pr2 = 1082 giyy (t log x
_/p = o108 ) 1y — (B (5 — 1) log pra)] — S{Ea((5 — 1) log pra)]

- log

Therefore, for R(s) > 0.5, we have

r2
1
]; El((s - 1) longl) - El((s - 1) longQ) + E(prlapr2a 3)
i=rl £
where, £(p1, pra, 5) = [ 22 and on RH, [e(py1, py2, 5)| = O (mpm /2= ”1ngr1)

It is worth mentioning here that the term £(p,., s) can be represented in terms of the non-
trivial zero if von Mangoldt function is used in this analysis instead of using the prime count-
ing function.
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Appendix 3

To show that

we first note that

Zd/n N(dJ)r) = 11 ifn = 11
> d/n w(d, pr) = 1, if all the prime factors of n are less than p,,
> a/n 1(d,pr) = 0, if any of the prime factors of n is greater than p,.

Adding all the terms }°;/,, u1(d, pr) for 1 < n < N, we then obtain

0< %u(n,pr) VXJ < N,

n=1

where |z | refers to the integer value of z. Define r,, as

[
™m = ——|—|>
n n
where 0 < r,, < 1. Hence, we have
N N N N N
>l pr)rn <Y p(n,pr) {nJ + 3, pe)rn < N+ p(n, pr)ra.
n=1 n=1 n=1 n=1

Since 0 < r,, < 1, therefore

—-N < i\f:u(n,pT) (rn—i— VZJ) < 2N.

n=1

Thus, for every p, we have

al N
n=1
or N
p(n, pr)
—l1<y ==~ <2
n=1 n
Appendix 4

Referring to Equation (69), we have
R(s,pr; 1, 00) = e 1) (emePrs)+o(prs) _ 1)

where
o = (s—1)logpr,
oo

R(a,py) = R(s,pr; 1,00) = / e~ VAR(1,py;1,p,Y),
y=1
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and

1= Pi

Hence, one may consider R(c,p,) as the Laplace transform of the function dR(1,p,; 1, p.Y).
dJ (py)
prdy *

Furthermore, ¢, () can be considered as the Laplace transform of the function f, =
Moreover, for s = 1 + it, a = it log p, and if we define w = tlog p,, then

R(w,p;) = R(1 +it, pr; 1,00) =/ e “YdR(1,py; 1, p,Y)
y=1

or, R(w, p,) is the Fourier transform of the function dR(1, p,; 1,p,Y)/dy . Similarly,

> —iw dJ pg{
o) = [ ern I,

Pr
and -
_ Z /OO e—inwy dﬂ(g%) )
n=2"1 npry
Therefore,
dJ(py)/p} .-

fa(y) = T L7y, (a),

or

Fa(y) = Flep, (),

we also have

(i) dr(or™)\ _ > (o dr (o)
Z/m —n npgfd:v dr = — Z (ﬁ npZdz ) - Z (ﬁnQpZ«wdy> '

n=2 n=2
or,
— dr(p})
- Z ydy = 15pr(a)'
Furthermore JR(1 L)
yPri Ly Dr -1
=LR ),
&y (o, pr)
o dR(1,pri 1, p,¥)
yPri L, Pr —1
= F'R(w,p,).
a0 F T R(w,pr)
Thus,
R(l,pr;l,pr“):/ L7'R(a,pr) dy,
1
or

R(1,pr;1,p,%) = /1 F ' R(w, py) dy.

42



Hence,

R(lvp,r,, 17p,r,a) = \/1 ((E_le_El(a) * c_le_gl)r(a) * )C_leapr(a))(y) — L_le_El(a)) dy’

where,
L7 P = gl (y) + 5(y)
_ dJ(p) 1
emem@ = e =1 Y (1) (),
k=1
and

_ 7 (pY) 00
5Pr( ) _E" f ”O‘y n Z — i _ kcm
e 2 Pr _1+m!Z( DR ().

Since L(6(y)) = 1 and §(y) = f(y) = f(y), therefore

R(1,pr;1,p.%) = /la ((E_le_El( ) g L~ (; i(—l)kelgr(a)>> dy+

[eremmne (G Sermm) o

TN S A T

The emphasis of our analysis for R(1, p,; 1, p,) will be on the first integral on the right side
of the above equation. The first term of this integral is given by

—(Le P s L7, () (y) = — (0 +6) * fo) (9)-

Referring to section 6, we then have

— /yal(ﬁleEl(a) * ﬁ*lepr(a))(y)dy — /xal pla — ) d,fp(;)f)

As it mentioned in section (6), for any h and for sufficiently large p,, we have

/°° AW _ (4 5 /1”‘ dJ (p})
y=1 Y

pr -1 pf

where § can be made arbitrary close to zero by choosing p, sufficiently large. Therefore, for
sufficiently large p,, sup,~, | [;=, d.J(p})/py| decays at a rate that is much faster than the decay
rate of p(y). This allows us to pull the factor p(a — z) out of the integral [\" p(a — z)dJ (pF)/pZ.

We then have,
/°° dJ (py) /°° dJ(py)
=1 pf =1 p",f ’

/ya (L7le P % L7, (@) (y)dy| < (1+61)p(a—1)

=1
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The second term of the first integral on the right side of Equation (93) is given by

((p" +6) = f2 % f2) (y)-

l\D\H

S(ETeP s L7, (0) x £, (0)) () =

If we denote the convolution (£~ 'e #1(@)x L1, (a))(y) as G (y), the convolution (£ e F1(@)«
L7, (a) * L7y, (a))(y) as Ga(y) and so on, then
1 (v
*Gz( )=3 P (y =) (fox fo)(x)de + 5 (fz*fz)( )
and the contribution of the term G2 (y) to R(1, p,; 1, p,¥) is given by
1 re 1 fe vy
5[ Gwar =3 [* ([ b w-ofas @iz + (2x f)w) )
y=1 \Ja=
or 1 a 1 a a
3| Gy =5 [ (o) (14 [ - a)dy) da
2 y=1 2 x=1 y=x+2
Hence, . .
S / Galyhdy =5 [ pla—a—1)(fox fo)(a)da
Since p(z) = 0 for z < 0, thus
1 o0
5| Gady =5 | pla—z—1)(f2* fa)(x)de (94)
2 y=1 2 Jz=1

The above integral can be computed by first computing the integral [ 2, (f2 * f2)(z). This
can be dne by noting that

sz w ) = 5 (o = [ e )Y

By recalling that if G(s) is the Laplace transform of f(¢) then F'(s)/s is the Laplace transform

L </1y(f2 * fz)(:v)dx) = é </100 e—wc”p(yx@y

Using the final value theorem (which states that lim;_, f(¢) = lims_,0 sF'(s)), we then have

/100(f2 * fo)(z)dx = (/100 CU})(7§135)>2

A simple method to estimate the integral in Equation (94) is to pull the term p(a — x — 1)
out of the integral. This can be intuitively justified by noting that for sufficiently large p,,
sup,>, | [;—.(f2 * f2)(x)dz| decays at a rate that is much faster than the decay rate of p(y).

of [ f(z)dx, hence

Thus, for sufficiently large p,, we have

31/ Cawis] < 5 0ta=2)| [~ (o x p)@)as
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By noting that if G(s) is the Laplace transform of f(t) then F'(s)/s is the Laplace transform of
[y f(z)dx and using the final value theorem, we then have

/y; Gg(y)dy’ < 1%5/)(@ —2) (/:O dJ(pi))Q,

=1 DPE

1
2

where § can be made arbitrary small by choosing p, sufficiently large. Hence,
a J(p, 2
/1@@m4=00(p)>
y= T

p
For a rigorous analysis of Equation (94), we need to compute [(fa * f2)(x)dx for y > 1.
Let ho(y) = [{(f2 * f2)(x)dz. By integration by parts, we can write Equation (94) as follows,

/y; Ga(y)dy = pla —z — 1)h2(m)‘:o — /::01 ha(2)dp(a — x — 1),

We will show later that for x > 1, we have ha(z) = O (|J(pr)/pr|2). Thus,
a J(p, 2
[ | =o (|2]).

y:

pr
“ 1 —1+e€
/ Ga(y)dy| = 5;0(p, ™).
y:]_ 2

On RH, we then have

1
2

Similarly, we can show that the general term of the first integral on the right side of Equa-
tion (93) is given by

1 ra 1 fa
] /y:l Gi(y)dy = E/ pla—x —k+1)(fo* fox...x fo)(zx)de,

r=1

Let ha(y) = [{(forxfoz(x)da, h3(y) = [{(for* foox foz)(@)dx, ha(y) = [V (for* foo* faz* foa) (x)da
and so on (where fy = fo1 = foo = fa3 = foa = .... = fo). In the following, we will show that
if hg—1(x) = O (!J(pr)/pr]2), then hy(x) will be also given by O (!J(pr)/prl2). Toward this
end, we have y

hi(y) = /1 (f21 * fo2eo fop—1) * for)(w)dzx
or

hi(y) = /ly W * (fa1 % foz..o foe—1)) (w)d

Since J(z) = m(z) — Li(x), therefore

dJ(py)/py _ dr(py)/py  dLi(py)/py

dx dx dx
Since 7 () add a step function at each prime number, thus

dJ(py) /Py _ > o(py —pi) 1

dx pE oz



Hence

y §(p* — pi v 1

hi(y) = /1 ( > (ppmp)) * (fa1 % faz-o fog—n)) (z)d —/1 o (f21 * faz.... for—1)) (z)d.
Di>Pr r

Since hy—1(y) = [{(fa1 * foz.... fok—1)) (z)dz, we then have by integration by parts

mo) = X M P @ays)

DPr<pi<pr
hence,
hi(y) = 2log(a)O(hk-1(y))
and "
/ Gr(y)dy = pla—x —k+ 1)hi(x / hi(x)dp(a —x — k + 1),
y=1
or,
| Gy = 2108(@0(hi1 ()
y:
Consequently,
ol 1 ‘ dI(t)  Olha(a)) & 2 logh(a)
1 —Ei(a) _1\kok _ _ r
/1 <(£ ‘ “L (k:'z( D gpr(o‘)» 24 /x:lp<a g +410g2(a)§2: Kl
We will show later that ha(x) (]J (pr)/prl ) Thus,
(- L1 “ dJ (pf) J(pr) [*
1_—FEi(a) 14 kK _ _ T
/1<(£ e * L (k';::l( 1) sp,,‘(a)>> dy—/x:lp(a x) e —|—O<’ b

The second and the third integrals on the right side of (94) are the contribution by the term
edPr3) to R(1,p,;1,p.%). By the virtue of Theorem 3, the term §(p,, s) has no impact on the
region of convergence of the series M (s, p,). Thus, intuitively, we may ignore this term. In the
following, we will confirm this conclusion through a rigorous analysis of these two integrals
by using the same steps we employed to compute the first integral. We will first analyze the
second integral. The first term of the second integral is given by

/a (E—le—El(a) * ﬁ—lépT(a))(y)dy = /a pla —x) <§: dﬂ(pf)) .
y =1

=1 n=2 TLQ]D;’,W

Since . S o

m(py)/(n“pr*) > (py — pi)
- 2
dﬂj Pi>pr n p;}x
and Y d o 2, nT 1
/ ﬂ-(pr)/(n by ) _ Z
— 2n
! dr pr<p;<p¥ P
therefore,

2, nx 1
/ dﬂpr npr)zo(>
Pr
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and
1

/yal(clezzn(a) * L7148, (@) (y)dy = O <>

Dr
Let

U(IE) — _ i d’]‘l‘(pf)/(nQp;m) — L—lépr(a)

o dx

Let wi(y) = [{(ui(z)dz, wa(y) = [{(u1 * ug(x)dz and so on (where u(z) = ui(z) = ug(x) =
.. = Up,). In the following, we will show that if wy,,—1(z) = O (1/p!*~1), then wy(x) will be
given by O (1/p;"). Toward this end, we have

win(y) = /ly(ul K UYeoe Upp—1 * Upy ) (2)dX

or
dm e n2 nT
wniy) = [ (Z Anlpe) i ) i (g * 4z () (@)
1 n=2 x
Since
dr (py)/pr* 3 o(py — pi)
d:r Pinr pgw
therefore
> (’U,l * UQ....(m_l))(pZ')
wm(y) = Z Z n2pn
pr<p; <p% n=2 v
or
O(wm-1(y)) 1
o= (25212) o )
Dr Py
Hence

‘/1a <(£ 1 7E1 ( Z m(sm >> dy:O(p;l)

The same method can be also used to estimate the third integral on the right side of Equa-
tion (94) at O(p;!). Hence,
2)

Bt = [ a0 o (|22

To complete our proof, we need to show that [¥(fox fo)(x)dz fory > 1is given O(|.J (p,.) /p.|?).
Using the final value theorem, we have shown that [°(f2 * f2)(z)dx = O(|J(pr)/ pe[?). Our
method to compute [[(f2 * f2)(x)dx for y > 1 is based on introducing a new function that is
equal to fa(z) for x < y and it is equal to zero for x > y. We then bisect the newly defined
function into many sections in a manner such that when apply the final value theorem to
these sections, we obtain an exact replica of the integral [(f * f2)(x)dxz. More specifically,
let us recall the definition of the convolution integral (f * ¢)(y) = [ f(2)g9(y — z)dz, where
we fix the first function f and take the mirror of second function g and let the mirror function
slide from 0 to y. Next we define the function h(z; p;*, pf?) = fo(x) when y < x < x2 and
h(z;pt, p¥?) = 0 when © < 1 or x > 3. We notice that

[ e @z = [ hi@ipraoc) s hawipr, o)
1 1
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or

[e.9]

/y(fg x fo)(z)dx = /oO h(z; py, 00) * h(x; pyr, 00)dx — / h(z; pr, 00) * h(x; py, 00)dx
1 1

Y

and the error in representing [¥(f2 * f2)(z)dz by [7° h(x;p,, 00) * h(z; pr,00)dz is given by
Iy h(x; pr, 00) * h(z; py, 00)dz.

We can provide a better representation of [ (f2 * f2)(x)dz by replacing the function fo(x)
with the function h(z; p,, p¥). The relationship between the integral [(fa * f2)(z)dz and the

integral [ h(z;pr, pY) * h(z; pr, pY) is given by
y 00 2y
[ @z = [ aspet) s bl p)dn — [ hwspep) < blasppt)ds
y
where the error in representing the integral [{(f2 * f2)(x)dx by the integral [ h(x;p,,pY) *
h(x; py, p¥) is reduced to f;y h(x; pr, pY) * h(x; pr, pY)dz.

We can further reduce this error by dissecting h(z; p,, p¥) into two functions h(z; pr, pgf/ 2)

and h(z; pff/Q’pg) (where h(z;p,,pY) = h(x;pT,p?ﬂ) + h(x;pfi’m,pﬁ)) and then using the final
value theorem to compute the integrals [ h(x; py, pg/ %) % h(z; pr, pr/ *\dz, J7° h(z; pr, p}f/ ) *
Wz p%f/?,pndx S B pt . p) + (s pr,pt e (= 7 b prpl?) + hiaspi?, pt)de) and

S22 h(a pl!?, pY) # ha; pt*, pY) d where

/ (fox fo2)(z)dx —/ h(z; pr,p y/Q)*h(x Dr, P y/2 da:+2/ h(z; pr,p y/2)*h(:c p}!/Q,p,%’)dx—i-

00 3y/2
| bl b2 pde — [ hGasptl o) a2, ) da
1 Y

Using the final value theorem, it can shown that the first three integrals on the right side of
the above equation is given by 220(|.J(p,) /p,|?). Thus,

v 2
/1 (f2 * f2)(z)da = 220 (‘J(pT)

br

3y/2
= [ B ) s
Y

The contribution by the last term on the right side of the above equation can be further
reduced to |, 5Y/4 hy(x; /A pY) * h(x; /A p¥)dz by dissecting h(z; p,, p¥) into three functions
h(x; o, p?/? ), h{x; p%/Z,pEy/‘*) and h(z; pry/4,p£) to obtain

2
/ly(fQ % fo)(z)dx = 320 (‘J(m)

Pr

5y/4
)—/ h(a; p¥/*, pY) * ha; p2/*, pl)da
)

We can continue with the process of dissecting the function h(z; p,, p¥) to the point where
last period has no prime numbers or has prime number(s) only in the second half of the last
period. This condition can be assured if we dissect the function i (z; p,, p¥) into m functions to

obtain the functions h(az;pr,p?ﬁ/ ), h(x; p$/2,p§y/4) h(z; p?’y/4 Zy/g)),...., h(a:;pg(lfl/?—l),pg(l*lﬂi))

vy h(:z:;;49715(1_1/27”_1),pzf(l_l/2 )) and h(.vc,pr(1 /2" ),p,,) provided that there is no prime num-
bers in the period [p,?f(lflmm),pg] and 0.5 < p¥ — p%!“*”Qm’ < 1. If there is a prime number in

7
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[pg(l—l/Qm)

the the interval , Y], then we dissect the function h(z; p,, p¥) into m — 1 functions to

obtain the functions & (x; pr, p¥/ ), h(z; p¥/%, p2/ 4, h(w; p2¥/*, pl/®), ..., h(z; pg(l—l/?”)’pg(l—l/ﬂ))

h(m;pg(l_l/zm%),p,zf(l_l/Q"kl)) and h(x;p}f(l_l/Qmil),p%) where there is no prime numbers in

the interval [p%{“‘l/?m_l),pﬁ(l‘l/Qm)) and 1 < p¥ — pfi’(l_l/w_l) < 2. To compute the integral
[P (f2 * f2)(x)dz, we use the final value theorem to compute the integrals [ (h(x; py, pg/ 2) *
h(w; prp/?) () da, ff“’(h(x;pr,pffm)*h(f;p?/Q,pin)(:r)dw, S (s pre, p 2t p o) () de,
.. and ff/(h(;c;p,,,p%”) * h(a;;pg(l_l/2 ),p}{)(m)da: (in case that there is no prime numbers in

the interval [p%f(l_l/Qm) .p¥])or [Y(h(x;py, p;zfﬂ)  h(x; pg(l_lﬁm_l),p%)(x)da: ((in case that there

(1-1/2m)

is a prime number in the interval [p} ,pY] ). The absolute value of each of these inte-

grals is given by O(|.J (p,) /p,|*). We then use the final value theorem to compute the integrals
S (s pt, o) s (s pt?, g ) @), [ (g, g« b pl?®) (@) de, ... and
I (h(z; P22 2 s by pP V2™ v (1) d (in case that there is no prime numbers in the in-

terval [pf" /2™ p¥) ) or [¥(h(a;pt/?, piv/* ) xh(x; pr-1/2" 0, pY)(z)dz ((in case that there is a

(1-1/2m)

prime number in the interval [p; ,pY] ). The absolute value of each of these integrals is

given by O(|J(p,)/ps|?). We then follow the same steps with functions h(z; ! pzy/ %) (x)dz,
h(x;pzy/ 8,p$5y/ 16)(:U)dx and so on. The absolute value of each of these integrals integral
is given by the final value theorem as O(|J(p,)/p,|?). The only integral that is not com-

puted by the final value theorem is [¥ h(z; pt' /2™ pt)(z) « h(m;p?(l_l/zm),pﬁ)(x)fim (in
(1-1/2m=h)

case that there is no prime numbers in the interval [p%f(l_l/ ) ,p¥]) or [¥ h(z;p¥
h(z; pgﬁ(l*l/Qm_l) ,p¥)(x)dz ((in case that there is a prime number in the interval [p%!“””m) , DY
). Both integrals can be computed using Riemann-Stieltjes (or Lebesgue-Stieltjes) integration
methods and it can be shown that the absolute value of both integrals is given by O(|.J (p,.) /p.|?).
Since m < 2log p? (note that 1 <y < a), thus

2)

, DY *

/ly(fQ * fo)(z)dz = (2alog p,)*0O (‘J;pr)

r

)

and for a fixed value of a, we then have

J(pr)

[ (s )@y = 0 (]

Appendix 5
On RH, we will show that there are infinitely many prime numbers p, such that
> dJ(py —1/2-¢
[T =06,
and in general, there are infinitely many prime numbers p, such that
> dJ(py) —1/2—
)0 /2—e 7
/1 9W)— (p,177)

where ¢(y) (or —g(y) is zero for y < 1 and it is a differentiable function for y > 1 that grows
no faster than % or decays no slower than e % for any 6 > 0 (for example, for y > 1,
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g(v) = Ly, v?, .,y 1/ y,1/y?, .., 1/y", (logy)™). There are a variety of theorems (that are
based on Paley- Wiener theorems) that establish the relationship between the decay proper-
ties of a function with its Fourier, Laplace or Mellin transform (within its region of conver-
gence). Our analysis is similar to Landau approach that establishes the relationship between
the decay (or growth) rate of a Riemann integrable function and the region over which its
Mellin transform is analytic [12].

Toward this end, we first write J(z) = n(z) — Li(z) as [14]

[log z/log 2] 7_[_(Z,l/n) N w(x) —r

J(z) = n(x) — Li(z) = - = n log

where,
T (u) — .
P(x) = — —— —Li(2),
() 2 ulog?u log 2 i2)
Hence, on RH, we have

Sy =2 =T x:%gyzégjfdu—flﬁ(ml/2)4—C)<x1/3),

log 2 ulog®u

or

z’ u?  Tira1)/2 1/3
logfvz /(ulogu p>du Li(z )—I—O(:c )’

and

1 eyplogpr Y 1 ezPlogpr )
() = > + ( > )m—mw%+o@%)

ylogp, 5 p dog2 \ z%logp, 5 p

log pr

Let
¢ 1 eyplogpr
y og pr p
and
J(oY) y 1 Z ezplogpr J
2\Pyr) = / Z
" loez \ 22logpr S p
then,

(o) = Ju(pY) + Ja(p¥) = Li(p¥?) + O (p¥*)

In the following, we will show that, on RH, sup,,| /.2, dJ(p;)/pil= © ( - zfe)y) by

showing that the Laplace transform of integral fyoo dJ(pz) / p; is analytic function for o >
—(1/2) log p, with singularities at (—1/2 + i(3;) log p, (that correspond to the zeros of the zeta
function at p; = 1/2 4 i8;). Thus, the value of sup,>, |/ >, dJ(p;)/p;| grows faster than
pﬁ‘” 2= due to the presence of these singularities at (—1/2 + i/3;) log p,. In other words;
if the value of sup,,|[;2, dJ(p;)/p;i| grows at a rate slower than psfl/ 279 then the Laplace
transform of the integral [,* d.J(p;)/p; will be analytic at o = —(1/2)logp,. This contradicts
our earlier assertion that the Laplace transform function has singularities at (—1/2+1i03;) log p,

(or the Laplace transform integral diverges for o = —(1/2) log p,).
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To compute the Laplace transform (and its singularities) of the integral fy‘x’ dJ(pZ)/pz, we

have,
> d.J J1(
/ 1<sz 1 pr / T (p?)dp
) pr

Therefore,

< dJ (p? 1 we 1 o1 2)p
/y 1(Zpr)_ Z(pr) N / <z2(p)>dz

p; ypr log py p logpeJy \zpi S p

As mentioned earlier, the sum }° (2”/p) is conditionally convergent and it should be per-
formed over the nontrivial zeros with |v;|< T as T' approaches infinity. Furthermore, refer-
ring to lemma 2 of reference [14], the sumis p(x”_l /p) is uniformly convergent. Hence, the
integral and the sum in the above equation can be interchanged. In other words; the integral
on the right side of the above equation can be performed term by term. Therefore, on RH, we
have

/oo dJy (p?) _ 1 e¥(=1/2+p:) log pr N 1 /oo e#(—1/2+Bi)log pr i 95)
y j2 ylogpr pi log pr <4 \Jy Zpi
Furthermore,

/oo dJo(p7) _ /°° 1d / 1 Zewmlogpr "
y  DE y prdz \Jle2 wlogp, 7 p;

or, on RH, we have

/00 dJo(pf) _ 1 Z /OO ez(—1/2+5¢)logprdz 06)
vy  DF log pr <\ Jy Z*pi

2/2
/ dLi(pr — / e~ (2/2)logpr g (97)
Y pr IOg Dr
Combining Equations (95), (96) and (97), we then have
/ > dJp;) _
Y D5

1 ey(—1/2+B;) log pr 00 z(—1/2+0:)log pr 00 #(=1/2+0i)logpr
> + / dz + / dz | —
y

and

log pr Yypi zZp; v 22p;
1 /OO 1 —(2/2) IngTdZ +0 ( —2y/3) (98)
log pr Z

To compute the Laplace transform of the integral, we note that the Laplace transform of
the function e is given 1/(s — a) with a pole (or singularity) at s = a. We also note the
Laplace transform of the function e* f(¢) is given by F(s—a) where F(s) is the Laplace trans-
form of f(t). In other words; multiplication of a function f(t) by e* will shift the poles or
singularities of its Laplace transform F'(s) by a. Furthermore, the Laplace transform of the
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integral [° f(t)dt is given by F(0)/s — ( )/s (note that [ f(t)dt = [T f(t)dt — f1 f(t)dt

The Laplace transform of the integral [ f(t)dt is given by F (s)/s. The integral [ f(t)dt is
given by F'(0) and its Laplace transform is then given by F'(0)/s). Consequently, the Laplace
transform of the integral [/ f(t)dt has a removable singularities at s = 0 and its singulari-
ties are the same as the singularities of F'(s). Using these Laplace transform properties, one
may then conclude that, on RH, all the singularities of the Laplace transform of the integral
S, dJ(p})/p; in Equation (98) are on the line o = —3logp,. Thus, sup,s,| [, dJ(p7)/p]
grows faster than e(=0-5logpr—€)y - Hence, for any prime number p, there are infinitely many

primes p, > p such that
/ > dJ (p;)
1 D5

Similar analysis can be applied to show that if the Laplace transform of a function g(z)
is analytic for 0 > 0 with singularities on the line 0 = 0 (this includes functions that are
differentiable and grow no faster than e’ or decay no slower than e =% for any ¢ > 0), then
there are infinitely many prime numbers p, such that

/loog(z)dch(l?i) _

j

In general, if the Riemann zeta function has non-trivial zero(s) for values of s on the line
R(s) = ¢ and no non-trivial zeros for values of s with £(s) > ¢, then by following the same
steps, we can also show that there are infinitely many primes p, such that

°e dJ (py c—1-c
[0

and there are infinitely many prime numbers p, such that

/100 g(y)djjff%) =Q(p ).

r

Appendix 6

€ dJ(prz)

where gl(pr7 ) =N Pr?

e We first analyze the integral [} L o1(pr,a—y) d‘];p r)

This integral has two discontinuous functions, the function J(p¥) (that has discontinuities
at values of y where pY is a prime) and the function g, (p,,a — y)/pY (this function may have
discontinuities when p,~¥ is an integer). If we restrict the values of a to rational numbers,
then the two functions p¥ and p,*~¥ will not have common discontinuity (let a = n/m where
n and m integers. If p¥ and p,“~Y have common discontinuity, then p¥ is a prime given by P
and p,"(*~¥) is an integer given by p,"/P™. This result contradicts the definition of prime
numbers). Therefore, when a is a rational number, the integral ff_l g1(pr,a —y) @) s o
valid Riemann-Stieltjes integral. Since |dJ(x)|< dn(z) + dLi(z), thus "

Y
|dJ (p,?)] < dm(p,¥) + dp,¥ = dr(p,¥) + pjdy,

log(p,¥)
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and

a—1 dJ p'r
S/ l91(pr, 0 — )I‘ (b))
1 pr

r

a-1 dJ(prY)
ry @ —
/1 g1(p Y) .

or,

/1 g1(pr,a —y) (y )’ S/l \gl(pma—y)\;y)Jr/l Igl(pr,a—y)lg

Pr

Since on RH, |g1(py,a — y)| = O(p;1/2+5), therefore

a—1 dJ(pTy)
/1 g1(pr.a—y) .

T

— O(p; /2+)

Since the Lebesgue-Stieltjes integral takes the same value as that of the Riemann-Stieltjes
integral and since the set of rational numbers is dense in real numbers, thus the above equa-
tion holds when a is any real number.

It is clear that, on RH, as p, approaches infinity, fffl g1(pr,a — y)dJ(p,Y)/p¥ approaches
zero. Using Equation (22), we can also show unconditionally that as p, approaches infinity,

I g1(prya — y)dJ (p.¥) /p¥ approaches zero.

e Next we show by induction that g;(p,,z) = O(p, /2T for any integer j.

We note that g1 (p,, a) is given by the integral — [{" dJ(p,*)/p,*. Hence, on RH, g1 (p,, a) =
—1/2+€ . . .
O(pr ). Since g2 (py, a) is given by

1 (o1 gi(prya— 1 ot dJ(p¥Y
g2(pr,a) = */ 9P —y) y)dy+/ log(a —y) (y )+
1 Yy 2 )1 D

2 T
dJ(pry)
3 / 1(pr,a —y) .

r

then using the analysis of the previous section we can show that on RH

g2 (pT7 a) = O(p;1/2+e).

Similarly, let g;_1(p,, a) = O(p, */*™). Since g;(pr, a) is given by
1 fo- gg 1(pr7 - / dJ(pry)
j \Urs = = d + = +
1 fot dJ (pyY
]/1 gjfl(pha_y) (]; )

therefore, on RH, we have
9i(pr, @) = O(p,; /7).
It is clear that, on RH, as p, approaches infinity, g;(p;, a) approaches zero. Using Equation
(22), we can also show unconditionally that as p, approaches infinity, g;(p,,a) approaches

Zero.
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e Finally, we analyze the integral [{"/* ( =) (“—;y — 5) %ﬁ’i)) %5}1) using theorem 21.67

of [8] for the method of integration by parts for Lebesgue-Stieljtes integrals. It should be
noted that although the function J(z) is not a non-decreasing function, J(z) is given by
7(x) — Li(x). Both 7(z) and Li(x) are non-decreasing functions.

Using the method of integration by parts we obtain,

[P ) 0 (5 ) )
)4

p
a/2 =y [fa-— 2\ dJ(p?
e ([ e )
1 z=y Yy Yy Py
where

(/za;yp (a ; y ;) de(;oi)) J;z;%’)

Since the function p ((a — y)/y — z/y) is positive, bounded and differential over the range
y<z<a-y(y>1),hence [*p((a—1y)/y—z/y)dI(p3)/pi = O(pr "/**). Thus,

/1a/2 J(pY) (/Z‘:/yp <a;y B Z) cl,];?f)) d (;g) — O(p; 1)

a/2

1

Similarly, [*=! p ((a — y)/y — 2/y) dJ (pZ) /pz = O(p; "/***) and

( / -, (a—y _ Z) dJ(p)) Ipr) _ oty

=1 Yy Yy D; Dr

Referring to Equations (85)

! </za=yyp (a_y - Z) W) =-r (a - 2) @) ) W)

Y y) pE Yy P Py
dy/a—yp, <a— z 1> a;sz(pf)’
z=y Yy Yy j

we then have

/2 J(p¥) Yy fa—y z\ dJ(p) o/2 J(p¥) (a dJ(pY)
[ ([ (e ) Ry I el
1 Dr z Yy Yy Dr 1 Pr Yy Dr

=Y

- /a/2 J(}j{) dJ(pril_y) N /“/2 J(z;%f) (/“‘y y (a —Z 1) @ 2”‘](1)7“)) dy
Lol poY A y yv=pr
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To compute the first integral [, a/2 ‘](p F (% 2) dJ:zS “) we use the method of integration
by part to obtain

[ (4 -2y 2 (ZURY (2 )

a/2

B /1“/2 J(zz%)p <a B 2) dJ(g)%‘%)

pr Y br

1

1 ' P
where,
a/2
J(p¥9)\ 2 a
( Q.Z”) p ( - 2) = O(p; '*)
Dr Yy 1
and ,
a/2 -2
JZ( Z{)d (p(a/%y )) — O( ;lJre)
1 T
Hence, )
o2 J(pY) (a dJ(pY) -
[ (32 o
1 P \y Py ()
or,
W2 J(pY) (a .\ dI(p e
[, (4 5) 0N _ g
1 br ) Dbr

a/2 J(pt) dJ (oY)

Similar results can be obtained for the second integral [; T pea

For the third integral, we note that the function p’ (“yz -
differentiable over the range y < z < a —y (y > 1). Thus fa Y ’(“ z 1) %% =
O(pr "/*™). Therefore,

a/2 J(pY a—y a—z a—zdJ(pZ 1t
R ([0 (50 5 o
1 br z=y Y Yy Pr

Consequently,

a2/ ra=y (g — z\ dJ(pz)\ dJ(p¥ e
/ (/ p( y_) (fr)) (5):O(prl+)
1 z=y Yy Yy by br

References

[1] Abramowitz and Stegun , Handbook of Mathematical Functions., Tenth Edition, United
States Printing Office, Washington DC, 1972.

[2] Edwards H. M., Riemann Zeta Function., Academic Press, 1974.

[3] Cramer H., , On the order of magnitude of the difference between consecutive prime numbers,
Acta Arithmetica, no.2, 23-46, 1936.

[4] Freitag E. and Busam R., Complex Analysis, Second Edition, Springer, 2005.

55



[5] Gonek S. M., Hughes C.P.,, and Keating J.P, A Hybrid Euler-Hadamard Product for the Rie-
mann Zeta Function, Duke Mathematical Journal, Vol. 136, No. 3,c 2007.

[6] Granville A., Smooth numbers: Computational number theory and beyond., Algorithmic Num-
ber Theory, Vol. 44, 267-323, 2008.

[7] Green D. H. and Knuth D. E., Mathematics for the analysis of Algorithms., Third Edition,
Birkhauser. 1990.

[8] Hewitt E. and Stromberg K., Real and Abstract Analysis; A modern treatment of the theory of
functions of a real variable, Springer-Verlag, 1965.

[9] Hilderrand A. and Tenenbaum G., Integers without large prime factors, Journal de Theorie
des Numbers de Bordeaux, vol. 5, no. 2, 411-484, 1993.

[10] Lagarias J. C., Euler constant: Euler work and modern developments., Bulletin (New Series)
American Mathematical Society, Vol. 50, No. 4, 527-628, Oct. 2013.

[11] LeVeque W.]. Fundamentals of Number Theory., LeVeque, W. L., Dover Duplications, 1996.

[12] Montgomery H. L. and Vaughan R.C. Multiplicative Number Theory I: Classical Theory,
Cambridge University Press, 2007.

[13] Riemann R., On the Number of Prime Numbers less than a Given Quantity., Nov. 1856. Trans-
lated by Wilkins, D. R., Dec. 1998.

[14] Skewes S., On the difference m(x0 — li(x)(1I), Proc. London Math. Soc. (3) 5, 1955.

[15] Tenenbaum G. and Michel Mendes France, Translated by Philip G Spain, The prime num-
bers and their distribution., Student Medical Library, Volume 6, AMS, USA, 2000.

[16] Titchmarsh E. C., The Theory of the Riemann Zeta-function., Second Revised Edition
(Heath-Brown), Oxford Science Publications, 1986, Reprinted 2007.

56



