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Abstract: Fuzzy ideals and the notion of fuzzy local function were introduced and studied by Sarkar™*! and
by Mahmoud in [9]. The purpose of this paper deals with a fuzzy compactness modulo a fuzzy ideal. Many
new sorts of weak and strong fuzzy compactness have been introduced to fuzzy topological spaces in the last
twenty years but not have been studied using fuzzy ideals so, the main aim of our work in this paper is
to define and study some new various types of fuzzy compactness with respect to fuzzy ideals namely fuzzy
L-compact and L " -compact spaces. Also fuzzy compactness with respect to ideal is useful as unification and
generalization of several others widely studied concepts. Possible application to superstrings and E™ space-
time are touched upon.
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15J, Subsequently ,

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh®
Chang defined the notion of fuzzy topology" . Since then various aspects of general topology were investi-
gated and carried out in fuzzy sense by several authors of this field. The local properties of a fuzzy topologi-
cal space, which may also be in cretin cases the properties of the whole space, are important field for study

[9.,12]

in fuzzy topology by introducingthe notion of fuzzy ideal and fuzzy local function The concept of fuzzy

topology may have very important applications in quantum particles physics particulary in connection with

14]

string theory and E theory™* ", A fuzzy compactness modulo a fuzzy ideal has not been widely stud-

ied.
1 Terminologies

Throughout this paper, by (X,7) we mean a fts in the sense of Chang’s"™. A fuzzy point in X with
support € X and value e(0<(e<(1) is denoted by x.. A fuzzy point x.is said to be contained in a fuzzy set
pin X iff epu(2) and this will denoted by x.€ %, For a fuzzy set gin X, u, £ and p will respectively
denote closure, complement and interior of #. The constant fuzzy sets taking values 0 and 1 on X are
denoted by Oy,1y, respectively. A fuzzy set x is said to be quasi-coincident with a fuzzy set 7, denoted by

#q7, if there exists £€ X such that p(x) +7(x)>1". Obviously, for any two fuzzy set x and 7, gy
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will simply 7gu. A fuzzy set p in a fts (X,7) is called a g-nbd of a fuzzy point x. iff there exists a fuzzy
open set v such that z.qvZ "), We will denote the set of all g-nbd of z.in (X,7) by N(z). A fts
(X ,1) is said to be a fuzzy extremely disconnected™” (F. E. D in short) if the closure of every fuzzy open set
in X is fuzzy open set. A fuzzy set u for a fts (X,¢) is called fuzzy a-open™” (resp, -open’, preopent’)
il g (resp. p<p ", <y ). A non-empty collection of fuzzy sets L of a set X is called a fuzzy
ideal” "2 iff (i) #€ L and 7& p=>7€ L (heredity), (ii) #€ L and 7€ L= 7€ L (finite additivity).
Fuzzy closure operator of fuzzy set p (in short ¢/* (x)) is define ¢/ (p) =pV p* , and = (L) be the fuzzy
topology generated by ¢/* i.e. " (L) = {pu:cl" ()= £ }1"*. The fuzzy local functiont® p* (L,7) of
a fuzzy set p is the union of all fuzzy points x. such that if p€ N (x.) and A& L then there is at least one
r€ X for which o)+ () —1>A0).

2 Fuzzy l.-compact spaces

Definition 2. 1 Given a fts (X,7) with fuzzy ideal L on X, a fuzzy set p is called fuzzy L.-compact iff
every open cover {y;:j€.J} of p has a finite subcover {; :j,€.J} such that for each j, of J, there exists
point yE X, (p— \//;zj ) ()< (y) for every [€ L.

i€ "’

A fts (X,7) with fuzzy ideal L on X is fuzzy L.-compact as subset is fuzzy L.-compact.

Theorem 2.1 A fts (X,7) with fuzzy ideal L, is fuzzy L,-compactand L, is a fuzzy ideal on X such
that L,<{L,. Then (X,7) is fuzzy L,-compact.

Proof Obvious.

Theorem 2.2 A fts (X,7) with fuzzy ideal L is fuzzy L-compact iff every fuzzy closed subset of X is
a fuzzy L-compact subset.

Proof Let {z},c, be a fuzzy open cover of X and choose j, € J such that 0y j, 7 1y. {24}, ;>
then {/aj}]e,,uu> is fuzzy open cover of (y; ). Since (g, )is fuzzy closed subset of X, there exists a fuzzy
finite subset J, of J such that (z;, ) (y) — V () (y)<</(y) where (z; ) ¢, is fuzzy L-compact space
implies 1y— (j j\/E] (s 1)) ()X (y) then we have 1,— (jé/] 1) (3)<<l(y). Therefore (X,7) is fuzzy
L-compact subset.

On other hand, let p be a fuzzy closed subset of a fuzzy [.-compact space (X,7) and {z;},c, be a fuzzy
open cover of o then in each case {0°s};c, is a fuzzy open cover of X, so there exists a finite subset j, of
J such that lx—jé/] (0 s ;) (y)<I(y) for each /&€ L. Hence ((p) (y)—jé// () (y))<<I(y) and therefore
0 is fuzzy L.-compact.

Theorem 2.3 A fts (X,7) with fuzzy ideal L is fuzzy L-compact iff every fuzzy closed family of
fuzzy subsets {p,},c, of X with (€L, ,-é\,/(‘a”) (y<<I(y) YV y€ X there exists a finite fuzzy subset j, of j

such that A (p) (y»)<<i(y) for all I€ L.
i€,

Proof Leta fts (X,7) with fuzzy ideal L on be a fuzzy L-compact space and {p;},c, be family of

fuzzy closed subsets of X, then {0}, is fuzzy open cover of X, where A (0;) (y)<{/(y) then for fuzzy
j€d
finite subsets J, of J we have <{/(3) (1x— (V (0,)) (3)) and hence A (o) y)<<I(y) for all /€ L. On
j€J i€,
other hand, let {z;};c, be a fuzzy open cover of X. Then by hypothesis A (1) y)<(3y), so there exists
jes

a finite fuzzy subset j, of J such that A () () =1,— V () <L (y) for every /€ L. Therefore, X is
i€, JjEJ,
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fuzzy 1.-compact space.

Theorem 2.4 Let {0;},c(,.,. .. .. be a finite of fuzzy L-compact subsets of the fts (X,7) with fuzzy
ideal L. Then the union of them is fuzzy L-compact subset of (X,7).

Proof Let {0i};c (... .. be a finite of fuzzy L.-compact subsets of the fts (X,7) with fuzzy ideal L

and {y},c, be a fuzzy open cover of U {0 }ici1o....0m. Then {g},c, is open cover of each p,. Since

{@i}ticii.o... . are fuzzy L-compact, then there exist finite subsets J,,J5,...,.J, of J such that p,(y)

- \€/I<#],)<y)<l(y) s therefore U {{(Oi}/erl.z..“.m}(y)_ U U {ﬂ/,}jle,/]u/oum U./m(y)gl(y) » where J, UJZ
j€- i i 2

U... U, s a finite subset of J. Then U {0 icia...

i

is a fuzzy L-compact subset of X.

o)

Remark 2.1 One can shows that the intersection of two fuzzy L.-compact subset of a fts (X,7) with
fuzzy ideal L is fuzzy L-compact.

Definition 2.2 Given a fts (X,7) with fuzzy ideal L an p€ I, p is said to have the finite intersec-
tion property modulo L, denoted L-FIP, if for every finite subfamily {s;},c, of p we have A x;(3)>1(y)
YV yeX, €L,

Theorem 2.5 1If a {ts (X,7) with fuzzy ideal .. Then the following statements are equivalent;

i. (X, is fuzzy L-compact.

ii.  Any family {p;},c, of fuz{y closed subsets of X having the L-FIP.

iii.  Any family of fuzzy closed of X with ]é\’pj(y)<l(y) VYV y€ X, has J, of J such that _6/\1 0=

L(y).
Proof i—ii Let {p;},c, be family of fuzzy closed subsets and L is fuzzy ideal on (X,7), {p;};e,
having the L-FIP. And let /\,pj(y)gl(y) Y y€ X, [E L, then we have ( /\/pj)‘(y)>l‘(y)<;>( V o) ()
JE- JjE- jeJ

>1"(y)<:>(]\e/v’p;)[<l(y) Since X is fuzzy L-compact then there exists finite subfamily J, of J such that
(jé//t’pf})“(y)<l(y)<:>jé\]"p_,<l(y); contradiction.

ii—>i Let {g};c, be a fuzzy open cover of X. Now if (X,7) is not fuzzy L-compact, then for any
finite subfamily J,€.J, we get (y)>l(y)<:>(jé\/(‘;z;{’) (y)>[(y)<:>(j\e/v,,uj)">[(y); contradiction.

ii—iii  Logically obvious.

Theorem 2. 6 Every fuzzy compact space is fuzzy L.-compact but the converse is not true.

Proof Let L is fuzzy ideal and since 1y= V g;(from the definition of fuzzy compact space) then we
jed,
have (2// p) (=0 eEL=>1,—( V/ 1) (y)<I(y) where [E€ L.
A i€,

Remark 2.2 It is clear that the notions of fuzzy compact and fuzzy < 0, >-compact spaces are
coincide.

Theorem 2.7 Given fts (X,7) with fuzzy ideal L. on X, every fuzzy semi compact space is fuzzy
L-compact space.

Proof From the definition of fuzzy semi compact space we have, {;},c, is fuzzy semi open cover

such that 1,= é/] (7)) 5 therefore (15— é/] () =04(y)s y€ X, hence (1x— é/] 7 ADDICOES
[(y), € L then we have (1y— V/ () (y)<U(y), L€ L this implies (X,7) is fuzzy L.-compact space.
€,
Theorem 2.8 A fts (X,7) with fuzzy ideal L on X is fuzzy L-compact if and only if ¢ A 0)) (y)>
jes,

L(y)=>( /\,pj) (3)>1(y), where {0,},c,is a family of fuzzy closed subsets of X and J, is {inite subfamily of
JjE"
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Proof Let (X,7) be a F-L-compact space, ( A 0)) (y)>I(y) and let ( A p;) (y)<<{(y). Now we
€, jes

have (A o) (DU SCV 6D () >14y—1(3),s but (X.7) is F-L-compact space, then which is contra-
jed jEJ
diction. For the converse we have ( /\] 0D (W >1(y)=( /\] ) (N> ( /\/ ;) (y)>[(y). Thus by
J€J, i€d, i€,

Theorem 2. 6 and Theorem 2.7 (X,7) is fuzzy L-compact.
Now ., from the above discussions and some known types of fuzzy compactness we have the following

diagram ;

But the converse may not be true by examples in [11] and the following example.

Example 2.1 Let (X,7) be a fts where 7= {14,0y. 45555} where 4 (x2)=0.3, g, (x)=0.6
and p;(x)=0. 8 with fuzzy ideal L=1{0y,7} V {2.:e<0. 2}, 7(x)=0.2 if p(x)=0.3 then p is fuzzy
L.-compact but p is not fuzzy compact.

Theorem 2.9 Given a fts (X.7) and 0,7 € I, then t(z) is a fuzzy topology on X given by ()
={1x.0x) U{pV7:7€T].

Proof Obvious.

Theorem 2. 10 For a {ts (X,7) with fuzzy ideal L. the following statements are equivalent .

i. (X, is fuzzy L-compact.

ii. For each non-empty fuzzy set &z, then the fuzzy topology (%) is fuzzy L-compact.

iii.  Each fuzzy closed subset of (X,7) is fuzzy L-compact.

Proof i—ii Let 7 be any fuzzy non-empty r-open subset and x be a 7()-open cover of X, then p
={(qV ) (y):j€J,p; €t} is open cover of (X,7). Since (X,7) is fuzzy L.-compact, then there exists a
finite fuzzy subset J, of J such that 1y —V {7.p,:5€J,} (y)<I(y), so that z(9) is fuzzy L.-compact.

ii—iii Let p be any closed subset of (X,7), then 7(y)=1y—0(y) is r-open fuzzy subset. Let
{#;},c, be a fuzzy r-open of p. Then {7V p;:j€ J} is v (9)-open cover of (X,7), by (ii) since ()
is LL-compact, there exists a finite subset J, of J such that 1y, — V {7, ,: 7€ J,} (y) <<I(y). Thus
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Ix—V &V/ {(Ixy—pos 5} (DU (W =(1x— Ax—p(MND AN (1x— é/] (D) () =9( AN (1x— é/] 7)) =
) ANlx—7 A (ve\/] ﬂ_/)(y))zv(y)*v(y)_&\/] () ()<< (y). By heredity, then 7(y)— _&\/] () (<

[(y). Therefore 7 is fuzzy L.-compact.

We shall prove that the image of a fuzzy L-compact under the fuzzy continuous function is fuzzy
J(L)-compact and this result can be generalized as follows:

Theorem 2. 11 Given f:(X,7)—>(Y,0) is fuzzy continuous function with fuzzy ideal L on X and gz
€ I is fuzzy L-compact subset of X. then f () is f(IL)-compact subset of Y.

Proof Let x be a fuzzy L-compact subset of X and {p;},c, be a fuzzy open cover f(x) inY, then
{710 };c, is a fuzzy open cover of p (because is fuzzy continuous function) so there exists a [inite subset
joof J such that (x— V{f~'(p)):j€J,})(y)<U(y) forevery yEY.

Therefore f () (y)— (jé/’/”/x,/) (WS (y)— (]é/v/“f:]l;1 () ()<< f(p) (y) By heredity of (/)

Then f(g)is fuzzy-f () compact subset of Y.

Corollary 2.1 Given a fuzzy function f: (X,r)—>(Y,0) is fuzzy continuous with fuzzy ideal L on Y
is a surjective of a fuzzy L-compact space X into Y. Then Y is f(zx)-Compact.

Theorem 2. 12 Given a fuzzy open bijection function f: (X,7)— (Y ,0) with fuzzy ideal J on Y . If
(Y,0) is a fuzzy J-compact space. Then (X,7) is fuzzy-f '(J) compact space.

Proof Obvious by Theorem 2. 4 and Example 2. 1.

Theorem 2. 13 Given a fts (X,7) with fuzzy ideal L. If €I, then

i.  Fuzzy L-compact subset of (X,7) if g is fuzzy L-compact subset of (X,z* (L)).

ii.  (X,7) is fuzzy compact iff (X,7) is fuzzy L,-compact.

Proof Follows from the fact that =<{z* (L).

3 Fuzzy L -compact spaces

In what follows we give some properties and characterizations of fuzzy L* -compactness via fuzzy ideals
by using fuzzy L-open®".

Definition 3.1 A fuzzy ideal L in a fts (X,7) is 7-fuzzy condense if L A 7= {0}.

Theorem 3.1 If L is z-condense in a fts (X,7). Then (X,7) is fuzzy extremely-disconnected if and
only if (X,z* (L)) is fuzzy extremely-disconnected.

Proof = Let (X,7) be a fuzzy extremely-disconnected and pis z*-open. Then p=p—/ where pEt
and /€ L, and hence 7" -c/(p) =cl(p) =cl(p). which means t*-c/(g) is " -open. Therefore (X,z" (L))
is fuzzy extremely-disconnected.

< Assume that (X,z" (L)) is fuzzy extremely-disconnected and p, , o, are open sets such that ¢/(p,),
cl(0,)F#0x. Also, cl(p)=1t"cl(p)), cl(p,) =7" —cl(p,) which gives 7* —cl(p;), t" —cl(p,) 7 0x this
implies 0, ,0,70y

Definition 3.2 Given a fts (X,7) with fuzzy ideal L on X and 0,7 ¢ € I such that L is r-fuzzy
condense then y is said to be a fuzzy L"-compact subset of X via L iff every fuzzy L-open cover {p;},c, of
p in X has a finite sub caver.

Remark 3.1 One can deduce that FL-compact—FL * -compact.

Theorem 3.2 If a fts (X,7) with fuzzy ideal L is fuzzy L*-compact space with respect to L,, and L,

is fuzzy ideal on X such that L,<CL,. Then (X,7) is a L, -compact space with respect to L,.
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Proof Obvious.

Theorem 3.3 A fts (X,7) with fuzzy ideal L on X is fuzzy L*-compact iff every fuzzy L-closed
subset of X is fuzzy L*-compact and L Az={0}.

Proof Let {z;},c, be a fuzzy L-open cover of X, and L \7= {0y}, choose i,k€ J such that 0x7 s,
#1x, m be a fuzzy L-open subset, then {z;},c,  is L-open cover of (z). Since (z4)°is L-closed subset

of X, there exists a fuzzy finite subset .J, of J— {£} such that () <TV (). Hence 1x = px V {14} ,c,
Jj€d, ¢

which implies 1y =V {#},c, . Therefore, (X,7) is fuzzy L -compact space.
On other hand, let p be a fuzzy L-closed subset of a fuzzy L*-compact and let {;};-, be a fuzzy
L-open cover of pin X. Then {0z} ¢, is fuzzy L-open cover of X. Hence there exists a {inite subset J,

of J such that 1y = V {¢°, 4} and so o <\ p;. therefore, pis fuzzy L*-compact subset of X.
jed, jed,

Remark 3.1 One can shows that the intersection of two fuzzy L -compact subsets of a fts (X,7) is
fuzzy L"-compact subset of X.

Lemma 3.1 Every fuzzy regular open set is a fuzzy L,-open set.

Proof 1Iet p be a fuzzy regular open set in fts (X,7) with fuzzy ideal L, then p(x) =g "(zx) =
p ()= (L))"

Theorem 3.4 A fts (X,7) with fuzzy ideal L, on X is fuzzy L, -compact. Then (X,7) is fuzzy nearly
compact.

Proof Obvious by using Lemma 3. 1.

It is clear that the family of fuzzy L, -compact spaces contains the fuzzy of nearly compact spaces.
Many results concerning with fuzzy nearly compact can be derived easily if we take I.=1L, in our notion.

IN conclusion, we may stress once more the importance of fuzzy topology as a nontrivial extension of

[13] JL11—12]

fuzzy sets and fuzzy logic''® and the possible application in quantum physics . We can use this new

results of this paper in fuzzy bitopological spaces and expert systems and fuzzy control.
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